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PEEFACE 


In no subject can a text-book replace the really capable and 
imaginative teacher. If unlimited time were at the disposal of 
such a teacher of Algebra, all that would be required would be 
a vast number of exercises for the pupil. In this ideal case no 
text at all would be necessary. 

In practice, however, the teacher has not unlimited time ; 
some pupils are absent for certain lessons ; other pupils, either 
due to temporary fatigue or to general slowness, miss the essentials 
of various lessons. For these reasons a text becomes necessary, 
and that text should jnodel itself on the teacher at his best. 
Many text-books have been written mainly on the formal work 
in Algebid, with the spirit of the ideal classroom teacher missing. 

One aim which the authors have set themselves has been to 
lead up#to all sections bf formal work by discussion, intended 
to arouse the interest; of the reader, to show the need for the 
manipulative work which follows, and to pave the way for an 
understanding of that work. They believe that in this way the 
text has been .made readable ; the pupils’ interest being aroused ' 
from section to section, and the work in each section being shown 
to have an intelligible application. In furtherance of this aim, 
much thought has been given to the choice of words, which, 
particularly in Part I, have been made as simple as possible. 

While every endeavour has been made to keep the book read- 
able throughout, great care h&s been taken to ensure that the 
formal work and the necessary proofs are as complete and rigid 
as is possible in a book of this standard. Fundamental principles 
have been explained in a way the pupil can grasp, and methods 
of working have been fully justified. 

The examples work^eef out in the text cover a wide range, are 
very varied in type, and include many problems of a practical 
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nature, such as are met with in physics, mechanics, etc. They 
have been chosen to illustrate in^ortant points, which are 
frequently emphasised by additional notes. Various short 
methods and devices for easy manipulation, some of them 
novel to Algebra text-books, have been incorporated. 

The exercises have been placed at the end of the Chapters to 
avoid discontinuity in the reading, the appropriate place where 
they should be worked being indicated in the text. These 
exercises have been framed to meet a widely expressed need of 
teachers of Algebra, being very carefully graded, exceptionally 
comprehensive, and more numerous than is usual. 

Throughout the book the recommendations of the Mathematical 
A.ssociation and of the Board of Education have been considered. 

The syllabuses for the School Leaving Certificate? and the 
Matriculation Examinations of the various Examining Boards 
throughout Great Britapi have been fully covered. 


1947. 


L. HERhUN. 
C. BOSS. 
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PART II 

CHAPTER XI 
Simultaneous Equations 

52. We have seen in Chapter IX that equations which involve 
only one unknown letter may be solved by simple algebraic 
methods. In this chapter we shall consider the solution of 
linear equations containing more than one unknown quantity, 

2 p.m. L — >-55 m.p.h. 60 m.p.h,-< — E 3 p.m. 

London — 400 miles ^Edinburgh 

• Fiq. 6 

The diagram represents a train L leavigig London at 2 p.m., 
travelling at 55 m.p.h. to Edinburgh, 400 miles away ; also a 
train E leaving Edinburgh for Lonoon at 3 p.m. at 60 m.p.h. 
In tlje first place, let us consider train L only. After travelling 
for y hou^ it will be at a point A, whose distance from London 
is 55y miles. Denoting this distance by x miles, we have 

x=bby (1) 

^ ^x== 55y >A 

London Edinburgh 

Fia. 7 

It is clear that equation (1) is satisfied by an unlimited number 
of pairs of values of x and y. 

Thus, if y=l, a;=55 ; if y^2, jr=110; if y=»3, x»165; 
if y=4, x=220; if y=5, x=275; etc. 

For any chosen value of y, there is a definite point A reached, 
and a definite value of x which may be obtained from equation (1). 

This illustrates the fact that when we are given a single 
equation in two unknowift, we can find as many pairs of values 
of the unknowns satisfying it as we please. Such an equation 
is called indetanninate. 

▲IX2BBBA — 9 


m 
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Let us now consider train £, wluch has been travelling for one 
hour less than train L, that is for (y— 1) hours. It will have 
reached a point 5, whose distance from Edinburgh is 60(y— 1) 
miles, and therefore whose distance j.n miles from London is 
400— 60(y— 1). Denoting this distance by x miles, we have 

a;=:400-60(y-l) . . (2) 

21= 400- 60(y- 1 ) 

London Edinburgh 

FXG. 8 

Equation (2) is also indeterminate, and is satisfied by an un- 
limited number of pairs of values of x and y. 

Thus, if y=l, a;=400; if y==2, rc=340; if y=3, 35=280; 

if «=4, x^^220; if v=5, x=160; etc. 

- •» 

It is clear that for any value of y taken at randon^, the values 
of X for L and E will not be the same ; in other words, the points 
A and B will not coincide. When L ^nd E meet, however, A 
and B do coincide, fience for the value of y when fhey meet, 
and for this value ot y only, ^he values of x for L and M are equal. 
Thus we are led to the conclusion that there is only one pair ol 
values ot X and y which satisfy both equations (1) and (2) dt the 
same time, that is simultaneously. < ^ 

If the student refers back to the pairs of .values of x and y 
given for equations (1) and (2), he will see that the values y=4, 
x=220, satisfy both equations simultaneously. This shows that 
the trains meet 4 hours after 2 p.m., that is at 6 p^., at a distance 
of 220 miles from London. 

The values, y=4, x=220, have been obtained by chance. To 
find with certainty when and where the trains meet, we must 
make A and B coincide. 

a;s55^ A 

London x=400— 60(y— 1) B Edinburgh 

Fzq. 9 

*. 

Since the values of x aie equal for the same values of y, we may 
equate them, 

A 65y=400-60(y-l) ‘ 

-.400-6Qy+60, 

115y»>460, 
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But ®=55y. Hence when y==4, x= 55x4=220. 

Alternatively, x=400— 60(y— 1). 

Hence when y=4, x=400— 60(4— 1)== 220, 

• 

It is clear that, once the correct value of y has been found, 
the value obtained for x must be the same no matter which be 
the equation in which we substitute. 

To sum up, although there are an unlimited number of pairs 
of values of x and y which satisfy equation (1), and also an 
unlimited number wHch satisfy equation (2), there is only one 
pair which satisfy the simultaneous equations : 

x=55y 

and " x=400-60(y-l), 

namely x=220, y—\:. 

When, as in the above example, two (or more) equations are 
considered together, they are called simultaneous equations, and 
the values of the unknowns which satisfy each of Ihe equations 
is called tJieir solution. 


Methods of Solving Simultaneous Equations 
Method 1 

S3. Example 1. Find two numbers, such that three times 
the first added^to twice the second is 12, while four times the first 
number decreased by the second is 5. 

Denote the two numbers by x and y respectively. 

Then 3x-{-2y=12 (1) 

and 4x— y=6 ..... (2) 

Equation (1) may be writteq 

2y=12— 3x, y=J(12— 3»). 

Equation (2) may be written y=4x— 5. 

Since y is ^ have the same value in each equation for the same 
value of X, 

i(12-ax)=4x-6, 

12-3x=8a;-10, 

/. llx«22, ««2. 
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If the value X‘=2 be substituted inieiiher of the ^vea eq^uations^ 
we find that Thus the solution of the pair of simiutaneous 

equations is x—2, ^=>>3. 

Thus the two numbers are 2 and 3 respectively. 

The method of solution we have employed is to reduce the 
two original equations in x and ^ to a single equation in x only. 
The process of removing one of the unknowns is called eUmination. 
In this example we carried out elimination by equating equivalent 
values of one unknown. 

54. It should be noted that in general there is no solution to 
two equations in one unknown. 

Thus the only solution of the equation 3x-l-4=19 is x=5, and 
the only solution of the equation 2®— 7=1 is a:=4. He^ice there 
is no value of x satisfying this pair of equations. Suph a set of 
equations having no solution is said to be inconsistent. 


Method II 

55. Example 2. Solve 3a;=l— 7^ . . . ^ (1) 

2x+3y=4 . . . . **(2) 

From equation (1), ®=J(1— 7yJ. 

Substituting this value of x in equation (2), 

2xi(l-7y)+3y=4, 

... 2(l-7p)+9y=12, 

1.6. 2— 14y+9y=12, 

/. 5y=-10, .*. y«-2. 

Substituting this value of y in (1) or (2), we^^btain x=^5» 

Thus the solution is 2. 

Verification. 

Equation (1). L.H.S.«3x6il5. B.H.S.=l-7x(-2)-16. 
Equation (2). L.H.S.=*=2x6+3x(— 2)«4. R.H.S.— 4. 

Note.— The values obtained in the solution of ‘simultaneous 
equations should always be verified for each of the equations 
given. ^ 

This method of solution is known as EUmination by Sub- 
stitation. 
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Method III 

56. Example 3. Solve , . - (1) 

6a!+5y=2 . . . • (2) 

In order to eliminate x we shall multiply equation (1) through- 
out bj 6, and equation (2) throughout by 5, thus niii.1ring 
ooeflSciente ol x ttie same in each equation, namely 30. 

(1) x6 30x+24y=6, 

(2) x5 30a:+25y=10. 

Subtracting, — y=— 4, j/=»4. 

Substituting this value of y in (1) or (2), we obtain x*=— 3. 
Thus the solution is 3, y=4. 

This mefhod of solution is known as Eliminalion by Equalising 
the Coefficients. 

o 

ExampM 4. Solve 12x~22— 1% • (1) 

^ 6-t-17y=8x . . . (2) 

The fir/h step is to tewrite each equation with the unknowns 
on the L.H.S. an^the constants on the II.H.S., thus : 

12x-19y=22 . . (3) 

8x-17y==6 . . (4) 

Note. — ^To equalise the coefficients 12 and 8, it is necessary 
only to multiply the first by 2 and the second by 3, so as to make 
each coefficient 24; ike L.C.M. of the original coeffidenta. 

(3) x2 24x-38y=44, 

(4) x3 24»-51y=18. 

Subtracting, 

y=2. 

Substituting this value of y in either equation we obtain x^S. 
Thus the solution is x=^ y=2. 

The questions in Exetdse Ua, page 182» should DOW be 
attempted. 
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Harder Slmultaneom Equa.tloiis 


57. Example 6. Solve 



• 

. ( 1 ) 

X y 


?+!?— 2 . 


• ( 2 ) 

X y 



BeirardinK the unknowns as - and we can eliminate the first 

X y 


term by multiplying equation (1) by 2 and equation (2) by 3, as 
in the note to Example 4. It is obviously simpler, however, to 
multiply the first equation by 2, and thus eliminate the second 
term. 


adding. 


(l)x2 

^ L^-12=50, 

® y 

(2) 

?+L0=-2. 

X y « 


II 


. 1_48 . _ 32_2 

“ i 32 ' 4a 3' 


Substituting in either equation we obtain • 

Thus the solution is y*=— 


Example 6. Solve 3*+4y— 3=2x+y+8=®+5y— 16. 

This set is equivalent to two separate equations. For we may 
write the first expression equal to the second, and the first 
expression equal to the third ; in which case the second expression 
must obviously be equal to the third. 

Thus, 3*+4y— 3=^+y+8 . . • (1) 

3a:+4y— 3=x+6y— 16 . • (2) 

Collecting the unknowns on the L.H.S. and this constants on 
the B.H.S., 

(1) becomes 

(2) becomes 

(3) x2 


®+3y=ll . 
2®— y— 13 
2a;+6ya>22 . 


. (3) 

• ( 4 ) 

. ( 6 ) 
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Subtiacting (S) from (4), 

-7y 35, y«5. 

Substituting in (3), 4. 

Thus tbe solution is • 4, y==5. 

The pupil should check this solution by substituting these 
values in the three original expressions. 

Example 7. Solve 

i(3x-hl7)+i(5y+12)=3 . . . (1) 

5y-7)~i(3a;+22^+14i)— 3 ... (2) 

The first step is to rewrite each ^.quation, cleared of fractions, 
with the unknowns on the L.H.S. and the constants on the B.H.8. 


(l)x20 

' 4(3a:+17)+5{5y+12J,=60, 
i.e. 12x+68+25y+60=60, 
i.e. 12x+25y=— 68 . 

(3) 

(2)x63 

9(4a:-6y-7)-28(3x+2j^+14i)=-189, 


?•« 

1 . 36x— 45y-.63— 84x— 56y— 4f>6=— 189, 



i.e. — 48x— 101y=280, 

4^+ 101y= — 280, 

. (4) 

(3i.x4 

48x+l(%=-272. 



Subtracting, ^ 8. 

Substituting in (j3)f 11. 

Thus the solution is a;=»ll, y=--8. 

The pupil should check this solution by substituting these 
values in equations (1) and (2). 

The questions in Exercise 11b, page 133, should now be 
attempted. 

Simultaneous Equations with more than 
two Unknowns 

58. In the examples considered so far, we have always had two 
unknowns andLtwo equations. We may be given more than two 
unknowns and also more than two equations. 

It w:a8 shown in § 55 that an equation may be used to make 
a substitution for one unkiibwn in terms of the remaining unknown 
(or unknowns). If the substitution is made in all the remaining 
equations — ^in other words, if the first equation is used to eliminate 
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one letter from all the Temainmg equations, we shall be left with 
one unknown fewer and one equation fewer than at first. These 
resulting equations can now be deaft with in a similar way, and 
a second unknown and equation eliminfited. 

This process can be continued, giving rise to one of the three 
following cases : 

1. If initially there were as many eanations as nnknowns, the 
final stage of the process will result in one equation in one 
unknown. The value of this unknown can then be determined ; 
and by substitution the values of the other unknowns can 
be found in turn. Thus there will be one value only ioi each 
of the imknowns. This result is called a unique solution. 

2. If initially there were fewer equations than unknowns, the 
final stage of the^proc^ will result in one equation in more 
than one unknown. This, as we have already pointed out in 
§ 52, is indeterminate. 

3. If initially there were more equa1|ons than unknowns, the 
final stage of the piibcess will result m more than one equation 
in one unknown. Such a set of equations, as already shown 
in § 54, is inconsistent. 


59. In the examples that follow, we i^trict ourselves to the 
case in which there are as many equations asoinknowns, so that 
the solution is unique. 

Example 8. Solve 4a;+3y— 4z=l • (1) 

3a;-.5y-5^=4 .... (2) 

2a;+7y+3«=5 .... (3) 

We shall first eliminate x between equations (1) and (2) by the 
method of equalizing the coefficients. 

(1) x3 12a;H-9y-I2«=3, 

(2) x4 12x-20y~20z=16. 

Subtracting, 29y+8s=— 13 . * . . (4) 

We next eliminate x between equations (1) and (3). 

(1) 4x+3y— 42=1# 

(3) x2 4*4-14^+62=10. 

Subtracting, — lly— 102«— 9 . 


( 5 ) 
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We now eliminate one unknown between equations (4) and (5). 

As the L.G.M. of the coefficients of 2 ; is smaller than the L.C.M. 
of the coefficients of y, we Aall eliminate z, 

(4) x5 145y+40z=-65, 

(5) x4 -.44y-402=-36. 

Adding, 101y=— 101, 

y=-l. 

Substituting this value of y in one of the equations containing 
y and the letter last ejiminated, namely 2 , that is in equation (4) 
or (5), we obtain 2=2. 

Substituting the values, y=»~*l, and 2 =^ 2 , in any of the original 
equations, we obtain x=^3. 

Thus Qie solution is «=3, y=— 1, z=2. 

The pupil should verify that these values satisfy each of the 
three original equations. 

Note.'-^It is usual to* give the valued of all the unknowns 
together, in alphabetical order, at Qxe end of the working. 


Exampls 9. Solve « 3a;— y+2z==4 .... (1) 

7x— 5y+325=8 .... (2) 

5x-f‘7y+ll2;=2 .... (3) 

It will be noticed that as the coefficient of y is unity in one of 
the equations, %he multiplications necessary to eliminate y twice 
are easier than those involved in the elimination of either of the 
other two unknowns ; hence we shall eliminate y. 


(1) x 5 15x— 5y+102;=20, 

(2) 7x— 5y+32;==8. 

Subtracting, 8x+7z=12 . 

(I)x7 21x-7y+14«=28, 

(3) 5x-l-7y+ll2;=2. 

Adding, 26x+25z=30 . 

We next eliminate z between equations (4) and (5). 

(4) x25 «00 x+1752=300, 

(6)x7 182 x4.176s=210. 

Subtracting, 18x»90, x»5. 


W 

( 6 ) 
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Substituting this value of x in equation (4), we^obtain 

a=-4 . . . (A) 

Substituting the values a5=*5 and 25=— 4 in equation (1) , (B) 

we obtain . 

Thus the solution is y=3, 2=— 4. 

Note. — In line (A) the value of z could have been found by 
substituting in either of the equations (4) or (5), but substitution 
in (4) involved less arithmetic. Similarly in line (B), the sub- 
stitution could have been made in equations (1), (2) or (3), but 
equation (1) was chosen as that involving less arithmetical work. 

Example 10. Solve 3x-2y— 42+3= 5a;H- 3^-32+ 18 
= X— 2y + 22+ 1 = 6x+ y — 32+ 8. 

This is equivalent to three separate equations, since we may write 
the first expression equal to the second, third or fourtn expres- 
sions, thus involving the equality of any two of the Expressions. 
The necessary condition of § 68, case three equations for the 
three unknowns, is therefore satisfied, xhus we may write : 
3x—2y—42,f-3=5x+3y— 32+18, 

2x+5y+2=— 15 .... (1) 

3x— 2y— 42+3 =x— 2y+22+l, 

2x— 62=— 2, 

x-32=-1 . • . . (2) 

3x— 2y--42+3=6x+y— 32+8, 

.•. 3x+3y+2=— 5 . . ^ . • (3) 

It will be observed that y does not occur in equation (2). Thus 
we need only eliminate y between equations (1) and (3) to obtain 
two equations in x and 2. 

(1) x 3 6x+15y+32=— 46, 

(3)x 5 15x+15y+52=— 25. 

Subtracting, — 9x— ^2=— 20, 

(2) x9 9 x-272«-9. 

Adding, —292=— 29, 2=1. 

Substituting in equation (2), x=2. * 

Substituting in equation (1), 4. 

Thus the solution is x=2, 4, 2=1, 

The questions in Exercise He, page 184, diould new be 
attempted* 
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Literal Simultaneous Equations 

60. Example 11* Find jbhe values of x, t/, and z from the 
equations : 

2®— . . • (1) 
26»+y-a2;=a4-6 . . • (2) 

3»--26y+fe=3a— 2a6 . . . (3) 

These are literal equations (see § 45), and the values of x, y, 
and z can be found in terms of a and b. 

The unknown easiest to eliminate is y. 

(2) x2 ^ 46a;+2y— 2az=2a+2l^ 

(1) 2a;— 2y+2;^0. 

Adding, 46x+ 2aj— 2a2+ 2= 2a+ 26. 

This cap be written (45+2)x+(— 2a+lj2=2a+26 . (4) 

(l)x6, 26a;— 26y+62~0, 

(3) 3a;— 26y + 62= 3a— 2a6. 

Subtracting, 26a;— 3a;=2a6— 3a. 

This can be wri^n (26— 3)a;==a(26— 3), 

A a^a. 

Substituting in equation (4), 

(46-f' 2)a+ ( — 2a-(- 1)2= 2a+ 26, 
i.e. 4a5+2a4"( — 2aH-l)2=2a-l-26, 

(— 2a4-l)2=— 4a6+26. 

This can be written (— 2a-j-l)2=26(— 2o-f-l), 

2 = 26 . 

Substituting the values x=a, 2=26 in equation (1), 

^ 2a— 2y+26=0, 

2y=2a+26, y=a-b6. 

Thus the solution is j-a, y=a+6, 2=26. 

The questions in Exercise lid, page 1S6, should now be 
attempted* 
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Exercise 11a 
Solve, using Method 1 : 


1. ai+y=8, 
ir-y=.4. 

4* 

- x+y=10. 


2. *+y=17, 
x-y==l. 

6. a:4-y=6, 
*-y==0. 


Solve, using Method 2 : 

7. y+2a:=4, 8. 2x+y=4, 

y+x=0. ®+y=»3. 

10. ®— 2y=l, 11. ®+2y=4, 

• 2®+y=12. . * , y— ®=5. 


Solve, using Method 3 : 
18. x+2y — 1. 14. 


2x+y=4. 

16. 3x— 8y=2, 

X— 2y=2. 

Solve: 

19. 3x+y=6J, 

2x— 3y=»8. 

22. lJx-% — 3, 
3x— 5y=0. 

26. x+3y=l, 

6y+*+3»»0. 

28. }x— 2y=9, 

2x+4y-3-0. 
81. 3x"4~9*®“4y, 
2x— 16=y. 

84. 9x-13y«5, 
7x+^=19. 

87. 16x+19y=8, 
13x+17y=0. 

40. 19x+27y+9-0, 
16x+25y«>6. 


®-2y=-l, 
2x+y=-7. 

17. 2x«i-3y=— 5, 
3x+y=3. 


20. 3x— 2y=6, 

2x— 5y=— 1|. 

28. 

26. 2x+5y+6=0, 
3x+2y-9»=0. 

29. 2x+l=3y, 
6y+3=3x. 

82. Jx— 3=4y, 
3y-l=Jx. 

86. 17x+12y=9, 
13x+lly=16. 

88. 23x-12y«25, 

21x-13y+16s.0. 


8. x-y-2, 

, s?4-y=9. 
6. x+2y==6, 
- r ‘ y=». 


9. 2x-y=5, 
x+2y=5. 

12. x-2y=6, 
®-y=6. 


16. 2x— 3y=5, 
X— 2^=1. 

18. X— Sy=3, 
2x— 5y=4. 


£1. 2^x— 3y=4, 
2x— liy»=6. 

24..fr-iy=2. 

Jx+y=6. 

27. 4x+3y+l=0, 
2y+3x+2»0. 

80. 2y-ll=x, 
3x+6=2y. 

88. llx+7y=19, 

5x— 4y=s23. 

86. 5x+19y.=l, 
nx+23y»21. 

89. 17x+16y>16, 
26x+23y«*7. 
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Solve, making use of the principle in the note to Example 4 
§56: 

41. 15a;+7y=.-6, 42. 55/-38y=5. 43. ll®+28y=10, 

20x+lly=-13. 33®-23y=l. 13a:+35y=ll. 


44. 32a:+45y+8=0, 46. 66x+31y=l, 46. 52a;-17y=l, 

47*+63i/-13=0. 63i+34y=9. 39a;— 14y»-3. 

47. 72a:-35y=l, 48. 13a:+57y-3, 

5x“H21y=23J. 21X’l“95y“|" 1=0. 


Solve, correct to two decimal ;^acea : 

49. 19x-13y=6, 60. 17®+15y=123, 

47x+21y=83. ^ 26x-17y+21=0. 


Exercise lib 


Solve the equations : 


1. 41=*4, 

2. 41=?, 

8. 

X y • 

® y 3 

X y 12' 

1-1=2 

1-1=^ 


X y 

y X 3* 

X y 2: 

4. 

K 3 2 - 

6, =6, 

A 3 1 3 o 

o. - +-=o. 

» y 

X y 

* y 

14 , 15 

7, 12 . 

10,9 » 

— +— =5. 

-+— =4. 

— +-=3. 

X y 

X y 

* y 


8. 15+42i, 

8. 2*+5=*y, 

X y 

» y 

3aH-2a:y=46. 

li+5-H. 

' 1?+I=-1. 


« y 

X y 


10. |l+^=0-33. 

u. 3a:-?=ill, 

12. 4®+?-l, 

2x by 

y 

y 

l:5-i=0;05. 

2a;-?=6i. 

6a;+l-_l, 

X 2y • 

y 

y 

IS. |+6y-8, 14. 

H 

i 

p 

16. 6xy— 13y— 8, 

X 

5 

X ^ 

A 

3a;y— 14y+20=0. 

j+9y=10. 

2y-9=l 
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16. a(x+l)+2(y+l)=2, 17. 5(®+i+3(y+2)=7, 

2(x+3)-3(y+l)=2. 4(®+2)+n(y-l)-3. 

18. 5a5— 6y+2=x+4y-l=2y— ®+8.* 19. 7(a:— i)-8(y+i)=2, 

. 3(a:+i)-5{y+l)=-l. 

20. i(x+3)+i(y+5)=Ka:-2)-i(y-2)=3. 

21. ^(x+8)-i(y-l)-6. 
i(®+5)+J(y+2)=l. 

22. 7ir+lly— 9=2(a:— 2y— 7)=5x+13y+5. 

23. 3(3a:+4y)=2(7x+10y)=6. 

24. i(2aj+li)+7(y-i)=5. 26. i(®+f)-3(y+3)=4, 

K2x-i)+i(2y+l)+l=0. i(3x+3)+Ky-3)=l. 

26. 17x+5y— 2=23avf6y— 5— 2x— 3y— 11. 

27. 23x— 6y=llx— 3y+3=x+3y— 19. 

28. 3(3i-2y+5)+2(4x-3y+l)=l, 

1 1 (2x— y + 1 ) — 9(5x— 3y + 3)= 4. 

29. 8(4x+3y+l)+7(x4-2y+li)=2, 
7(5x+4y+i)-3(3x-iy-y7)=l. 

30. 5(5®— 6y+3)=4(7x— 8y+l)+3, 

7(11®- 12y-3)=5(9®- l()y+ 1)-4. 


Exercise 11c 

Solve the equations : 

1. ®+y+2=6, 2. ®— yH-a==0, 3. 3»+2y=7, 

®+y— z=2, ®+2y— z=7, 4®+3y— 2=4, 

2®+3y— 52=1. 2®+y+42=— 1. 3®+2y+*=13. 

4. 6®+2s=17, 6. 2®— 3y+22=2, 6. 14»— 2y+32=12, 

8®— y+62=26, ®4-9y+2=l, 10®— 3y+22=2, 

8®+3y— 122=24. 3®— 5y+22=6. 14®+y+32=24. 

7. 4®+3y— 42=1, 8. 8®+y+22=35, 9. 8®— 6y— 2=41, 

5®+7y+2=10, 2®— y+62=21, &+2y=2(2+16), 

3®-2y-52=l. 7®+y+22=31. ®+2=17— 8y. 

10. 3®— 4y— 22=11, 11. *'8®— 4y+2=— 2, 

4®+y+52=3, 16®— 7y— 3®=— 11, 

6«— 9y-22=ll. 14®+92=8(y+l). 
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12* 3j54“2i/'4-32— 17, 
4a;+5y-f22=5, 

5x+2y— 42=8. 

14. 3x4-2^4-122=33,. 

3(3x4- 22 )= 82 /- 9 , 
2x4-3^4-102—34=0. 

16. l*+^(ry+2=16, 

i(i»-iy)=6-j2, 

ia:-l=2(z-4y). 

17. 3a:+y+s=20, 

l(.-3y)=|-5. 

3x 22 
— 4-~=10 
2^*3 
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13. 92— x=14(y4-2), 
x4-22=104-3y, 
x4-32=2(ll-2y). 

X 2v . 1 

i-f-2=l 


15. ^-;?4-«=15, 
4 5 


2y-8=^. 

2-?=ll. 


19. 2(Ja!+iz-2)=ia:+z- 12=f (ix+-»-z-36)=y. 

20. J(»+y)4-22=48, 21. 2x4-9y— 42=13-7, 

y+f2^“i(57“X), 2(22-x)=4-3-3y, 

* 424-2x— 3y=10*9. 

22. 6a4-26-d=ll, 

4a4-6— 2c— 2(ii=5, 

2a— 64-4 c4-c?*=4, 

2a— 364- 2 c4- 10. 


28. Show that the equations 

5x— 2y=3, 4y— 5=10x 

are inconsistent. 


24. Show that the equations 

4x4- 7y— 52=8, 

3x— %4-42=5, 

X — 20y4- 2224" 1=0, 
are not independent. 

25. What value must a have in order that the equations 

3x4-5y=4, 

^x-3y=9, 

ox4-7y4-l“0, 

may be consistent ? ^ 
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Exercise lid 


Solve the equations : 

1. 3x+4y=-o, 2. 

2x—Zy=b, 

4. oa5+6y=o, 5. 

ax—by^b. 

7. 3w*+2iny+»nn=0, 

4na!+6«iy=8mn. 
9 . igx+fy^^Sfg, 
7gx+Zfy+fg=0. 


cx-\-Zy—2d, ' 3. 6x— 4my«»7n, 

Zcx—2y—d. 2x+3my<=5n. 

Zx=2y, 6. iax^Sby, 
ax+by^c. bax—2by^7^. 

8. bx—2qy, 
px-\-qy=r. 

10. x+y=>o+6, 

ox+^=o*+i*. 


U. 

® y 
® y 

18. 

* y 

14a 56 - 

*bD. 

X y 

15. 4x+p(y+7)=2jj*, 

7x-q(y-2p)’=f. 


12. »nx=3(TO®-y), 

nx—fyy^Zmn. 


14. , cx=2cd—dy, 

dx+i?==cy+d?. 


16. 6x+2y=6*, 

ox— y+2o*=0. 


17. lx—my=2{l^—m?), 

X— 2y+3m=0. 


19. x+y+z=a—l, 
ax=2z, 
2a«+ay— *=0. 


18. 



ax—by=a*+(^. 


20. x+y+z==0, 
ox+2y=>o®, 
3y— o*=»o*. 



CHAPTER XII 

* 

Problems Lieading to Simultaneous Equations 

61, In § 58, 1, we showed that to obtain a set of values for the 
unknowns used in simultaneous equations, we require as many 
equations as there are unknowns. Hence in solving problems 
there must be as many conditions, each giving rise to an in- 
dependent equation, as there are unknowns. In forming the 
equations, it will of course be necessary, as pointed out in § 49, 
to specify clearly what each of the unknowns represents, and 
also the units in terms of which they are esjpressed. 

Example 1. If 3 cigars and 10 cigarettes cost 2s. 2d., while 
5 cigars and 50 cigarettes cost 7s. Id., find the price of a cigar 
and a cigarette. 

Working in pence : 

Denote the price of 1 cigar by x pence, and of 1 cigarette by 
y pence, ^ 

From the first condition, 

3x+10y=26 . . . , (1) 

From the second condition, 

5x+ 50^=85 . . . . (2) 

(l)x6 15»+502,r=130 .... (8) 

(3)-(2) 10x=45, 

Substituting this value of x in (1), we obtain 

y-ii- 

Thus the price of a cigar is 4^d. and of a cigarette l^d. 

Verification, 3 cigars and 10 cigarettes cost 

3x4Jd.+10xlJd.=ls. lid.-1-ls. 0^d.«2B. 2d. 

5 cigars and 50 cigarettes cost 
6x4id.+50xlid.=ls. 10Jd.+58. 24d.«7s. Id. 

>LOXB&A — 10 
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Example S. Find the numerator and denomina^r of a fraction 
which becomes equal to ^ if the numerator is doubled and the 
denominator is increased by 9, and vrhich becomes equal to ^ if 
the numerator is halved and the denominator is decreased by 1. 

Denote the numerator of the fraction by x, and the denominator 
byy. 

From the first condition, 

2x 

y+9 2 

It is generally convenient to write any equation formed from 
a condition of a problem in its simplest form before numbering 
it and proceeding to the next condition. 

Thus, multiplying both sides by 2(y-f 9), 

, 4x=y+9, 

4x-y=9 . . .,.(!) 

From the second condition, 

Jx^l 

. 2/-1 • 

Multiplying both sides by 4(y— 1), 

' 2x=j/-l, 

2x-y=-l . . . . ^ (2) 

(l)-(2) 2x=10, 

x=6. 

Substituting this value of x in (2), y»ll. 

Thus the numerator and the denominator of the fraction 
are 5 and 11 respectively. 

Verijication, 2x5 _ 10_ l 

11+9 20 2 
ix5_2J_l 
11-1 10 4' 

Example 8. A butcher buys 10 pigs and 24 sheep for £143. 
Had he bought 6 more pigs, but paid lOs. a head less, and 4 fewer 
sheep at 3s, a head less, he would have spent £9 mqre in all. 

What was the price of each pig and sheep 1 

Working in £*s: 

Denote the original price of a pig by £x, and the price of a 
sheep by £y. 


10x+24y=143 


( 1 ) 
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In the second case each pig costs £(x— J), and each sheep costs 
and the numbers purchased are 15 and 20 respectively. 
The S cost is £152. 

•15(a;-J)+20(y-^-\>)=152, 

15x-7H-20y-3=152. 

Multiplying throughout by 2, 

30x-15+40y-6=304, 

30a:+40iy=325. 

Dividing throughout by 5, 

6x+8i/=65 . . . (2) 

(2)x3 1805+243/= 195, 

(1) 10i+243/=143. 

Subtracting, ^ 8i=52, 

.... 

Substituting in equation (2), ^=3}. 

Thus each pig costs £6, 10s., and each sheep costs £3, 5s. 
The student should verify that these values satisfy each con- 
dition of the question. 


Example 4. A person invests a sum of money partly at 4 per 
cent, and partly at 2\ per cent., and obtains a total return of 
£8, 158. Had he invested at 2\ per cent, the portion which he 
invested at 4 per ^ent., and at 4 per cent, the portion which he 
invested at 2| per cent., his return would have been 7s. 6d. 
more. How much did he invest altogether ? 

Working in £’s : 

Denote the amount invested at 4 per cent, by £a;, and the 
amount invested at 2\ per cent, by ty, 

4 

The return on £a; at 4 per cent, is £^77.®* The return on iy 


at 2J per cent, is 
that is £8|. 


2 * 

£j^. Now the total return is £8, 15s., 


Ax+.?iw=8|, 
100 loo-' *’ 




y. 


25' 40 


"8f. 


Multiply throughout by 200, 

8a;+5y~1750 


( 1 ) 
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In the second case he invests •£x at 2^ per cent, and £y at 
4 per cent., and his total return is £9, 2s. 6d., that is £9^. 

Multil^lying throughout by 200, 

6x+82/=1825 ... (2) 

(1) x8 64x+40t/= 14000, 

(2) x6 25x+40y=9125. 

Subtracting, 39x= 4875, 

/. x=125. 

Substituting in equation (1), y=150. 

Thus he invested altogether £125H-£150, that is £275.« 

Note. — ^The answer to a problem must be given in the form 
asked for. It is not sufficient merely tp record the values of the 
unknowns used in fornfing the equations. 

The auestions in Exercise 12a, page 145, should now be 
attempted. 

Harder Problems 

62. To facilitate the solution of a problem, it is advisable to 
use as few unknowns in the working as possible. The following 
examples, which are of a somewhat more difficult nature, will 
illustrate how this may be achieved. 

Example 6. A lady buys bananas at 4 for 3d. and pears at 
2^d. each, and obtains a certain sum as change out of the 5s. 
which she tenders. Had she bought half as many bananas again, 
her change would have been 3d, If, however, she had bought 
two more bananas and one more pear than originally, her change 
would have been two-thirds of its first value, (a) Find how many 
bananas and pears were bought. (6) How many of each should 
she buy in order to obtain a total of 66 pieces of fruit in spending 
the whole 5s. } 

(a) Working in pence : ® 

Denote the number of bananas purchased by x, and the number 
of pears by y. . 
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In the second case, the numbers purchased are l^x and y re- 
spectively. 

Hence the t^tal outlay is 

pefice. (’.* one banana costs |d.) 

Now the change out of bs., that is 60 pence, is 3d. 

60-|(lia;)-2Ji/=3. 

Multiplying throughout by 8, 

480— 9x— .20y= 24, 

9x+20y=456 .... (1) 

The original outlay was [JaJ+2Jy] pence. 

Hence the original change out of 5s. was 
[60— |a5— 2|t/] pence. 

Had sfie bought two more bananas and one more pear, her 
outlay would have been [|(a?+2)+2|(yH-l)] pence. 

Hence her change woujji have been 

[60-J(a;+2)-2J(y+l)] pence. 

Now the question states that this is two-thirds of its original 
value, .-. 60- 1 (a?+ 2)- 2 1)= | (60- f x- 2 Jy). 

Multiplying throughout by 12, 

720-9(x+2)-30(y+l)=8(60-|x-2if/), 
i.e. 720-9x-18-30y-30-480-6x-207y, 

.-. 3x-hl0y=192. ... (2) 

(2)x3 9x-i-30y=576, 

(1) 9x+20i/-456. 

Subtracting, 10y=120, y»12. 

Substituting in (2), x=24. 

Thus she bought 24 bananas and 12 pears. 

(6) Suppose she buys n bananas. 

Then she must purchase (66— n) pears. 

Now these together cost exactly 58., that is 60 pence, 
|n+2J(66-n)-60. 

Multiplying throughout by 4, 

3nH?660-10n-240, 

7n=:420, .-. n«60. 

Thus she must purchase 60 bananas and 6 pears. 
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Note. — In a problem of this type involving two separate 
questions, it is frequently simpler to solve one part independently, 
and then to use the results obtained to make the^ solution of the 
other part easier. This reduces the nuiyiber of unknowns. 

It will also be noted that in the first part of the question the 
use of a letter for the original change has been avoided. 

Example 6. X can run at the rate of 9 yds. per second. In a 
race between X and Y, X wins by 66 ft. 8 ins. Had Y received 
6 seconds start, Y would have won by 30 yds. In the latter case, 
if they continue running at the same rates as before, find how long 
it will take for X to overtake Y. 

Working in feet, and feet per second. (See Note (1).) 

Denote Y’s speed fey p ft. per sec., and the length of the race 
by g ft. X runs at the rate of 9 yds. per sec., that is 27 ft. in a 
second. 

Hence the time taken for X to run g/t. is secs. 

During this time Y run8«a distance of 66 ft. 8 ins. less than 
g ft., that is (j— 66|) ft. 

Now Y*s speed is p ft. per sec. 

Thus in X seconds Y runs px ft. 

27 ^ 27 

j)g=27(g-66f), 

i.e. 27g=27g— 1800 . . (1) 

The time taken for Y to complete the distance of g ft. is ? sees. 

Hence, in the second case, X runs for secs.. 

Now in this time he runs 30 yds. less than g ft., tEat is (g— 90) ft. 

••• 27 (»-«)-!-«>, 

i.e. 275-162-ff-90. 

P 
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Multiplying throughout by p, 

27}— 162p=p}— 90p, 

p}=27}— 72^ . . • (2) 

Equating the values ofp} in equations (1) and (2) . . (A) 

27}-1800- 27}-72p, 

72p=i8(X), /. p*25. 

Thus Y runs at the rate of 25 feet per second. 

Suppose X overtakes F in n secs. 

In n secs. X runs 27w ft. 

In n secs. Y runs 25n ft. 

Now y is at present 90 ft. ahead of X, 

27n=25n+S9, 

whence w=45. 

Thus X overtakes F in a further 45 seconds. 

• 

Notes. — (1) The units must be compatible ; thus as the distances 
in the question were worked in terms of feet, the speeds must be 
in terms of feet per second and not yards per second. 

(2) Since the term pq occurs in equations (1) and (2), these are 
not of the first degree. The phrase ‘ equating the values of pq * 
used in line (A) ii^dicates the elimination by equating equivalent 
values of the term j)q, as in Example 1, § 53. The resulting 
equation is linear. 

(3) It is not always necessary to find the numerical values of 
all the unknowns used in the solution of a problem. Thus in 
this problem it has not been necessary to find the value of q. 

Example 7. If a certain number be added to both the numer- 
ator and denominator of a given fraction its value becomes 
but if the same number be subtracted from both numerator and 
denominator its value becomes If, however, unity be added 
to both numerator and denominator the fraction becomes f. 
Find the fraction. 

Denote the numerator of the required fraction by a?, and the 
denominator by y. 

Let z be the number added in the first case. 

ac-f 

y+g 2 


Then 
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Clearing of fractions, 

2 (®+ 2 ;)=y+ 2 , 
i.e. 2 x+ 22 =y+z, 

/. 2 a;— y-f 2=0 * . . . • ( 1 ) 

If z be subtracted, the fraction becomes 

, g— 2 _1 

r 

l{x-z)=^y-z, 
i.e. 7g— 72=y— 2 , 

7g— y— 62=0 . . • (2) 

If 1 be added, the fraction becomes f , 

^ « g+l _2 

y+i 6 ^ 

/. 5(g+l)=2(y+l), 
i.e. 5g+5=2y^2, 

• 5g-2y=-3 .... (3) 

We have now to solve the sftnriltaneous equations ( 1 ), ( 2 ) and (3). 
Eliminating 2 between equations (1) and (2), 

(1) x 6 12 x— 6 y+ 62 = 0 , 

(2) 7x— y— 62 = 0 . 

Adding, 19x— 7y=0 .... (4) 

Eliminating y between equations (3) and (4), 

(3) x7 35x-14y=-21, 

(4) x2 38x-14y=0. 

Subtracting, — 3x=— 21, ®«7. 

Substituting in equation (4), y=al9. 

Thus the fraction is 

Note. — The pupil should observe that although the question 
asks for the value of the fraction, this cannot be denoted by a 
single unknown, as its constituent numerator and denominator 
are both required by the conditions given in the ez&mple. 

Referring again to Note (3) of the previous example, it will be 
seen that it has not been necessary to ^stermine the value of 2 . 

The questions in Exercise 12b, page 148, ihonld now be 
attemptedU 
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Exercise 12a 

Find two nuftibers whose sum is 46 and whose difference is 12. 

2. If one-sixth of the sum of two numbers is 8, and half their 
difference is 13, what are the numbers ? 

3. The sum of two numbers is 25 and their difference is 7. What 
are the numbers ? 

4. Find two numbers such that five times the first number 
added to three times the second number is 49, and the 
difference between three time's the first number and five 
times the second number is 9. 

5. Find two numbfcrs such that one-seventh of their sum is 
equal to two-fifths of their difference, ai!d twice the smaller 
is three less than the larger. 

6. A number is made up of two digits whose sum is 11, and such 
that twice the tens digit minus the units digit is 1. What 
is the number ? 

7. Find two numbers such that one-third of the greater added 
to twice the less is 10, and one-fiftli of their sum is 2. 

8. The difference of two numbers is 2, and the greater increased 
by 5 is equal to twice the less. What are the numbers ? 

9. Find two numbers such that one-quarter of the greater 
exceeds one-sixfii of the smaller by tw^o, and twice the smaller 
increased by the greater is equal to 56. 

10. If three-fourths of the smaller of two numbers is 6 leas than 
two-thirds of the greater, and half the smaller added to half 
the greater is 1 more than the smaller, what are the numbers ? 

11. A boy’s a^e added to his sister’s age is 18 years, while the 
difference m their ages is 4 years.. How old are they ? 

12. Three times the length of a table is equal to four times its 
breadth, while twice its lei\gth is less than three times its 
breadth by 1 foot. What are the dimensions of the table ? 

13. A man carries seven shillings, divided between two pockets. 
If he had three times as much in one pocket and twice as 
much in the other he would have sixteen shillixigs. How 
much had he in each pocket ! 

14. If two geese and three turkeys together cost £3, 88. 6d., and 
five geese and four turkeys together cost £6, Os. 6d., what 
is the price of each 1 
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15. A boat can be rowed 4 miles downstream and then 3 miles 
upstream in f hour. If it is rowed 12 miles downstream 
and then 5 miles upstream it takes 1 hour 35 minutes. 
Find the rate of the stream, and^what the*rate of the boat 
would be in still water. (Denote speed downstream by 
X m.p.h., and speed upstream by y m.p.h.) 

16. If two pounds of biscuits and one pound of cheese cost 
4s. 8d., and one pound of biscuits and two pounds of cheese 
cost 4s. 4d., what is the price per pound of each ? 

17. By cycling a certain distance and then walking I cover 
a distance of 60 miles. If I had cycled half as far and walked 
twice the previous distance, I would have travelled 48 miles. 
How far did I cycle, and how far did I walk ? 

18. Find the fracUon which becomes unity by increasing the 
numerator by 1, and becomes 2 by subtracting ^ from the 
denominator. 

19. A train running from A to B passes into a bank of fog 10 
miles from A, which causes it t^ continue at a quarter of 
its origmal speed, and thus it arrives 1| hours late at B. 
Had it run into fog lO^tniles further on, it would have been 

. only I hour late. Find the original speed of the train, and 
the distance from A to B. 

20. Find a fraction which becomes equal to ^ if 1 4s added to 
both enumerator and denominator, and equals } if 1 is 
subtracted from both numerator and denominator,^ 

21. If the numerator of a certain fraction is halved and the 
denominator is increased by the value of the fraction 
becomes J. If the numerator of the fraction is decreased 
by 1 and the denominator is increased by 5, the fraction 
becomes equal to What is the fraction ? 

22. With a total outlay of £2, 4s, 2d. I can purchase 7 lbs. of 
coffee and 15 lbs. of tea, or 20 lbs. of coffee and o lbs. of tea. 
Find the price of each per pound. 

23. The weekly wages bill for 7 tnen and 3 boys is £18, but when 
5 men and 4 boys only were employed it was £3, 15s. less* 
What is the wage of a man and a boy ? 

24. A line 36 inches long is divided into two parts. If the ratio 
of their lengths is expressed as a fraction, then on adding 
1 to the numerator and subtracting 1 from the denominator, 
this fraction becomes unity. On subtracting 2 from 
numerator and adding 2 to denominator, the fraction becomes 

What are the lengths of the two parts ? 
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25. A man has £2, 5s. made up of half-ciowns and shillings. If 
the total number of <5t)ins is 27, how many has he of each 
coin ? 

26. If 3 gross ot J-inch qprews and 5 gross of IJ-inch screws 
together cost 8 b. 8d., while 7 gross of J-inch screws and 11 
gross of IJ-inch screws together cost 19s. 5d., what is the 
price of each size of screw per gross ? 

27. By selling two kinds of chocolates, one at 2s. 8d. per box, 
and the other at 3s. 2d. per box, I receive £2, 178. 4d. Had 
I sold 4 more boxes of the cheaper kind and twice as many 
boxes of the dearer kind I would have received £1, 16s. more. 
How many boxes of each kind did I sell ? 

28. I employ 12 boys and 26 men and pay a weekly wage bill 
of £106. If I employ 3 more boys and 4 liiore men my wages 
bill in^eases by £17, lbs. What are the wages of a boy 
and a man ? ^ 

29. My total outlay on two rolls of cloth is £39. One of the 
rolls cost 13s, 6d. per^d., while the other cost 15s. per yd. 
I make a profit of 2s. per yd. on the®first roll and 3s. fid. 
per yd. on the second roll, my total profit being £7, 7s. fid. 
Find the number of yards in each roll. 

80. A cigarette-machine holds 52 packets of cigarettes, some in 
packets^f 10 and some in packets of 20. If the total number 
of cigarettes is 760, how many packets of 10 and how many 
of 20 are there in the machine ? 

81. The Arsenal play Brentford at football and Arsenars score 
plus twice Brentford’s is 13 goals. If Arsenal’s score were 
doubled and Brentford’s were two goals less, only 9 goals 
would have been scored. What was the result ? 

82. A man can travel along a road for 15 miles by bus or trolley- 
bus. If he travels 6 miles by bus and the rest by trolley-bus 
it takes him J of an hour. If he travels 12 miles by bus and 
the rest by trolley-bus he does the journey in 5 minutes less. 
What were the speeds of the*bus and the trolley-bus ? 

38. A board 10 feet 2 inches long has to be cut into 20 pieces, 
some of which are 9 inches long and others 4 inches lon^. 
If two inefies is allowed for sawing waste and nothing is 
left over, how many of each length were out ? 

34. A party numbering 48 is made up of children and adults. 
The total cost of their railway tickets is £2, 12s. If the 
adult fare is Is. 4d. and a child travels at half rate, how many 
adults and how many children were in the party ? 
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85. In a cricket match the innings of both Smith’s and 
Brown’s elevens were declared, but the second innings of 
both sides were completed. The total runs scored in the 
match were 1038, and 31 wickets fell. Smith’s side had an 
average of 33 runs per wicket, while Brown’s side had an 
average of 34 per wicket. What was the result ? 

36« Two customers buy the same quality of butter and bacon, 
and each tenders a £1 note. The first buys 8 pounds of 
butter and 5 pounds of bacon, and receives Is. change, 
while the second buys 6 pounds of butter and 7 pounds of 
bacon, and receives 28. fid. change. What was the price 
per pound of the butter and bacon ? 

37. I buy a number of history books at 2s. fid. each, and a number 
of geography t)ooks. at 3s. each, my total outlay being 
£7, 15s. If the history books were 3d. each dealer and the 
geography books 4d. each cheaper, my total outlay would 
be 4d. less. How many of each kind did I buy ? 

88. A sum of money ^ invested partljr at 5 per cent, and partly 
at 4 per cent., and yields an income of £22, 7s. If the amount 
invested at 5 per cent.^had been invested at 4 per cent., and 
the amount at 4 per cent, invested at 6 per cent., the income 
would have been Ifis. more. How much w^is invested 
altogether ? 

89 . A farmer sells potatoes at 4s. per cwt.* and turnips at 9s. 
per cwt., and receives a total payment of £17, 3s. If he had 
sold his potatoes at fid. per cwt. more and his turnips at 
Is. per cwt. less, he would have received lls. more. What 
weight of each did he sell 1 

40 . Two trains, A and B, approach each other from stations 
288 miles apart. When A leaves 1 hour later than B they 
pass after B has travelled for 4 hours, but if A leaves f of 
an hour before B they pass ^hen B has travelled for 3 hours. 
What is the speed of the trains ? 

41 . By investing partly in 2^ per cent, stock and partly in 
3 per cent, stock, an income of £7, 13s. is obtaine<L If the 
sum invested in the 3 per cent, stock had been invested at 
2i per cent., and the sum in th6^2j^ per cent, stock invested 
in a 3^ per cent, stock, the income would have been 28. fid. 
more. How much was originally invested at 2| per cent., 
and how much at 3 per cent. ! 
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42. If the number of births in a town falls by 5 per cent, and 
the number of deaths increases by 2 per cent., the net loss 
in population is 2. If instead the births increase by 10 
and the deaths fall by 4 per cent., the net gain in population 
is 42. What are the ndmber of births and deaths ? 

Exercise 12b 

1. I spend 5s. 8d. in bu 3 ring oranges at IJd. each and pears at 
2^d. each. If I were to sell them all at 2d. each I should 
lose 4d. How many of each did I buy ? 

2. I buy cigarettes at ^d. each and cigars at 2d. each, my outlay 
being 18s. 9d. By selling the cigarettes at 10 for 3d. and the 
cigars at 2^d. each, I make a profit of 4^. 2d. How many 
of each do I buy ? 

3. A boat* travels 24 miles upstream and then 36 miles down- 

stream in 5 hours, but can go 36 miles upstream and 24 miles 
downstream in 5 hourj 50 minutes. What was the rate of 
the boat in still water, and the rate at which the stream 
was flowing ? ^ 

4. A number consists of two digits, and is such that when 
increased by 18 the digits are reversed. What is the number 
if the sifta of the digits is 8 ? 

5. A number madejnp of two digits is equal to seven times the 
sum of its digits, and is such that when 18 is subtracted from 
it the digits are reversed. What is the number ? 

6. A certain number consists of two digits, and is such that it 
is equal to four times the sum of its digits. If the number 
is increased by three times the tens digit the result is 60. 
What is the number ? 

7. A boy who had been given 3s. 6d. with which to buy 10 blue 
and 16 red pencils should have received ^d. change. By 
mistake the boy asked for lyS blue and 10 red pencils and 
found that his money was too little by one penny. Find 
the price of each pencil. 

8. A shop Belle its entire stock of oranges at 3 for 2d. and 
three-quarters of its stock of pears at l|d. each, the proceeds 
being £3, 48. 9^d. The following day the rest of the pears 
are sold at l^d. each, fhe proceeds being 7s. 3|d. less than 
that obtained for the oranges alone on the previous day. 
How many oranges and pears were there at first ? 
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9. I buy algebra books at 3s. 6d. each and geometry books at 
3s. each, and receive change for a £5 note. I then repeat 
the purchase, but increase the number of geometry books 
by two, and my change for a £5 note is 40 per cent, less than 
previously. Later I buy 25 per eent. more geometry books 
and two more algebra books than at first, and pay £5, Is. 
How many algebra and geometry books do I buy altogether ? 

10. A grocer has a 1-cwt. keg of salt, and from it fills all the 
4-oz. and 6-oz. packets he possesses. Next day he obtains 
three-twentieths as many 4-oz. packets and one-ninth as 
many 6-oz. packets, and by filling these he uses up two- 
thirds of the salt left over in the keg. Finally, he again 
obtains one-ninth as many 6-oz. packets as at first, and by 
filling these hj empties the keg. What weight of salt does 
he pack on the first day ? 

11. A number consists of two digits and exceeds three times 
the sum of its digits by 7. If the number is increased by 
17, the new number has its unija digit one more than the 
old tens digit, afld the tens digit two less than the old units 
digit. What is the niynber ? 

IS. The product of two numbers is six less than nine times the 
smaller number, but eight times the reciprocal of the smaller 
is one-ninth the sum of the larger number and •four. What 

are the numbers ? (The reciprocal of xia See § 36.) 

X 

13. A number is made up of two digits such that four times the 
reciprocal of the tens digit plus three times the reciprocal 
of the units digit is 2. If five times the reciprocal of the 
tens digit minus twice the reciprocal of the units digit is 
what is the number ? 

14. I have a box of lemons which I bought at ^d. each, and a box 
of oranges which I bought at fd. each. If I sell the lemons 
at 5 for 2d. and the orangps at 7 for 6d. I gain 6d., but if I 
sell the lemons at 9 for 5d. and the oranges at 10 for 7d, I lose 
2d. How many lemons and how many oranges did I buy ? 

15. It takes 24 seconds for a boy, running at a constant rate, to 
run up and down a moving stoircase 108 ft. long. If it takes 
him 12 seconds to reach the top and come down 36 ft., find 
(a) the rate of the boy in ft. per Second ; 

(5) the time taken for a person to reach the top by walking up 
the staircase at half the rate of the staircase ? 
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16. A number consists of two digits. If 3 bo added to the number, 

and the result divided by the sum of the digits, the quotient 
is 6. If 3 be subtracted from the number, and the result 
divided by tl^s units digit, the quotient is 12. What is the 
number ? • 

17. By selling 9 horses and buying 23 pigs a man increased the 
money he had by 20 guineas. If he had bought 5 horses and 
sold 7 pigs he would have decreased his money by £68. 
What is the price of a horse and the price of a pig ? 

18. A given number consists of two digits whose pr^uct is 24. 
If a certain number is added to the given number the sum is 
44, but if this number is added to the sum of the digits of 
the given number the result is 17. What is the given 
number ? 

19. A bag contains £53, lOs. made up of 6d?, Is., and 23. 6d. 
pieces. •There are three times as many 6d. pieces as 2s. 6d. 
pieces. If half the number of Is. pieces are taken out and 
replaced by as many pennies, the bag would bo worth 
£41, 16s. 3(1. How maity 23. 6d. pieces iyre there in the bag ? 

20. At a circus six times as many 6d. seats were sold as 2s. seats. 
The proceeds from the Is. seats aAounted to 5s. more than 
that from the 6d. seats. If the total takings came to £31, 17 b., 
how maiy of each of the three seats were sold ? 

21. Five times the difference of two numbers equals half their 
product, while five times the sum of their reciprocals is 1|. 
What are the two numbers ? 

22. The number of square feet in a rectangle is equal to five 
times the number of feet in the length, decreased by three 
times the number of feet in the breadth. If each side had 
been increased by 3 ft., the number of square feet in the area 
would have been seven times the number of feet in the 
original length, increased by 21. What are the dimensions 
of the rectangle ? 

28. Hughes and Evans are in a cycling race and Hughes wins 
b^ 193} feet, his rate being 22 ft. per sec. Had Hughes 
given Evans 5 secs, start, he would have beaten Evans 
by 86 ft. What was the length of the race, and what was 
Evans’ rate ? 

24. A sum of money is divided among A, B and C. A's share 
is equal to half the sunf of the shares of B and C, and B’s 
share is 4a. 6d. less than half the sum of the shares of A and C. 
If A and B together receive £1, 7s., how much did each receive ? 
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25. Two numbers are formed by the same two digits. If one be 
divided by the other the result is ^ , but if one be subtracted 
from the other the result is 63. Find the numbers. 

26. A number consists of two digits. If the ^pis digit be added 
to the number and the result be*4i'^ded by the sum of the 
digits, the quotient is 5. If 14 be subtracted from the number 
and the result doubled, the original number with its digits 
reversed is obtained. Find the number. 

27. I pay £1, 9s. for 5 rabbits, 4 fowls and 1 goose, or £2, 3s. 
for 7 rabbits, 2 fowls and 3 geese. If, however, I buy 
11 rabbits, 10 fowls and 8 geese, I pay £6. What is the 
price of a rabbit, a fowl, a goose ? 

28. A three-digit number has the hundreds digit four times as 
much in excels of the tens as the units ^git is in deficit 
of it. If the number is divided by the sum of its digits the 
result is 61, and if 495 be subtracted from the fiumber, the 
result consists of the digits of the original number in reverse 
order. What is the number ? 

29. At a garden party the entrance tee was Is. for men, 6d. for 
women and 2d. for <jjiildren In all, 1027 people paid for 
admission, and the amount from entrance fees was £21, 10s. 
If the men paid £1, 8s. more than the women, how many 
men, women and children paid ? 

30. A man cycled at a certain uniform speed. Had he cycled 
2 miles an hour slower the journey wSuld have taken him 
IJ hours more, but if ho had cycled 5 m.p.h. faster he would 
have saved 1 hour 40 minutes on the journey. How long 
was the journey, and what was his speed ? 

31. A tank of water has a pipe always supplying it. The tank, 
if full at the beginning, is emptied by 40 people in 10 days, 
but takes 30 people 20 days to empty. By how many people 
would it be emptied in 40 days ? (Assume same quantity 
of water per person per dajr, and uniform inflow of water.) 

32. A ship springs a leak, and a steady flow of water pours into 
a hold. Two pumps are set working, and at the end of 
1 hour there is twice as much in the hold, four more pumps 
are therefore put in action, and all the water is pump^ out 
in another 2 hours. If the 6 pumps had been set going at 
first, how long would it have taken to remove the water t 

88. If a certain number is added to the numerator and 
denominator of a given fraction its value becomes f, but if 
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the same number be subtracted from both numerator and 
denominator its value becomes J. If, however, 7 is added 
to both numerator and denominator the fraction becomes 
What is the fraction ? 

* 

3<L A trader buys a certain number of oranges at 6d. per score, 
and finds that after throwing away the bad ones and selling 
a number at 9 for Is., he has taken Is. less than his outlay. 
He now sells the remainder at Jd. each, and thus recovers 
his outlay together with 3s. profit. K, however, after 
throwing out the bad ones, he had sold all his oranges at 
3 for 2d., he would have made 2r. lOd. profit on his outlay. 
How many oranges does he buy, and how many are bad ? 

35. Two towns, A and are 40 miles apart. A cyclist leaves 
A and a motorist leaves B, travelling towards each other, 
each lonving at 9 a.m. They pass each other at 10 a.m. 
The motorist stops at town A for 40 minutes, and then starts 
back at the same rate for town B. lie overtakes the cyclist 
at noon, who is then as*far from B as h^ was previously from 
A when first passed. What was the distance of cyclist 
from A when overtaken ? 

86. A bill for £5, 14s. 6d. is paid in half-sovereigns, half-crowns, 
and shillings, 35 coins in all being given. The number of 
half-crowns added to the number of shillings is equal to 
four times the humber of half-sovereigns. How many of 
each coin are there 1 

87. Two trains travel on parallel tracks, the faster at 60 m.p.h. 
If tlidy leave the station together the faster will j^ass a 
certain signal-box when the slower is 25 miles from it. If 
the faster train leaves | hour after the slower, it will overtake 
it 75 miles beyond this signal-box. What is 

(a) the speed of the slow train ? 

(b) the distance of the signal-box from the station ? 

88 . A man buys 5 cups, 5 saucers and 7 plates, and pays 4s. 9^. 
Had he bought 8 saucers and 8 plates it would have cost 
him 3^d. more than if he had bought 9 cups. If 8 cups and 
3 saucers cost as much as 11 plates, find the cost of each 
article. 

89 . Find the values of a, &, c, so that the fraction ^ — 

3+cx 

shall have the values 2, 6, J when a?=l, — 3 respectively. 

▲L01DBBA — 11 
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40 . Of two fields, the first is 4 ft. longer and 1 yd. wider than 
the second, and the width of the second is f the length of 
the first. If the area of the first is 50f sq. yds. more than 
the second, find the dimensions of each. ^ 

41 . An aeroplane flies between two towhs. If its speed is increased 
by 20 m.p.h., the time is reduced by 17 minutes ; if its speed 
is reduced by 20 m.p.h., the time is increased by 19 minutes. 
Find the distance between the towns, and the normal speed. 

42 . A man’s income is £34 less this year than last year, and was 
£80 less last year than the year before. The rate of income 
tax is 3d. more in the £ this year than last, and was 6d. more 
last year than the year before. If his income tax was the 
same for the three years, find this year’s income and income 
tax. 

43 . A man uses 5 gallons of petrol and J pint of oil on a journey, 
and the cost of these together with incidentAll expenses 
amoimts to 12s. 5d. On a second journey he uses 3| gallons 
of petrol and J pint of oil, and, the incidental expenses being 
3 times as much a.s in the first ca^c, the total cost is 17s. 5d. 
If 64 gallons of petrol and 58 pints of oil come to as much 
as 41 times his expenses on the first journey, find the latter, 
and also the cost of petrol and oil. 

44 . A man buys a case of tea, and sells at 2s. 8d. a lb. until he 
has recovered his outlay. He then sells the remainder at 
2s. 6d. a lb., and finds that he has mad^ 56^ per cent, profit 
on his total outlay. How much per lb. did he pay for the 
tea, and what proportion of it was sold at the cheaper rate ? 

45 . If 16 sheep were put to graze in a certain field, the grass 
would be consumed in 10 days ; while if 17 sheep were put 
in, the grass would last 9 days. How many days would the 
grass last if 22 sheep were put in ? (Assume that the grass 
grows at a uniform rate.) 

46 . The combined ages of a father and son are 147 years. The 
father is twice as old as the son was when the father was as 
old as the son is now. Find their present ages. 



CHAPTER XIII 
Graphs 

63 . A quantity whose value is not always the same is called a 
variable ; for example, the daily number of visitors to the British 
Museum, the temperature, the height of a wave, the velocity of 
the wind are variables. 

A quantity whose value does not change is called a constant ; 
for example, the number of pence in a shilling, the ratio of the 
circumference of a circle to its diameter, the sum of the three 
angles of a triangle are constants. 

Two varfkbles may be connected in such a way that for a 
given value of one, there is some definite value of the other. 
Tims, referring to the variables enumerated above, if one variable 
be taken as the date, then tor a given valu§ of it the number of 
visitors to the British Museum has a definite value ; or if one 
variable be the time, then for a given value of it the temperature 
at a given place has a definite value, and so on. These are 
examples of connected variables. 


Straight Line Diagrams 

64 . It is convenient to tabulate sets of corresponding values 
of two connected variables. The following table gives the height 
of a boy on his successive birthdays : 


Age in years . 
Height in inches 



1 

2 

3 

4 

5 

. 

28 

33 

37 

40 

43 


It is easier to understand the significance of this data when 
it is set out in the form of a diagram. 

The diagram fe drawn in the following manner : 

Two perpendicular lines are used, and are labelled to show 
what quantities are to be measured along them. In Fig. 10 these 
quantities are : Age in years, and Height in inches. Along the 
horizontal line, the years are marked at intervals of half an inch. 
Along the vertical Hue, a height of 2 inches is represented by one 

156 
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9mall division. At each point on the horizontal line which repre- 
sents one of the years, a vertical line is drawn whoso length indi- 
cates the height of the boy at that age. 



Fig. 10 


Note. — ^It is not always necessary for the values shown on the 
diagram to start from zero. Since all the heights lie between 
28 and 45 inches, it would have been sufficient if the vertical 
line had shown a range from 25 to 50 inches only. Had this 
been done, a height of 1 inch could have been represented by 
one small division, and the clyange in height would have been 
more easily seen. 

65. In order that the tops of the vertical lines may be more 
readily seen, it is frequently useful to join consecutive tops by 
straight lines. If this is done and squared paper is used, the 
vertical lines themselves need not be^'emphasized. 

When two sets of data are marked on the same diagram, it is 
essential that the connecting lines for each set of data be drawn. 
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Example 1. The mid-day temperatures at two towns, A and R, 
for the first half of May are recorded in degrees Fahrenheit in 
the following table : 


Day 

A 

B 


1 

2 

3 

4 

6j 

6 

7 

8 

9 

10 

11 

12 

13 

14 

76 

75 

74 

71 

73 

73 

74 

77 

72 

76 

78 

79 

77 

77 

75 

73 

74 1 

74 

76 

75 

77 

78 

78 

76 

75 

741 

76 

75 


Represent both sets of data on a diagram, and use this to find : 

(1) the dates in May when A was warmer than B ; 

(2) the dates in May when A was colder than B ; 

(3) the dates in May when A and B were at the same tem- 
perature ; \ 

(4) the date in May when A was the ^aximum amount 
warmer than B, and the number of degrees warmer ; 

(5) th^ date in May when A was the maximum amount 
colder than B, and the number of degrees colder. 

The data is shown in Figf 11, the full line^epresenting town A, 
and the dotted line town B, 

It is seen that all the temperature^arc included in the range 
70 to 80 degrees Fahrenheit. 

On studying the diagram it can be seen that the answers to 
Questions 1 to 5 arc as follows : 

(1) 1st, 2nd, ll«h, 12th, 13th, 14th, 15th. 

(2) 4th, 5th, 6th, 7th, 8th, 9th. 

(3) 3rd, 10th. 

(4) 12tli, 5 degrees Fahrenheit. 

(5) 9th, 6 degrees Fahrenheit. 

The Questions in Exercise 13a, page 18% should now he 
attempted. 


Smooth Gufve Graphs 

66. It is really not essential to draw the vertical lines at all. 
We can mark with dots the points where their tops would be. 

A boy runs a mile race, and is timed over the furlong, quarter, 
half and full mile. The results are recorded in the following 
table : * 

Distance run in miles • I i i I i I ^ 

Time in seconds . . | 25 55 | 125 | 350 



TEMPERATURE DIAGRAMS 


15Q 


ALOEBBA 



DAV OF MAY 

FlO. U 


GEAPHS 159 

The relation between the two connected variables, distance 
run and time, can be represented on squared paper shown as in 
Fig. 12. The distance run is recorded by length in a direction 
parallel to OX, •the scale being that 1 inch represents J mile. 



Fiq. 12 


Thus two and 9. half small divisions represent ^ mile. The time 
is recorded by length in a direction parallel to OF, the scale 
being that 1 inch represents 100 seconds. Thus one small division 
represents 10 seconds. • 

Consider one of the marked points Ay say, and through it draw 
lines APy AQ parallel to OF and OX. It will be seen that OP 
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represents ^ mile, OQ represents 25 seconds ; so that the point 
marked A records the fact that the time for the i mile is 25 seconds. 
It will thus be seen that given the values ^ mile, 25 seconds, the 
points P and Q are known, and the position af the point A is 
determined. In the same way the points P, C, D record the other 
facts set out in the table. 

Note. — ^In practice we omit the dotted lines AP, AQ, as these 
can be pictured mentally, even when they do not fidl on the 
printed lines of the squared paper. 

Interpolation 

67. If the same boy is timed over a very large number of dis- 
tances between J yiile and 1 mile in length, the times for two 
nearly equal distances would differ only slightly. When these 
are recorded on the diagram, the two points would lid very close 
together. If, therefore, we record on the diagram all the points 
for the very large number of distances and join them, we should 
obtain something approaching a smooth curve. 

Now refer to Fig. 13. It will be seen that the points 4, B, C, D 
are marked as in Fig. 12, and that a smooth curve has been drawn 
through them. This is the curve we should expect to obtain if 
the data for the very large number of distances mentioned above 
were available. 

Consider the point K on this curve. It will be seen to correspond 
to a race of f mile and a time of 225 seconds. It is reasonable to 
suppose that if the boy had been timed over a distance of J mile, 
the time that would be recorded would be 225 seconds. 

It will be seen that once we have drawn a smooth curve through 
the points obtained from the original data, we can find additional 
values by choosing other points on the curve, such as K. This 
process of finding values intermediate to those tabulated is called 
interpolatioii. 

• 

68, A curve drawn through the points obtained firom the data 
connecting two quantities called a graph, and the method of 
drawing it is called plotting the graph. Thus a graph is a curve 
which indicates the rdation between two connected variables. 

In a graph such as Fig. 13, OX and OY are called the axes, 
and the point O is called the origin. * The position of any point 
on the graph is determined by the lengths of two lines, that is 
the lengths of the perpendiculars from the point to OY and OX. 
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These two lengths are called the co-ordinates of the point, 
sometimes distinguished by calling the former the abscissa and 
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the latter the ordinate. Thus in the case of the point K the 
abscissa is and the ordinate is MK ; these are equal to 
OM and ON respectively. 

Axe^ and Scales 

69, We see that a graph shows, in diagram, the change produced 
in one quantity by a change in another quantity with which it 
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1 

is connected. These quantities we have already referred to as 
connected variables. 

It is usually natural to think of one of these variables as that in 
which the changes are made; this wo call the indf pendent variable. 
The other, which has changes produced in it in consequence of 
its connection with the first, we call the dependent variable. 

In drawing a graph, we represent the independent variable by 
distances measured from left to right (abscissa), and the depend- 
ent variable by distances measured vertically upwards (ordinate). 

70. To find scales appropriate to the size of paper available, 
the following should be kept in mind. If either of the scales 
is too small, the graph cannot be drawn with accuracy, and thus 
reliable readings cannot be taken from it. If either of the scales 
is too large, it mXy not be possible to plot all the necessary 
values of the variables. To facilitate plotting the ^>oints and 
reading the values, scales in which 1 inch represents numbers 
such as 3, 7, 11 should be avoided. Instead, numbers such as 
1, 10, 100, 0-1, 0‘01,*2, 5, 0*2, 0-5, 8tc., should be chosen, the 
particular choice, of course, depending upon the range to be 
covered and the size of paj^er available. 

Example 2. Plot a graph from the following table showing 
the relation between the radius of a circle in inches and its area 
in square feet : « 


Radius in inches 

5 

10 

15 

20 

25 

30 

Area in square feet 

0-5 

2-2 

4-9 

8*7 

13-6 

19-6 


From this graph find the area of a circle of radius two feet, 
and the radius of the circle which has an area of 10 square feet. 
The scales should be chosen so as to obtain a figure of convenient 
size. Assuming that the available squared paper is 3''x4'', we 
mark the radius on the horizontal axis OX with a scale 1' to 
represent a radius of lO'", thujS permitting the radius of SO'' 
to be included. The area we mark on the vertical axis OY with 
a scale 1" to represent an area of 6 sq. ft., thus permitting 
the area of 19-6 sq. ft. to be included. The variable to be 
represented along each axis should be written down, and the 
divisions along the axis should be numbered in accordance with 
the scale chosen. * 

The points A, By C, D, Ey F are plotted in accordance with 
the table, and are then joined to form a smooth curve. 
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The point P on this graph represents a radius of two feet 
(24 inches), and the length LP represents the area of this circle. 
It is seen to be 12*6 sq. ft. 



FlO. 14 


The point Q represents an area of 10 sq. ft., and the length 
MQ represents the radius this circle. It is seen to be 21‘4 ins. 

The questioiui in Exercises 18b and 13o, pages 189-193, should 
now be attempted. 
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Travel Graphs 

71. ^ Example 3. A man leaves a place threeumiles due north 
of his homo at 2 o’clock, and walks «^northwaTds at the rate of 
4 m.p.h. for 2 J hours. He then rests an hour for tea, after which 
he resumes his walk northwards for a further three hours at the 
rate of 3 m.p.h. Find how far he was from his home at 6 o’clock, 
and the time at which he was 20 miles from home. 

In Fig. 15, lengths measured in a direction parallel to OX 
represent the time after 2 o’clock to a scale of ^ inch to au hour. 



TIME IN HOURS 


FIO. 16 


Lengths measured in a direction parallel to OF represent the 
distances from home to a scale of ^ inch to a mile. The point 
A records the fact that he is 3 miles from home at 2 o’clock. As 
he walks at 4 m.p.h., his distance from home at 3 o’clock is 
7 miles. This is recorded by the point B. Similarly 0 and D 
record distances of 11 miles and 13 miles at 4 o’clock and 4.30 
respectively. He rests an hour, and fhus at 6.30 is still 13 miles 
from home, as reedided by the point E. He now walks at 3 m.p.h., 
and the points F, 0, H recom distances of 16, 19, 22 miles at 
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6.30, 7.30 and 8.30 respectively. Thus the graph A to H shows 
the man’s position at any time between 2 o’clock and 8.30. 

The point P records the man’s position at 6 o’clock. It is 
seen that he is then 14^ miles from home. 

The point Q records the time at which the man is 20 miles 
from home. It is seen that the time is 7.50. 

Note. — On reference to the graph it will be observed that 
while the imn travels at a uniform ratSy his graph is a straight 
line. Since two points determine a straight line, it will be 
sufficient to plot two points only for each portion of the graph 
corresponding to a uniform rate of walking. Thus the graph 
just discussed could have been obtained by plotting the points 
Ay Dy Ey H ouly. ^ " 

Example* 4 . A man leaves home at 1 o’clock, and cycles at 
a steady rate of 9 m.p.h. for 2| hours. He then rests for J of an 
hour, and continues at the rate of 15 miles an hour till 6.15. 
He then rests for J an hour, and cycles back at a uniform 
rate, arriving at his home at 11.4:5. kt what rate did he cycle 
home ? 

In Fig. 16 lengths measured in a direction parallel to OX 
represent tlu5 time after 1 o’clock to a scale of ^ inch to an hour. 
Lengths measured in a direction parallel to OF represent dis- 
tances from home to^a scale of ^ of an inch to a mile. 

The point 0 records the fact tnat he leaves home at 1 o’clock. 
Two and a half hours later he will have cycled 2Jx9=22J miles. 
The point A records the fact that at 3.30 he is 22^ miles from 
home. The point B records the fact that at 3.45 he is still 22J 
miles from home. He now cycles at 15 m.p.h. The point C 
records the fact that one hour later, that is at 4.45, he is at a 
distance of 22^+15=37^ miles from home. He continues to 
cycle at this u^orm rate till 6.15, so that the straight line BC 
is produced to D which records 4iis position at 6.15. The point 
E records the fact that at 6.45 he is still the same distance from 
home as at 6.15. The point F records the fact that he arrives 
back home at 11.45. 

As we are told that he cycles home at a uniform rate, the 
journey home is represented by the straight line EF, To obtain 
this rate, we have to determine how far he tii^vels in an hour. 
If we refer to the graph, we observe that E records the fact that 
he is 60 miles &om home at 6.45. The point P records that one 
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Note. — ^In choosing two points on the line EF to find his rate, 
greater accuracy is assured if the points are taken as far apart 
as possible. Thus taking E and F as the two points, we find 
that he cycles 60 miles in 5 hours, which is at a rate of 12 miles 
per hour. 

Intersection of Two Graphs 


72. Example 5. Two towns A and B are 450 miles apart. An 
aeroplane X starts from .4 at 3 o'clock, and travelling at a 
uniform rate arriyes at B at 8 o’clock. Another aeroplane Y 
leaves £ at 4 o’clock, and travelling uniformly arrives at A at 
7.45. Find (a) when and where the aeroplanes crossed ; (6) how 
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FIO. 17 

far apart they were half an hour after crossing ; (c) the times at 
which they were 200 miles afiart. 

In Pig. 17 horizontal lengths represent timel after 3 o’clock 
to a scale of half an inch to the hour, and the vertical lengths 
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represent distances to a scale of 1 iach to 100 miles. C and D 
record that X is at ^ at 3 o’clock and at B at 8 o’clock ; so that 
CD is the graph of X*s progress. 

E and F record that Y is at B at 4 o’clock ^nd at A at 7.45 ; 
so that EF is the graph of T’s progress. Now at the instant 
that X and Y cross, they are at the same place at the same time ; 
in other words, the point recording that place and time must be 
on each graph. Thus their meeting-place and time are given by 
the point of intersection of the graphs^ that is by the point T. 

(a) It will be seen that they meet about 244 miles from A^ 
at 5.43 approximately. 

(b) Half an hour after the aeroplanes meet, that is at 6.13, the 
positions of X and Y are recorded by the points P and Q 
respectively. It is seen that their distance apart is 105 miles. 

(c) To find the time at which the aeroplanes are 200 miles 
apart, we have to discover the time at which a vertibal line cuts 
the graph in two points whose distance apart represents 200 miles. 
This can be obtained by marking two points on a piece of paper 
to represent 200 miles, that is two points whose distance apart 
is 2 inches. Now slide the paper in a direction parallel to AB 
with one point on one ot the graphs, and observe the position 
at which the other point lies on the other graph. It will be 
found that there are two such positions : (1) when the points 
are at R and 8 ; (2) when they are at V and F, These correspond 
to the times 4.46 and 6.40 respectively. 

The questions in Exercise 13d, page 198, should now be 
attempted. 


Positive and Negative Values of the Variable 

73. In the graphs considered so far, the variables had positive 
values only. Thus it was not intelligible to consider a race — i mile 
in length, or a circle of area —10 sq. ft. In some cases, however, 
it may be necessary to consider negative values of the variables. 
For this purpose the convention illustrated in Fig. 18 is employed. 

Suppose that 0 is the origin, and OX, OY are the axes as 
defined in § 68. Suppose also that the variable measured along the 
direction OX is caUed ‘ and the ebnneoted variable measured 
along the direction OF is called ‘ y.’ Then plotting the point A 
records the fact that when x has the value 3, y has the value 2. 
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To plot negative values, we adopt the convention that length 
measured in a direction opposite to that used for positive values 
of the variable, is to be considered as negative (see § 13). Thus 
lengths measured in the direction OX' represent negative values 
of X. Hence plotting the point B records the fact that when x 
has the value — 2, j/ has the value 4. 
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Fig. 18 


In the same way lengths measured in the direction OP' repre- 
sent negative values of y. Thus plotting the point C records the 
fact that when x has the value 4, y has the value —3. It is seen 
that the point D indicates that «=— 3, ^=—5. 

X'OX may bo spoken of as the 5C-axis, and F'OF as the j^-axis. 
It is important to notice that for every point on the x-axis the 
value ol y is 0, and for every point on the j^-axis Ihe value of 
ATisO. 

Graphs of Algebraic Functions 

74. Hitherto the table o^ values required to construct a graph 
has b^n simplied. In other words, the graph has been one of 
statistics. It may, however, be necessary to construct our own 
table of values b^ore the graph can be drawn. 
alqiebra — 12 
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Example 6. Plot the graph, between the values x=—3 and 
a;=+3, showing the relation between y and x, where these two 
variables are connected by the relation y=2x-\~2. 

When X has the value —3, y assumes the valtie 2(— 3)+2=— 4. 
Thus corresponding values of x and y may be calculated as 
shown in the vertical columns of the following table : 


When x=* 

-3 

-2 

-1 

0 

1 

2 

3 

2x= 

~6 

-4 

-2 

0 

2 

4 

6 

y=2a;+2= 

-4 

-2 

0 

2 

4 

6 

8 


In Fig. 19, X*OX represents the rr-axis, and Y'OY the ^-axis. 
The points given by the pairs of values in the table are plotted 
at B, C, D, Ei It is seen that they all lie on a straight line. 
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# 

In the example, we were asked to plot the graph between the 
values — 3 and x— H- 3. Had the graph been plotted for values 
of X less than —3 and greater than + 3, it would have been found 
that all the poiiits obtained were on the straight line shown in 
Fig. 19 when produced in bdth directions. This line, so produced, is 
the graph of the relation and may be called for short the 

graph of the expression 2a!;-f-2. 

There are two important points which should be noted. 

1. Any pair ol corresponding values of x and y which satisfy the 
relation y=2jir+2 gives a point on the graph. Thus when 
a;-=lj, then y=2(lJ)H-2=5. It is seen that this point is on 
the graph, namely at P. 

2. The co-ordinates of any point on the graph satisfy the relation 

y=2x-^. Thus the co-ordinates of the point Q on the graph 
are 3C=— 2|, y-S. It is seen that — 3=2(— 2i)-l-2, so that 
the relation y=2x-f 2 is ^tisfied. 

The complete graph of the relation#2/=2x-f 2 is a straight line 
of infinite length, so that a portion of it only can be plotted. 
The limits of the values of x between which tlie graph is plotted 
is called the range of x. Corresponding values of the variables 
such as 3, — 4 and ar—O, y^2 arc usually shown in the 

abbreviated form (— ^, —4) and (0, 2). The first number in the 
brackets is the value of a;, that is of the independent variable, 
and the second number is the value of y, that is of the dependent 
variable or of the expression. 


75. We have seen that the expression 2a:-r2 assumes different 
values as the value of x changes, but that for any chosen value 
of X the expression 2x4-2 has a definite value. When a change 
is produced in one variable by » change in another, we say that 
the first or dependent variable is a function of the second or 
independent variable. (See § 69.) Thus the area of a circle is 
a function of its radius; the velocity of a falling stone is a 
function of the distance it has fallen ; the cost of a motor-car 
is a function of its horse-pqjver. 

It must be understood that when we state^hat one thing is 
a function of another, it is not essential ^at an algebraic 
expression exists, by means of which values of the function can 
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he calculated. Thus there is no expression by which the 
cost of a motor-car can be calculated from its horse-power. 
When there is such an expression, as in the case of the area 
of a circle in terms of its radius, we may caA it an algebraic 
Innction. ' 

Thus 2a;-f-2 is an algebraic function of x. The graph of Fig. 19 
may be described as one showing the variation of the function 
2a7-h2 with the independent variable x. The symbols /(a;) and 
F{x) are frequently used to indicate functions of the independent 
variable x. 

Example 7. Plot a graph to show the change in the function 
f{x) for values of x from —3 to -}-3, when/(x)=3x— 1. The table 
of values is : 


X— 

-3 

-2 

-1 

0 

1 

2 

3 


-9 

-6 

-3 

0 

3 

6 

9 

f(x)=3x-l=^ 

-10 

-7 

-4 

-1 

2 

5 

8 


The graph is showA in Fig. 20, 

The questions in Exercise 13e, page 195, should now be 
attempted. 


76. Example 8. Plot the graphs of the< relations (1) y=^iXy 
(2) y=4a;-f 3, (3) y==4cc— 5, for the range x=—5 to x—6, all with 
the same axes and scales. 


The tables of values are : 


(1) *--= 

-5 

-4 

-31 

11 

y 

-20 

-16 

-12| 

(2) 

-5 

-4 

-3 

ix= 

-20 

-16 

-12 

y=4®+3= 

-17 

-13 

-9 

(3) !r= 

-5 

-4 

-3 

4*= 

-20 

-16 

-12 

II 

1 

11 

-25 

-21 

-17 


-2-1 0 1 21 3 4 5 
-8 -4 0 4 8112 16 20 

-2 -1 0 1 2 3 4 5 

-8 -4 0 4 8 12 16 20 

-5 -1 3 7 11 16 19 23 

-2 -1 0 1 2 3 4 6 

-8 -4 0 4 8 12 16 20 

13 ...9 -5 «i 3 7 11 16 


From these thme tables of values it will be seen that a; is to 
have a range from —6 to 4-5, that is of 10, whereas y is to have 
a range fron^ —25 in table (3) to 4-23 in table (2), that is a range 
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FlO, SO 


better, therefore, to nse % smallet scale for y than that used 
for X. The pnpil should idways consult the ntreme values in 
his complete taUe to decide what scales he would adopt for 
X and j'. 
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Fig. 21 shows the three graphs drawL to a scale : 

1 inch represents 4 for x and 1 inch represents 20 for y. 
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Condition for Parallel Lines 

77, It is seen that for any chosen value of x, the value of y in 
y=4a:+3 is greater by 3 than the value of y in y~4x. Thus the 
ordinate in (2) in Fig. 21 is greater by 3 than the ordinate in (1), 
for any chosen value of x. It follows that the graph of (2) must 
be parallel to the graph of (1). 

In the same way, for any selected value of a, the ordinate in (3) 
is 6 less than the ordinate in (1), so tl^at the graphs of (3) and (1) 
are also parallel. . 

We infer that a a hasa fixed value but fivaries in the relation 
the graphs obtained will be parallel straight lines. 
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One of these parallel lines will pass through the origin. flP'or 
this line the values x=0, y=0 must satisfy the relation y— ax+5. 

0=ax0-f6. 6=0. 

# 

Thus the line parallel to y=ax+b which passes through the 
origin is y=ax. 


Intercepts on the Axes 

78. Where a graph cuts the x-axis, y must be 0. In the relation 
y=4a:— 5, if y=0, Thus the graph of y=4x— 5 cuts the 

x>axiB at the point (|, 0). See (3) in Fig. 21. 

Where a graph cu^fhe j^-axis, x must be 0. In the relation 
y=4x— 5, if x=0, y=— 5. Thus the graph of y=4x— 5 cuts the 
y-axis at the point (0, —5). See (3) in Fig. 21. 

The distances from the origin to the points where a straight 
line cuts the axes are called the intercepts on the axes. 


79, Example 9. Plot the graphs of the relations 

(1) y^Z+x, (2) y=3+3f, (3) y^Z-2x, 

for the range x=— 4 to x=5. 

The tables of values are : 


( 1 ) x = 


-3 

- 2 | 

1-1 

0 

1 1 

2 

3 

4 

y=3+x= 

-1 

0 

1 1 

1 2 

3 

4 

5 

6 

7 

( 2 ) x = 

-41 

1-3 

- 2 ] 

1-1 1 

1 0 

1 

2 

3j 

4 

y*=3+3x= 

-91 

1 -6 

-sl 

1 ol 

1 3 

6 

9 

12 1 

15 

(3) x= 

-41 

1-3 

-2 

-1 

0 

1 1 

2 

3 

4 

y*=3— 2x= 

111 

1 9 

7 

5 

3 

1 

-1 

-3 

-5 


5 

8 

5 

18 

5 

-7 


Fig. 22 shows the three graphs. 


The Meaning of h in y=ax+b 

80. The graph of y=ax+b outs the y-axis where x=0. If x—0, 
then y=b for all values df a, so that the graph cuts the y-axis 
at the point (0, 6). Thus the graph of y=ax+ l^makes an httercept 
b on tile ^-axie. 
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is seen that the constant term in (1), (2) and (3) in Example 9 
is in each case 3. 
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Hence each graph cuts the ^ axis at the same point, namely 
(0, 3). This is the point marked P in Fig. 22. 

Gradients 
The Meaning of a in 

81, We use the word slope or gradient of a straight line to 
indicate the ratio of the increase in the value of y to the increase 
in the value of x between any two points on the line. 

Ck)nsider the points P and A on (2), that is the pomts (0, 3) 
and (2, 9). The value of if increases by 6 and that of x by 2. 
Hence the ratio of these increases is |,*that is 3. Any other pair 
of points on this ]2ne give the same ratio. Thus the points A 
and B, that is the points (2, 9) and (5, 18), give increases of 9 for 
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y and 3 for x. Hence the ratio is again 3. Thus the gradie&t 
of line (2) is 3. 

Note that the coeflSicient of x in (2) is 3. 

Consider next the points P and C on (1), that is the point (0, 3) 
and (2, 5). These^ve a ratio |=1. In the same way the points 
C and D, that is the points (2, 5) and (5, 8), give a ratio f— 1- 
Thus the gradient of line (1) is 1. 

Note that the coefficient of x in (1) is L 

In line (3) the points P and P, that is the points (0, 3) and 


(2, —1), give a ratio 



In the same v. ay the points E 


and Fy that is the points (2, —1) and (5, —7), give a ratio 
^=—2. Thus the gradient of line (3) is —2. 


Note that the coefficient of x in (3) is —2. 

We infer that the gradient of the graph obtained from the 
relation 6 is a. 


The General Linear Relation 

82 . Consider the general relation axH-6y-fc=0, where x and y 
are the vanables, and a, b and c are numbers. 

This relatidh can be written : 

by==—ax-~Cy 

whence | . . . . (1) 

By comparing (1) with the form hitherto used, namely y=»ax4- 6, 
we seethatthegraph of (l),and therefore the graphof ax+ by+c^ 0 

is a straight line whose intercept on the j^-axis is — and whose 

o 

gradient is (See §§ 80, 81.) 

We therefore call an equation* of the form ax+i^+c=0, or 
y*=»mx+n, a linear equation, and an expression of the form ax+6, 

a linear fnnotion of x. 


83. A straight line is fixed when two points on it are known. 
Hence to obtain the graph* of the relation ox+b^+c^O, it is 
sufficient to determine two pairs of corresponding values of 
X and y, and join the points they indicate by a straight line. 
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'Example 10. Find the equation of the straight line which 
passes through the points (1, 6) and (4, 18). 

The ratio of the increase of f/ to that of x is J^=4. 

Hence the equation of the graph must be of the form y=i=4a;+6. 
(See § 81.) Since the graph passes through the point (1, 6), we 
must have 6=4x 1+5 ; whence 5=2. 

Thus the required equation is y=4x+2. 

Alternatively we may proceed as follows : 

The equation of any straight line is of the form y^ax+b. 
If this line is to pass through (1, 6) and (4, 18), we must have 
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It is seen that the graph passes through the points (1, 6) and 
(4, 18), marked P and Q respectively. 

The questions in Exercise page 197, should now be 
aUempted. 


Solution of Simultaneous Equations by Graphs 

84. Example 11. Draw graphs of the relations (1) y=2xS 
(2) 4:y—x=2, and then 
solve the simultaneous 
equations. 

The second relation can 
be put in the form 5^. 

Using the tqblc of values : 

(1) x- -2 6 

y=2x—S^ —7 9 

(2) I -2 1 6 
x+2 

we obtain Fig. 24. 

It is seen that the two 
graphs intersect at* the 
point P, whose co-ordinates 
are a;=2, y=l. Now the 
co-ordinates of any point 
on (1) satisfy the equation 
y=2a;— 3, and the co- 
ordinates of any point on 
(2) satisfy the equation 
4y— 05=2. But the point 
P lies on both (1) and (2). 

Hence its co - ordinates 
satisfy both equations. 

Thus the solution of the 
simultaneous equations is 
05=2, y=l. 

We infer that the solu- 
tion of two simultaneous 
equations may be obtained 
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plotting the graphs conesponding to the two egnations, 
and reading off the so-«rdinate8 ol the point or points of 
interseotion. 


1 

85. It has been shown that the graph of a linear relation 
connecting x and is a straight line, and two straight lines 
can intersect in one point only ; it therefore follows that 
there can be only one solution to a pair of linear simultaneous 
equations. 

A pair of relations such as 3j/=2x-|-5 and 6^=4x+3 can be 
put into the forms and i- It follows from § 77 

that their graphs are parallel lines, and so will not intersect. 
Hence there is no solution of this pair of simultaneous equations. 
Such equations are said to be inconsistent. 

The relations 2y=5aj— 6 and 6y=15x— 18 can both be put 
into the form 3. It follows that their graphs are coincident 

lines, which thus have an infinite number of common points. 
Hence there are an infinite numbef* of solutions of this pair of 
simultaneous equations. Such equations are said to be not 
independent. ^ 

The pupil should compare the results in this paragraph with 
those established in § 58. ^ 


86. Example 12. Find the equation of a straight line passing 
through the point of intersection of the graphs of (1) y*»4a5— 7 
and (2) y=8— x, and which is parallel to (3) y=2x+l. 

As all the graphs are straight lines it is sufficient to plot 
two points for each. Tables of values for graphs (1), (2) and 
(3) are : 


(1) x= 1 4 

y=4x-7-: -3 9 


(2) x=i 

x= 

V 


1 

7 


4 

4 


(3) 3!= 

y-2a:+l= 


0 

1 


3 

7 


These three graphs are shown in Fig. 25. It will be seen that 
graphs (1) and (2) mtersect at the point P (3, 6). The line through 
P parallel to (3) is marked on the diagram as (4). As (4) is 
parallel to the graph of y=ix+l, its equation must be of the 
form 9‘=2z+h (see § 77). Further, it is seen in Fig. 25 that the 
line (4) cuts thff y axis where 1. Hence the equation of 
(4) must be 1. (See § 80.) 
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Alternatively we may proceed as follows : 

The co-ordinates of the point of intersection of (1) and (2) 
are obtained by solving the simultaneous equations y=4x— 7 
and y=8— X. The«e give x=3, y==5. 



The equation of any straight line parallel to y=s2x+l is of 
the form If this line passes through the point (3, 5), 

we require 6«2x3-i-6. Hence 1. 

Thus the required equation is y*=2x— 1. 

The questions in Exercise 13g, page 200, sholUd now be 
attempted. 
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Exercise 13a 

The mairiage rates per 1000 for Gt. Britain and N. Ireland 
were as follows : ' 


Year . 
Bate . 

Year . 
Bate . 


1924 

1925 

1926 

1927 

1928 

16'0 

14-9 

141 

15-3 

151 

1931 

1932 

1933 

1934 

1935 

16-3 

150 

16-5 

,16-6 

16-8 


1929 

15-5 

1936 

17-0 


1930 

15-5 


Bepresent these data on a diagram and use it to find : 

1. the year when the rate was at a maximum ; 

2. the year when the rate was at a minimum ; 

3. the period of 12 months when there was leaSt change in 
the rate ; 

4. the period of 12 months wheji there was most change in 
the rate. » 

The number of elem3ntary classes in England and Wales 
having not more than 20 j^upils were as follows : 


Year 

1930 

1931 

1932 

1933 

1934 

.1935 

1936 

Classes . 

13,900 

14,200 

12,800 

11,600 

11,700 

12,500 

13,600 


Bepresent these data on a diagram and use it to find : 

6. the year when the number of classes was least ; 

6. the period of 12 months when there was the greatest rise in 
the number of classes ; 

7. the period of 12 months when there was the greatest drop in 
the number, of classes. 

A boy is given a fixed weekly sum for pocket-money and saves 
the following amounts ; # 


Week 1 

2 3 

4 5 6 

7 8 

Saving in pence 6 

4J 7 

9i 0 5 

8 3} 


Bepresent these data on a diagram and use it to find ; 

8. the week when he saved most ; 

9. the week Vaen he spent most; 

10. the number of wedsa in which he saved more t«han sixpence. 
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The mean barometer readings at Greenwich from Jan. 11th 
to Jan. 20th are.giveh in inches, to the nearest ^^^th of an inch, 
for the years 1936 and 1937 : 



Jaii.~ll 

Jan. 12 

Jan. 13 

Jan. 14 

Jan. 15 

1936 . 

29-98 

I 30-06 

30-04 ■ 

30-14 

29-94 

1937 . 

30-10 

29-97 

29-91 

29-97 

29-80 


Jan. 16 

Jan. 17 

Jan. 18 

Jan. 19 

Jan. 20 

1936 . 

29-39 

29-24 

29-24 

29-16 

28-81 

1937 . 

29-56 

29-45 

28-9'i 

29-26 

29-55 


The diagram is shown in Fig. 26. Use this diagram to find, 
within the given period : 

11. the date 6f maximum reading in 1936 ; 

12. the date of maximum reading in 1937 ; 

13. the date of minimum rea(iing in 1936 ; 

14. the date of minimum reading in 1937 ; 

16. the date when the 1936 reading wms the maximum above 
the 1937 reading; 

16. the date when tte readings for the two years showed the 
maximum difference ; 

17. the dates when the^eadings were increasing for both years ; 

18. the maximum fall during a period of 24 hours, and when 
this occurred ; 

19. the period of 24 hours for which the reading was unchanged ; 
2i^. the two consecutive days on which the readings rose at a 

steady rate ; - 

The mean barometer readings at Greenwich from Jan. 21st to 
Jan. 30th are given in inches, to the nearest inch, 

for the years 1936 and 1937 : 



Jan. 21 

Jan. 22 

Jan. 23 

Jan. 24 

Jan. 25 

1936 

29-07 

29-34 

29-61 

29-40 

29-15 

1937 

29-40 

29-68 

29-57 

29-12 

29-20 


Jan. 26 

Jan. ^ 

Jan. 28 

Jan. 29 

Jan. 30 

1936 j 

29-25 

29-23 

29-20 

28-94 ’ 

29-34 

1937 1 

29-40 : 

29-10 

28-94 

29-10 

29-11 
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Represent these data on a diagram and use it to find> within 

the given period : • 

ZL the date of maximum reading in 1936 ; 

22. the date of maximum reading in 1937 ; 

23. the date of nffnimum residing in 1936 ; 

24. the date of minimum reading in 1937 ; 

25. the date when the 1936 reading Vap the maximum amount 
above the 1937 reading; 

26. the date when the readings for the two years showed the 
maximum difference ; 

27. the maximum rise during a period of 24 hours and when it 
occurred ; 

28. the maximum fall .during a period of 24 hours and when it 
occurred ; 

29. the period of 24 hours during which the reading rose by not 
more than 0*01 inch ; 

30. the period of 24 hours during which the reading fell by not 
more than 0*01 inch. 

The monthly rainfalls at Oreenw'ich from January to September 

are given in inches, to the nearest ^j^^th of an inch, for the years 
1936 and 1937 : • 


1936 

1937 


Jan. 

Feh. 

Mar. 

April 

May 

June 

July 

Aug. 

3-S5 

1*45 

0*80 

1-70 

0-40 

3-35 

2-95 

0-55 

3-60 

3-95, 

2*90 

2-45 

3-35 

1-85 

0-70 

1-70 


Sept. 

3-15 

1*25 


The diagram is shown in Fig. 27. Use this diagram to find, 

within the given period : 

81. which was the wettest month in 1936 ; 

32, which was the wettest month in 1937 ; 

33. which was the driest month in 1936 ; 

84. which was the driest month in 1937 ; 

85. which month had the maximum amount more rain in 1936 
than 1937 ; 

86. whichmonth was the maximum amount drier in 1936 than 1937 ; 

87. which was the wettest month (taking the two years into, 
consideration) ; 

38 . which was the driest month (taking the two years into 
consideration) ; 

89 . in which month the t\ico Rainfalls were most nearly equal ; 

40. which year had most months with a rainfall greater t^n 
2 inches. 
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The monthly rainfalls at Greenwich from January to September 
are given in inches, to the nearest ^\^th of an inch, for the years 
1934 and 1935: 


1934 

1935 


Jan. 

Feb. 

Mar. 

April 

May 

June 

July 

Aug. 

1-40 

015 

2-15 

215 

0-40 

1-40 

0-90 

1*70 

1-25 

215 

0-60 

%90 

1-55 

2-85 

0-55 

2-20 


SepL 

1-20 

2-90 


Represent these data on a diagram and use it to find, within 
the given period : 

41. which were the wettest months in 1934 ; 

42. which were the wettest months hi 1935 ; 

48. which was ^e driest month in 1934 ; 

44. which was the driest month in 1935 ; 
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45. whicli montli had the maximum amoiuxt more rain in 1$34 
than 1935 ; 

46. which mouth was the maximum amount drier in 1934 than 

1935; * 

47. which was the wettest* month (taking the two years into 
consideration) ; 

48. wliich was the driest month (taking the two years into 
consideration) ; 

49. in which month the rainfalls were most nearly equal ; 

60. which year had most months with a rainfall greater than 
one inch. 


The birth and death rates per 1000 for Gt. Britain and 
N. Ireland were as follows : 



1924 

1925 

192G 

1927 

1928 

1929 

1930 

Births . 

19-3 

18-7 

18-2 

17-1 

17-2 

16-7 

16-8 

Deaths 

12-6 

12-4 J 

11-9 

12-5 

11-9 

• 

13-6 

11-7 


1931 

1932 

1933 

1^4 

1935 

1936 


Births . 

16-3 

15-8 

14-9 

15-2 

15-2 

15-3 


Deaths 

12*5 

12-3 

12-5 

120 

120 

12-3 



Represent these data on a diagram and use it to find : 

51. in what year the birth rate was at a minimum ; 

62. in what year the death rate was at a minimum ; 

53. in what year the death rate was at a maximum ; 

64. in what year the population per 1000 increased (a) most ; 
(6) least. 


The maximum and minimum temperatures at Greenwich for 
the first 12 days of January 1937 were, in degrees Fahrenheit : 



Jan. 1 

Jan. 2 

Jan. 3 

Jan. 4 

Jan. 5 

Jan. 6 

Max. 

60-5 

60-8 

530 

49-6 

44-5 

53-5 

Min. 

40-0 

37*6 

47-9 

39-8 

34-3 

42-3 


Jan. 7 

Jan. 8 

Jan. 9 

Jan. 10 

Jan. 11 

Jan. 12 

Max. 

500 

42-1 

43-6 

42-9 

470 

48-2 

Min. 

39-9 

80-0 

30-7 

29*5 

29-8 

32*7 
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tlepresent these data on a diagram and use it to find : 

55. on which date the highest temperature was recorded ; 

56. on which date the lowest temperature was recorded ; 

67. on which date there was the gre|itest tem^rature variation, 
and the amount of this variation ; 

58. on which date there was the least temperature variation, 
and the amount of this variation ; 

59, (a) the highest ; (6) the lowest average temperature. (Make 
a table of the daily average temperature, and draw a diagram.) 


The daily hours of sunshine recorded at Greenwich from 
July 20th to July 28th are given for the years 1936 and 1937 : 


July 

1936 

1937 


20 

21 

22 

23 

24 

25 

26 

27 

6-7 

3-6 

41 

0 

121 

7-6 

7-9 ’ 

10-3 

6*3 

20 

4-3 

2-6 

90 

0-7 

0-5 

1 0 


Represent these data on a diagram and use it to find : 

60 « which dates were sunnier in 1937 than in 1936 ; 

61 . wliich date showed the greatest difference in hours of sun- 
shine for the two years ; 

62 . which date showed the least difference in hours of sunshine 

for the two years ; , 

63 . which two consecutive days showed {a) the greatest ; (6) the 
least difference in hours of sunshine. 


A boy’s weekly marks for arithmetic, algebra and geometry 
for the ten weeks of the autumn term were ; 


Week . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Arithmetic 

73 

81 

83 

61 

60 

66 

70 

79 

75 

Algebra • 

55 

68 

61. 

73 

62 

69 

72 

63 

65 

Geometry 

49 

43 

52 

68 

54 

59 

69 

74 

62 


Make a table of his weekly average arithmetic and algebra 
mark, and draw a diagram to represent this and his geometry 
mark. Use this diagram to find : ^ 

64 . the weeks/^when his geometry mark was higher than his 
average arithmetic and algebra mark ; 



. GEAPHS 189 

65. the week when there was (a) the greatest; (6) the least 
difference between these two marks 

66. the week when the average of the two marks shown on the 
diagram was jjearest to 65. 

Exercise 13b 

If your squared paper is 5| inches broad, what scale would you 
choose to include values of x ranging from : 

I. 0 to 10. 2. 0 to 25. 3. 35 to 80. 

4. 470 to 700. 6. 0*09 to 0-9. 

If your squared paper is 8 inches broad, what scale would you 
choose to include values^ of x ranging from : 

6. 0 to 15. 7. 25 to 60. 8. 1350 to 2100. 

9. 6-5 to 7-3. 10. 0*003 to 0*0065. 

You are providecl with squared paper of length 8 inches and 
breadth 6 inches. State w^ich variable- you would mark along 
the breadth, and the scales you would choose, if the ranges 
required for variables A and B are : 

II. A, 0 to 12 ; E, 4 to 20. 12. 30 to 180 ; B, 10 to 40. 

13. A, 47 to 62*5 ; B, 0*3 to 0*9. 

14. A, 19 to 22 ; B, 12 to 51. 

15. A, 0*9 to 1*2 ; B, 1*4 to 2*15. 

Exercise 13c 

1. From the following table of values plot a gra^h showing the 
relation between the time for which a quantity of water is 
heated and the temperature produced. 

Temp,, ^C. .. I 18 1 26 34 42 50 1 58 
Time, mins. , | 0 I 2 4 6 8 I 10 

V 

Note. — ^Represent temperatures vertically to a scale of 1 inch= 
10'’ C. : time horizontally to a scale inch=l minute. 

2. Use the graph drawn in Question 1 to find the temperature 
of the water after it has been heated, {a) for 5 minutes, 
(6) for 9 minutes. 

State the time taken for the water to reacli a temperature 
of {c)46°0.and(d) 28° C. 
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3. Tho circumference of a circle for different diameters is given 
in the following table : 


Circum. in inches . 

11 

22 

33 

a 

65 

66 

Diam. in inches 

35 

7 

« 

105 

•14 

175 

21 


Plot a graph showing the relation of circumference to 
diameter, and from your graph find (a) the circumference of 
a 12-inch wheel, (b) the diameter of a 50-mch wheel. 

4. A pipe fills a tank with water, and the depth of water in the 
tank at intervals of 1 minute is as follows : 


Depth in inches . 

0 6 

12 

18 

24 

30 

Time in mins. 

0 1 

2 

3 

4 

5 


Plot a graph showing the relation between depth and time. 
Use the graph to find (a) the depth at end ofeS^ minutes, 
(&) the time when the depth is 1 ft. 1 J ins. 

6. Plot a graph showing the relation between Fahrenheit and 
Centigrade temperature, making use of the following table : 


“F. . 

32s 

68 

104 

140 

176 

212 

®C. . 

0 

20 

40 

60 

80 

100 


Use this graph to find (a) the Centigrade temperature 
corresponding to 86° F., 150° F. ; (b) the Fahrenheit tem- 
perature corresponding to 15° C., 35° C. 

6. Plot a graph showing the variation in the length of a spring 
when a weight is attached to the free end. 

Length in inches . 11 12 I 13 14 15 16 

Weight in ozs. . 2 4 16 8 10 12 

(a) From your graph read the weight required to make the 
spring 14*5 inches long. 

(b) How long will the cpring be when a 5-oz. weight is 
added to the end ? 

(c) By producing your graph backward, find the length of 
the spring when no weight is attached. 

7. The following table gives the cost of fuel for running a train 
over a certain distance at different speeds : 


C(ytin£ . 

1 1 25 

4 65 

9 

Miles per hour . 

^ so 

40 60 

60 



GEAPHS 


191 

Plot a graph showing the relation between cost and speed. 
Use your graph to find (a) the cost of running at a speed of 
45 m.p.h., (6) the speed of the train if the cost for the journey 
is £3. ^ 

Plot a graph from the following table of values to show the 
height of a bridge above the level of the water in a canal 
and the distance from a road parallel to the canal : 

Height in feet .11316 10 1 12 12|| 12 1 10 6 13 1 
Distance in yds. . 14 8 1 12 16 1 20 24 1 28 1 32 36 1 40 44 

At what distances from the road is the bridge 5 ft. above 
the level of the water in the canal ? What is the height of 
the bridge 18 yds. from the road ? 

9. Plot a graph connecting the length of a pendulum and the 
time of«wing to and fro. 

Length of pendulum in cms. . 25 50 I 80 120 j 170 1 225 

Time of swings in second . 1 14 | 1-8 2*2 | 2*6 | 3 

• ^ 

What is the length of a pendulum which swings to and fro 

in 2 seconds ? * 

How long will a 200-cm. pendulum take to make a swing 

to and frp ? 

10. The distance through which a stone falls and the time taken 
is shown in the following table : 


Distance in feet . 

16 

64 

144 

256 

400 

Time in seconds . 

1 

2 

3 

4 

5 


Plot a graph showing the relation of distance fallen to time 
elcmsed. 

Bead from your graph the time taken for the stone to fall 
100 feet. How far did the stone fall in the last half second ? 
If a stone takes 3^ seconds to reach the ground when dropped 
"from a tower, how high is the tower ? 

11. The population of a certain town in thousands, to the nearest 
500, was as follows : 

Tear 11850 1860 1870 18801189011900 19101192011930 
Pop. I 189 201J 215jJ 232 |251i| 274 301^ 1 334^ j 376J 

Plot a graph from these data, and use it^to estimate the 
population in the years 1875, 1905, 1915. 
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12 ! The following table gives the volume of a sphere correct to 
the nearest 100 cubic inches, the radius being given in inches : 


Radius . 

9 

10 

11 

12 

13 

14 

16 

Volume . 

3100 

4200 

6600 

.7200 

9^ 

11600 

14100 


Plot a graph from these data, and use it to find the volume 
of spheres of radii 10-5 ins. and 13*8 ins. respectively. 

Find also the radii of spheres whose volumes are 3800 .aud 
7600 cubic inches respectively. 

13. The following table gives the distance of the visible horizon 
in sea miles for heights of the eye above sea level in feet : 

Height of eye. JO 20 I 30 40 50 60 70 80 
Dist. of horizon 3-35 4-75 1 5-80 6-75 7-50 8-25 8*90 9-50 

From the graph of these data find the distance of the 
horizon for heights of 33 and 68 feet respectively. At what 
height will the horizon be 5*20 and 8*05 sea miles away 
respectively ? c 

14. The amount of £100 at 5 per cent, compound interest is given 
in the following tablet to the nearest £ : 

No. of years . . I 5 I 10 15 20 I 25 I 30 35 40 

Amount in £’s . 1 128 1 163 208 265 13391432 552 704 

From the graph obtained from this, data find the amount 
at the end of 12 years, and the number of years for the amount 
to reach £500. 

15. A flask of water is cooling, and the temperature in degrees 
Centigrade is taken at intervals of 5 minutes. 


Minutes from start 

0 1 

6 10 

16 

20 

26 

30 

Temperature 

67-8 

48-6 41-7! 

36-2 

31*9 

28-7 

26-6 


Plot a graph and use it to find the temperatures after 
7 and 26 minutes respect^ely. After what times willHhe 
temperatures be 41*1 and 30*8 degrees respectively ? 

16. The following table gives the number of miles per gallon a 
certain car can do for different speeds : 

Milesperhour I 10 16 I 20 25 I 30 35 I 40 45 

Miles per gallon | 22*3 28*1 1 32*4r- 35*3 1 36*8 37*0 1 35*8 32*0 

Plot the ^ph and find the number of miles per gallon at 
13 and 26*5 m.p.h. respectively. There are two speeds for 
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which the petrol consumption is 33*8 miles per gallon ; &nd 
them. What are the speeds for a consumption of 36*4; miles 
per gallon ? 

17. A manufacturer finds that the cost per article varies according 
to the number he makes as follows : 

No. of articles 1000 2000 300014000 5000 6000 7000 8000 
Cost per article I 

in £’s . . 2*50 2*27 2*07 1 1-89 1*74 1*60 1*48 1-37 

Plot the graph and find the cost per article if he makes 
3700. How many must he make if each costs £1*46 i 

18. The time taken by a hiker to walk a mile varies with weight 
of his pack as follows : 

Weight of pack Gibs. j 5 lbs. I 10 lbs. 1 15 lbs. 

Timefdrlmile 15min.48sec.| 16m.3s. |l6m. 30s.|l7m. 15s. 

Weight of pack 20 lbs. 25 lbs. 30 lbs. 35 lbs. 

Time for 1 mile 18 min j*6 sec. 19 m. 30 s. 21 m. 15 s. 23m. 57 s. 

A 

Plot the graph and find the tinje for one mile with packs 
of 8 and 21*5 lbs. respectively. Find the weight of the pack 
if his times are 17 min. and 21 min. 30 sec. respectively. 

Exercise 13d 

1. A lorry moving due north travels at 20 miles per hour for 
3 hours and then at 15 miles per hour for 4 hours. 

Draw a graph showing the progress of the lorry. 

2. A cyclist starting &om home at 9 a.m. travels at 12 m.p.h. 
for the first 2 hours and then at 8 m.p.h. for the next hour, 
and completes the next 10 miles in 1 hour. 

Draw a graph and use it to find : (a) the distance the cyclist 
is &om home at noon, (6) the time when the cyclist was 
38 miles from home. 

8. A man starts off at 10 a.m. and w^ks at 3 m.p.h. for 4 hours, 
rests for lunch for 1 hour, and continues after lunch at 
3 m.p.h. for another 3 hours. He then returns along his track 
by bus and reaches his starting-point at 7.30 p.m. 

Draw a graph and us^ it to find : 

(a) the man’s distance from his starting-point at 4 p.m. ; 

(b) the times of day when the man was^O miles from his 
starting-point. 
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4* A boat travels upstream at 6 m.p.h. for 2 hours, then at 
8 m.p.h. for another 'hour. The boat is now left to be carried 
down-stream b;^ the current, and reaches its starting-point 
7 hours after the time it left. 

By drawing a graph find the rate of the ^eam. 

5. By walking at 4 m.p.h. for 1 J hours, resting for J an hour, 
and then cycling at 8 m.p.h. a man travels a distance of 
30 miles. After resting a further ^ hour he cycles back at a 
steady rate, and reaches home 8^ hours after he left. 

At what time did he start for home, and at what rate did 
he cycle back ? 

6. A motorist starts a journey northward at a point 20 miles 
due north of his home at 9 a.m. After travelling at 24 m.p.h. 
for IJ hours, he returns home at 30 m.p.h. and rests there 
for ^ hour. He then travels north again at 20 m.p.h. for 
3 hours, after which ho starts for home and arrives at 5 p.m. 

(а) At what times was he 40 miles from home ? 

(б) For what length of time jvas he more than 40 miles 
from home ? 

(c) What was his (^stance from home at 4.30 p.m. ? 

(d) At what rate did he make his final journey home ? 

7. Two railway stations L and M are 150 miles apart. A train 
leaves £ at 9 a.m. and travelling at a uniform %peed arrives 
at M at 12 noon. Another train leaves Af at 8 a.m. and 
arrives at £ at 1 p.m. Find (a) the *time when the trains 
cross^(&) where the trains cross, (c) how far they were apart 
at 11 a.m., (d) at what times they were 24 miles apart. 

8 . A man starts from a town ^ at 8 a.m. and walking at 4 m.p.h. 
reaches town £ at 1 p.m. A cyclist leaving B at 10.30 a.m. 
reaches at 1 p.m. 

Find (a) where and when they crossed ; 

(6) how far they were apart at noon ; 

(c) at what times t^ey were 9 miles apart. 

9. Two aerodromes, A and £, are 700 miles apart. An aeroplane 
leaves A at 2.30 p.m. and travels at 150 m.p.h. for 1 hour. 
It then makes a forced landing, but after | hour continues 
at the same rate as before. A second plane leaves at 
3.30 p.m. and travels at 150 m.p.h. for the first 2 hours, and 
then completes the journey at 2^0 m.p.h. 

Find th^ime ^d place when the second plane overtakes 
the first. How far apart were the planes at 6^30 p.m. ? 
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10. Two railway stations, A and B, are 180 miles apart. IT a 
goods train leaves A at noon it readies B at 9.30 p.m. having 
waited for half an hour on a siding 60 miles from B to allow 
an express fxgm A to pass. 

If the express left ^ .at 4 p.m. and travelled at a uniform 
rate, find the earliest and latest times at which it could have 
arrived at 5. Find the speed of the express in each case. 

11. A single railway track 15 miles in length begins at a distance 
of 40 miles from A, and thus trains are unable to cross on this 
stretch. A passenger train leaves A at 4 p.m. and travels 
at 40 m.p.h. to a station B, 70 miles from A. An express 
leaves A at 4.15 p.m., and enters the single line 5 minutes 
before the first train. At what time does the express leave A 
if, travelling at the same rate as before, it completes its 
journe]^ on the single track 5 minutes after the first train ? 

Note . — ^First find the speed of the express. 

12. Two stations, A and B, are 90 miles apart, and are served by 
a single line except foj a double line which is 10 miles in 
length and begins at 40 miles from ^4."^ If a train leaves A 
at 9 a.m. and travels at 20 m.p.h., «it enters the double track 
5 minutes before a train leaving B at 9.5 a.m. leaves the 
double track. At what time docs the train leave B if it 
travels the same speed as before and enters the double 
track 5 minutes before the train from B leaves it ? 


Exercise 13e 

1. Draw axes X'OX and Y'OY such that values of x from —3 
to -1-3 can be recorded and values of y from —4 to +4 can 
be recorded. 

Indicate the points : 

(a) y=3 ; (6) a;=-3, y =\ ; 

(c) x=l, y=-2 ; • (d) a=~2, 2/=-3. 

Mark these points P, Q, B and S respectively. 

2. In question (1) join P to B and write down the values of 
X and y where this line cuts the axes. 

Join Q to B and wriljp down the values of x and y for the 
points where this line cuts the axes. 

What are the values of x and y at t^ poi'it of intersection 
of the lines PS and QR % 



196 ALGEBRA 

31 Plot the points given by the following table : 

-3 -1 1 

-1 13 

Join these points by a straight line. Write down the values 
of X and y where this line crosses the axes. 

4 . Plot the points given by the following table : 

x= -.5-2-11 2 3 

y i 1 IJ 2i 3 3i 

Draw a straight line through these points and write down 
the values of x and y where this line cuts the axes. 

5. Draw a straight line through the points given by : 

»= -2 -1 I 1 2 14 

y= 5 3| I J -1 I -4 

Use the graph^|o find : (a) theValue of y which corresponds 
to 05=3 ; (5) the value of x which corresponds to y=0 ; 
(c). the value of y whin x=0. 

6. Plot the graph between 05=— 4 and a;=+4 showing the 
relation between y and 05 , where these two ^variables are 
connected by the relation y=2a;+l. 

Bead from your graph the value of x which makes y=0, 
and the value of y which makes 05=O. 

7. Plot the graph between the values ®=— 2 and fl5=+3 showing 
the relation between y and where these variables are 
connected by the relation y=2— 3a;. 

Read from your graph the value of x for which y=0. 

What value of x makes y assume the value —4 ? . What 
value of y makes x assume the value —0*5 ? 

8. Plot the graph for the range »=— 4 to a;=+4 of the relation 
y=2a;— 1. Also on the same axes and to the same scale plot 
the graph of the relation y=2x— 2. 

What do you notice about these graphs ? Woidd you 
expect the graph of the relation ^=2a5 to be a line parallel 
to the graph ^=2x— 1 1 Plot y—2x and see. 

9. Plot a graph to show the changes in the function /(a;) for the 
range 05=— 2 to 05=4-4, when/(o5j=3x— 2. 

From yo^ graph find the value of x that makes /(2;)=4, 
and the value of /(») when 05=—!. 
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10. Draw axes and choose the same scale for x and y, suitable 
for a range from —4 to 4-4. 

IndicatethepointsP(2»3), Q(— 2, 3), jB(— 2, —3), 5(2, —3). 

Mark the points (0, 1) by A, (—3, 0) by (0, 0) by C, 
(4-2)byr^ 

Draw a circle centre C and radius OP. Verify that this 
circle passes through the points Q, R and S. 

Write down the co-o^nates of the points where CA, 
CB and CD produced cut the circle. 

Write down the co-ordinates of the points where AB^ 
produced in both directions, cuts the circle. 

11. Plot a graph for values of x from —6 to +6 of the function 
f{x)^ 3®+ 4. Also oijL the same axes plot a graph of P{x)= 4— 3x. 

^^at do you observe about the way these lines slope ? 

12. Plot graphs of the relations /(a;)=2x— 3 and P(x)=l— 2x for 
the ran^e x—— 2 to a;=+3. 

What do you observe about the way these lines slope ? 

Compare the results of questions (11) and (12), and state 
how you would expect the graphs of the relation3/(x)=— 5a5+6 
and P(x)=5x 4'3 to slope. 

13. Plot the graph of the relation y=4x--3 for the range x=:-5 
to x=5. Write down the co-ordinates of the points where 
X— 4, 3, 9, —2 and —5 respectively. Write down also the 
co-ordinates of the points where y=17, 5, 1, —7 and —15 
respectively. 


Exercise 13f 


1. On the same axes and to the same scale, plot the graphs 
of the relations y=3 and 3. 

What do you notice about these graphs, and how would 
you expect the graphs of x=2 and x=— 2 to lie 1 

2. Plot the graphs of y=3x-|-^and y=3x— 1 on the same axes 
and with the same scales. Why are the graphs parallel ? 

3. Which of the following pairs of relations will give rise to 
parallel graphs ? 


(a) y=2®-7, 
y=7a?— 2» 
(c) y=6-®, 
y=l-*, 


(6) y=5a:+4, 
y=5a5— 3. 
(d) y=3-2a!, 
y=‘^2*. 



198 ALGEBRA 

41 Which of the following pairs of relations will give rise to 
parallel graphs ? 

(a) 2y=6a;+5, (6) 5y«3®~l, 

3y=9a;— 2. 3y==5a?+4:. 

(c) t/=7-2x, . (d) 2ys=6~3a5, 

4y=9— 8®. 4y=6a?— 1. 

5. Which of the following relations give rise to graphs passing 
through the origin ? 

(1) ^=3a;— 2. (2) i/^5x. (3) t/=4— 3a?. (4) y—--2x, 

\b)ly=x. (6) 22/=— 11a:. (7)y+l=a:. (8) 3y— 4a;+2=0. 

(9)y=9. (10)2/=0. 

6* What is the equation of the graph parallel to t/=2a:— 5 which 
passes through the origin ? Plot both graphs. 

7. What is the equation of the graph parallel to 21/= 4— 3a: which 
passes through the origin ? Plot both graphs. 

8 . Plot on the same axes and to the same scale the graphs of 

the relations : (a) y=a:— 2 ; (JtJ y^2x—2 ; (c) 2/=~3a:— 2, 

for the range x=rf>-3 to a:=H-3. 

At what point doea^each graph cut the y axis ? 

9. Plot the graphs of the relations : 

(a) 2 /= 2 x; (6) ?/=3a:+l ; (c) j/=-l+4y, 

for the range a:=— 5 to a:=+5. 

Read from your graphs the intercepts on the y axis, and 
compare your results with the constant terms in the given 
relations. 

What effect has the constant term on the point where the 
graph cuts the x axis ? 

10. What intercept will the graph of y=a:+2 make on the y axis ? . 
Plot the graph and verify your answer. 

11, What intercept will the graph of 3y=9— 8a: make on the 
y axis ? Plot the graph and verify your answer. 

18, What are the intercepts m^de on the two axes by the graph 
of 6y=4a:— 7 ? Plot the graph and verify your answer. 

13, What are the intercepts made oh the two axes by the graph 
of 4y-|-3a?+6=0 ? Plot the graph and verify your answer. 

14, Write down the increase in g? and the increase in y between 
the points (2, 4) and (3, 7). 

Ii the increase in ^ is divided by the increase in a;, what 
information's obtained about the line joining the two points ? 
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15. What are the gradients of the straight lines which puss 
through the following pairs of points-? 

(а) (1,3) and (2, 11); 

(б) (4, 5) and (7, 20); 

(c) (4, 9) and (6, 12). 

Which way do all these lines slope ? 

16 . Find the gradients of the straight line s which pass through 
the following pairs of points : 

(а) (2, 6) and (5, 3); 

(б) (4, 26) and (7, 8); 

(c) (1, 8) and (4, 3). 

Which way do all Jhesc lines slope ? 

17 . Use the same axes and scales to plot the graphs of : 

(a)^f/=3x-2; (6) y=--|a;+l; (c) y=3--x, 

for the range 4 to x~+4. 

Obtain the gradient of each line from the graph, and 
compare your results wi^h the coeflScienta of x in the given . 
relations. 

What effect has the constant tern^ on the gradient ? 

18 . Draw the graphs of the relations : 

(a) y=6x-5; (6) y-.Gx~2; (c) y-=-6x-2, 

for the range x=— 3 to x=-f3. 

What do you observe about the gradients of graphs (a) 
and (6)? 

What explanation can you give for the result just observed ? 

Why would you not expect graph (c) to be parallel to (a) ? 

What statement can you make about the gradients of (a) 
and (c) ? 

19 . What is the gradient of the graph of 2y=5x+l ? 

Plot the graph and verify your answer. 

50. What is the gradient of the graph of 9y=7— 6x ? 

Plot the graph and verify your answer. 

51. What is the gradient of the graph of 3y-7x+5=0 ?. 

Plot the graph and verify your answer. 

28. Write down the intercept on the y axis and the gradient of 
the graph of 2a?+3y-f 4=0. 

ChecK your answers by plotting the graph. 

88. What are the values of a and b if the graph of 5y=ax+h has 
a gradient of 1*6 and passes through the poin2 (1, 2) I 
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24i Find the equations of the three straight lines which pass 
through the three pairs of points given in question 16. 

25. Find the equations of the three straight lines which pass 
through the three pairs of points given in question 16. 

Exercise isg 

!• On the same axes and to the same scale, draw graphs of the 
^ relations 2a;— 1 and y=a5+l. 

From your graphs obtain the values of x and y at the 
point of intersection. 

Substitute these values in the two equations. What do 
you notice ? 

2. Draw graphs of the relations and y=l— ». . 

Show that the values of x and y at the point of intersection 
of these two straight lines satisfy both equations^ 

3. On the same axes and to the same scale, plot the graphs of 

the relations y=t>x—Z and 5, for the range a;=— 2 to 

a==+4. i 

What are thc^ values of x and y at the point where these 
graphs intersect, and* what meaning can be attached to these 
values ? 

4 . By drawing the graphs of the relations y=*a;— 7 and y=2x— 10, 
solve these simultaneous equations. 

6. Solve the following pair of simultaneous equations by drawing 
their graphs : y=3a;— 1 ; y— — 2a;— 9. 

6. Express the equations 5y— 3a;=25 and 6x=— y— 6 in the form 
y=aa;-i-5. Solve these equations graphically. 

7. Express y in terms of a; in the equations : 

5a;-f 4=»0 ; a;— 12^—20=0. 

Draw the graphs and solve the equations. 

8« By a graphical method, solve the following simultaneous 
equations : 

(а) y=2x\ 3y=4a;+l. 

(б) 2y=5a;+5^; 2y=5— 4a?. 

(c) 7y=3a;-|"3 ; 4y=— a;— 1. 

(d) 6^=2a;— 15 ; 4y=6a;— 3. 

(e) Zy^x ; y^-x. 

(/) a;— 2y-3«0; 7a;— 4y— 16«0. 

Ig) 5a;— 3y— 1=0 ; <2a?+y— 7=0. 

9. Draw the graphs of 2y— 6x=7 and 15x— 6y=— 4. 

Are ther^'any values of x and y that satisfy both equations ? 



GRAPHS 201 

10. Which of the following pairs of simultaneous equations •an 
be solved ? 

(a) y«4a;-3, (b) y=«2x-6, 

y—3x+4:. y=:2a:+l. 

Check youf answer by drawing the graphs of each set. 

11. Which of the following simultaneous equations are incon- 
sistent ? Solve graphically the equations which are not 
inconsistent : 

(a) y«-3a;H-7, (6) 2y=3x+7, (c) y=3x-f7, 

y=3a5— 2 . y=3a;— 2 . y=3x~-2, 

12. One of the following pairs of simultaneous equations is not 
independent and another is inconsistent. Solve the remain- 
ing pair graphically : 

(a) 6y=2aj*f3, ^6) 3y— 15a?+12=0, (c) 6y=l— 2a?, 

5x=10y— 2. 5a?=4:-|-y. 92/4-3x=— 1. 

13. Give values to a and b such that the simultaneous equations 
are (i) not independent, (ii) inconsistent. 

3y=lla?+5, 

y=9ax-\-b, 

14. Find the equation of the straight line passing through the 
point (2, 5) and parallel to the line? y==—3a?4*l. 

15. Find the equation of the line passing through the point of 
intersection, of y=2x—\\ and y+6x==l, and also passing 
through tne origin. 

16. Plot the graphs o{ 2y=9a?— 2 and y4‘a?+12=0. 

What is the point of intersection ? Find the equation of 
the straight line which passes through this point of inter- 
section and the point (—1, —3). 

17. Draw the graph of 5a?+ll?^+a=0 if it is given that it passes 
through the point of intersection of the graphs of 3a;-|-7y— 2«*0 
and 2ix— y— 7=0. 


▲LOBBRA — 14 



CHAPTER XIV 
Factors and Faclorlsatioii 

87. In arithmetic we learn how to factorise numbers. We 
know from the multiplication tables that 3 x 7=21. Thus 21 can 
be written as the product of the two numbers 3 and 7» which 
are called its factors. 

Similarly, we know that 66=6x11. But 6=2x3, so that 
66=2x3x11. These three factors of 66 cannot be split up any 
further, and so are called prime factors. 

An algebraic expression may or may not have factors. The 
expression y®, for example, is the product of x+y and ic—y, 
so that these two expressions are its factors. The expression 
2a+36, on the other hand, has no factors. 

When an expression is written as the product of factors it is 
said to be factorised, or resolved into factors. Various devices 
may be used to factorise an expression. 

li an expression is to be written as the product of two factors, 
then if one of the factors is known, the other can be obtained by 
division. * 

The simplest case of factorising in algebra is that of a single term. 

Thus, 3a;y=3xrxy, • 

12a6=2x2x3xax6, 

Txmxnx 

A factor may contain more than one letter. 

Thus, 35x(2x— y)=5x 7xxx (2a^y). 

Highest Common Factor 

88. In arithmetic the Highest Common Factor (H.CJ'.) of two 
or more numbers is the largest !aumber which will divide exactly 
into each. It is obtained as the product of all the factors which 
are common to all the given numbers. 

Thus, 42=2x3x7, 

90=2x3x3x6, 

132«2x2x3«ll. 

The factors which are common to all the given numbers are 
2 and 3. Thuf* the H.C.F. of 42, 90, 132 is 6. Similarly in 
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algebra, fhe H.C.F. o! two or more expressions is obtained asdhe 
product ot all the factors which are common to aU 0ie given 
expressions. 

Thns, 2abca2xax6xc, 

106^c=2x 5x 6x 6x c, 

14:0®i»=2x 7x ox ox b. 

The factors which are common to all the above are 2 and b. 

Thus the H.C.F. of 2o&c, lOb^, 14a^b is 26. 

Example 1. Find the H.C.F. of : 

12xy{x+y), 2&f{x+y), 88y{x+yf. 

Factorising, 12ay(®+y)=2x2x3xa:xyx (»+y), 

28^(!E+y) =2x 2x 7x 2 /x j/x (x+y), 
88y(a:+y)^==2x2x2x llxyx (a:+J/)x {x+y). 

The common factors are 2, 2, y, (x4 y). and thus the H.C.F. 
is iy{x+y). 


Factorising by*Removing the H.G.F. 

89. So far we have considered the factorisation of single terms. 
We shall now leom how to factorise expressions contaiuing more 
than one term. 

In § 10 it il^as shown that a{Zx—2y—iz)=3ax—2ay—iaz. Since 
the expression 3ax—2ay—iaz is equal to the product of the two 
quantities a and Zx—iy—iz, it follows that these two quantities 
are the factors of the expression. Thus when all tiie terms of 
an expression contain a common factor, fhe expression may be 
factorised by writing this term outside a bracket, and writing 
indde the teaeket the result of dividing each term by the common 
factor. 


Example S. Factorise 3&p+6hg. 

Each term of the expression is divisible by 3 and also by b. 
Hence the common factor of the two terms is 3b. 

Thus, Sbp‘^3bxp, 

66f=36x 2g, 

.*. 3bp+6bs^3b(p+2g). 

It is now seeu that the first step in factorising expressions such 
as the above is to find the hroduct of all the factors which are 
common to all the terms of the expression, that is to find the 
H.C JF. of tiie terms of the given expression. 
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Example 3. Factorise 4x2— 12a?y. 

The H.C.F. of tho terms 4x2 ^nd 12xy is 4x. 

Writing 4x outside the bracket, and dividing each of the terms 
of the expression by 4x, we obtain : 

4x2— I2a;y= 4x(x— %). 

Note, — 4x and (x— 3y) are factors of the expression 4x2— 12jy, 
because when multiplied together the result is the given expression. 

Example 4. Factorise 2ax+3a^— 5a. 

The H.C.F. of the three terms is a. Writing this outside the 
bracket, we obtain : 

2ax-f 3ay— 5a= a(2x+ 3y — 5) . 

Example 5, Factorise 15a26^-f9a^6. 

We proceed as follows : 

The highest number which is a factor of all the coefficients 
6, 15, 9 is 3. 

The highest power of a which is a factor of each term is 
The highest powef'of h which is a factor of each term is 6. 
Hence 3a26 is a factor ef each term. 

Thus, 6a262— 15a2fc^-f 9a^6= 3a26(2a5— 56®-l- 3a2). 

The student should verify that the product of 3a26 and 
(2a5— 662 - 1 - 3a2) is 6a262— 15a264-f-9a^6. 

The questions in Exercise 14a, page 215, should now be 
attempted. 

90. Example 8. Factorise a(^?-|-g)— 36(p-fg)-l-2c(p4'j). 

We notice that each of the three terms contains the factor (p-f q). 
To simplify the reasoning, we may represent the quantity 
{?+?) ty the single letter z. 

The expression then becomes az—ibz-\-2cz. 

Writing the common factor z outside the bracket, 
the expression=z(o— 36+2c) 

=(P+?)(®-36-h2c), 

since z represents the quantity (p+jf). 

Example 7. Factorise 6(a4*26)24‘8o(a-f26)— 66(a-l-26). 

We may denote the quantity (a-f 26) by the letter s. 

The expression now becomes 6;^2 h- 8as— 66«, which has afactor 2z. 
" 622+802— 66js=22(3s+4a— 36). 



FACTORS AND FACTORISATION 205 

Substituting the value a4-25 *for z, . 

the expression=2(a-f 26)[3(a+2&)+4a— 35] 
-2(a+25)(3a+65+4a-36) 
=2(a4-26){7a+35). ' 

Verification by multiplying out both sides. 

The pupil should verify that : 

6(a+ 26)2+ 8a(a+26)— 66(a+ 26) 
«6(a2+4a5+462)+8a2+ 16a6- 6a6- 1262 
*=14a2+34a6+1252; 

and that 2((i+26)(7a+36) also equals 14a2+34a6+1262. 

Thus the product of the factors found is equal to the original 
expression. 

Verification by substitution. 

A shorter form of check may frequently be applied in examples 
on factorisation. For any chosen values of the letters, the product 
of the factors must be equal to the given expression. 

Thus, if we substitute a=l, 6=2, say, in the expression 
6(a+26)2+8a(a+26)— 66{a+26), it becomes 
6(5)2+8x 1 X 5- 6 < 2x 5=6x 25-^40- 60= 130. 

Substituting the same values for a and 6 in 2(a+26)(7a+36), 
the latter becomes 2x 5x 13=130. 

The quegtions in Exercise 14h, page 216, should now be 
attempted. 

Factorising by Grouping 

91. It is sometimes necessary to form a preliminary grouping 
of some of the terms of an expression before the method of 
Examples 6 and 7 can be employed. 

Consider the expression wwi(3m— 2n)2+ 21m— 14w. 

The two final terms have the l;ommou factor 7, and can be 
written 7(3m— 2n). 

Thus the whole expression becomes, mn(3)»— 2w)2+7(3wi— 2n). 
Following the method of the last examples, the quantity 
(3m— 2n) is now denoted bjr a single letter, say. The pupil 
should, however, be able to carry out this device mentally, thus 
obtaining the factors, {3m— 2n)[m«(3m— 2n)+7], 
i,e. (Sm— 2n)(3m2n— 2mn2+7). 
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92, Consider the expression ax-\-bx‘ray+by . . • (1) 

It is seen that the four terms of the expression have no common 
factor. It will, however, be noticed that the first pair of terras 
have the common factor x, and the second pair&ave the common 
factor y, 

Thus we may write, €uc+bx-{-ay+by^x{a+b)+y{a+b) . (2) 

The expression has now been reduced to two terms having 
the common factor (a-h6). 

We thus obtain, ax+bx+ay+by={a+b){x-\-y) - . (3) 

Steps (1), (2) and (3) of the reasoning above may be 
illustrated by Figs. 28, 29 and 30 respectively, where (tx is 
represented by the area of a rectangle of length a and height x, 
and so on. 



Fig. 28 


Fig. 29 


Fig. 80 


It should be noticed that the same factqfs may be obtained by 
an alternative grouping of the terms of the expression. 

Thus, ax’rbx+ay+by may be written ax+ay-{-bx+by 

=(a?+y)(a+6). 

These factors are the same as those obtained in the first 
method, but in the reverse order. The stops of the reasoning 
in the second method of grouping are illustrated in Figs. 31, 32 
and 33 respectively. 
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Note. — ^We have factorised the expression ax+te+ay+ 6 y»by 
grouping the terms in the order given, and also by grouping them 
from the new order cKC+ayH-fec-l-iy. There is only one other way 
of grouping the^terms into pairs, namely (ax+ 6 y)+(te+a 2 /). It 
would not be possible, hc^wever, to obtain fhe factors of the 
expression from this grouping, since there is no factor common 
to the two terras in either bracket. Hence, of the three possible 
ways of grouping four terms into two pairs, two ways will result 
in the required factors, and one way will not. 

Example 8. Factorise a^+2a&+5a+10&. 

The expression— a(a+25)+5(a4- 26) 

^ =(a-i-26)(u4‘5). 

Example 9. Factorise 12 J^>-l- 6 mj— 8 Zj— 9my. 

The expression will not factorise if we group the terms in the 
order written. Rewriting, 

the expression= 12 Z^— 8 Zg[+ 6 wij— 

The common f^actor of the first pair of terms is 41, and of the 
second pair is 3m. • 

Thus, the expre88ion=*4Z(3p— 2 g)-f 3 r»( 25 f— 3j!)) . . (A) 

=4Z(3p— 2 g)— 3m(32)— 2g) . . (B) 

== (3p— 2q){4l^ Zm), 

Note. — ^The terms in line (A) do not ai)pear to have any common 
factor. But (^-Zp)^—{-2q+Zp)^-{Zp-^), 

+3m(2}— 3^))='— 3m(3jJ— 2g), thus giving the form in which 
the expression has been written in line (B). 

The step {x—y)^—{y-x) has frequent application in factorisa- 
tion, and should be carefully noted. 

With practice the pupil will be able to carry out the step in 
line (B) mentally, and proceed direct to the following line. 

Example 10. Factorise 24a6*+405cd— 166^c-^60a6i. 

The first step is to remove any factor which is common to all 
the terms. 

Thus, the exprc8sion*=46(6a6+l()ocZ— 46c--15ad). 

It is seen to be necessary to regroup the terms inside the bracket. 

Thus, the expres8ion=»-46[6a6— 46c+10cd— 15arf] 
«45[26(3a-2c)+5d(2c-3a)] 
-45p6(3a-2c)-6J(3a-2c)] 

(See note to Ex. 9) 
«46(3a-2c)(26-5c0- ♦ 
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More Difficult Factorising by Grouping 

93* An ezprenion is not completely factorised until as many 
factors as possible, have been obtained. When ^^o factors of an 
expression have been fonnd, it is soiqetimes possible to factorise 
further one or both of these factors. 

Consider the expression o 5 ( 5 c 4 - 3 )+( 6 — a)(a?+3)“a;— 3. 

This may be written o6(a?-|-3)+(6— a)(a;+3)— (»+3) . (A) 

“(j?4-3)(a6-l-6—a— 1). 

Factorising further the second bracket, 

the expression=(a?+3)[6(o4-l)— (a+ 1 )] . . (B) 

=(x+3)(o+l)(6-l). 

Note. — ^In line (A) — (x+S) is the same as — lx(xH-3), so that 
the last term in the second bracket of the following line is — 1 . 
Similarly, in line (B) the term —(a 1-1) is the same as — lx (a+1), 
so that the last term in the final bracket of the following line is — 1 . 

It may be necessary to remove the brackets in an expression 
before grouping is possible. 

Example 11. Factorise Vy(a®+ 6 ^)+a 6 (y®*f/*). 

The expression=a*^+ 6 ^/^-hoij 7 ®-fo^ 

=o/(a^-|- bj)+bg[ag+ bf) 
=={og^bJ)(af-\-bg)M 

94. When an expression contains more than four terms, they 
must be examined to discover the grouping which will yield 
factors. 

Example 12. Factorise 8cx— 3y(3a--6)+12ax--46x— 6<^. 

Removing the bracket, 

the eXpression=8cx— 9oy-f-36y+12oa?— 46x— 

Grouping the terms containing x and y separately, 

the expre8sion==8ca5-f 12ax— 46x— 9ay+36y— 6cy 
*=4x(2c-f'3a— 6 )— 3y(3^6-h2c) 

«(3a— 5-f2c)(4®— %). 

The following rule is useful when there is difficulty in dis- 
covering the correct grouping for an dspreasion. 

U any letter occurs in the expression to the first power only, 
group an the tefms containing that letter. 
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Example 13. Factorise 4a3t^+3a&r®— 6o®j^+66sy— 9a6j^+2o%®. 
It will be seeji that the letter 6 occurs to the first power only. 
Grouping the terms containing 6, 

the exp(ession=3a6®*+66*y— 9o&y®+4fla!y— 6a*y®+2o**® 
=36(<»a!i*+2j:y— 3ay®)+2o(2xy— 3a^+aa^) 
=(aa?+2®y— 3oj^)(36+2o). 

The auestione in Exercise 14c, page 217, should now be 
attempted. 

Factors of some Standard Expressions 

95. The following identities are very important : 

L a*+2ab+b"=(a+-b)*. 

2. a*-2ab+b®=(a-b)*. 

8. a*-V =(aH-b)(a-b). 

4. a»+b® =(a+b)(a*-ab+b-). 

6. a»-b* -(a-b)(aHab^b®). 

The pupil should multiply out the factors on the right-hand 
side of each identity, and verify that the expression on the left- 
hand side is obtained. These identities should be committed to 
memory. 

Squy% of Sum and Square of Difference 

96. The result (a+6)*— o®4-2oh-f6® can be put into words ; the 
square of the sum of faro quantities is equal to the sum of their 
squares plus twice th^ product. 

Thus, (2a!-l-3y)*= (2x)®-f-2(2x)(3y)-f (3y)®- 4x2-f- 12xy+ 9y®, 
(5a-|-4)®=(5a)=*-l-2(5o)(4)-t-(4)*=25o*-h40o+16, 
(103)*=(100)2+2(100)(3)-K3)*= 100004-600-1-9=10609. 

97. The result (o— h)*=a®— 2o6H-h* can be put into words ; the 
square of the difference of two quantities is equal to the sum of 
their squares minus twice their product. 

Thus, (7o-2i)*=(7o)2-2(7c)(2(iK(2d)2=49c®-28«f4-4ir‘, 
(2a!»--6)*= (2i^)2-2(2a^){6)+ (5)2=4x«-20x*-f 25, 
(69)“=(70- 1)*= (70)a-2(70)(l)4- (1)* 
«=4900-1404-1=4761. 

The pupil should aim at writing down directly the square of a 
sum and we square of a difference without the interme^te step. 

The questioas in Exerdse 14d, page 218, shoidd now be 
attenq^ted. 
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9ft. Exam])les on Identity (1). 

Example 14. Factorise 9:^+30a^+25p^. 

The expression may be written in the form of identity (1), 
namely, . (3a;)2+2(3a?)(6y)+(5y)2. 

If we write a for ^ and b for 5^, this becomes 
a®4-2a6+6^ 

=(a+6)* from identity (1). 

Remembering that a stands for Zxy and b for 5^, tins becomes 

(3x+5y)2. 

Thus, 9x®+30xy+25^*^ (3x+5y)®. 

Example 15. Factorise a2+2a6+6^+14(a+6)+49. 

This may be written (a+6)*+2(7)(a+6)+(7)^ 

If we now write m for (a+6), and w for 7, this becomes 

m2+2ww-f w'^=(w+n)* from identity (1). 
Substituting o+6 for w, and 7 for w, this becomes (a+6+7)®. 
Thus, 2u6-{- 14(a+ 6)-4*49= (a*4"h”|* 7)®. 

99. Examples on Identity (2). 

Example 16. Factorise* lOOa^— 180o6+816^. 

The expression may be written (lOa)*— 2(10a)(96)+(95)®. 

If we write x for 10a, and y for 96, the expression bi^mes 
a;2— 2r?/+^~(x— 2 /)® from identity (2). 
Substituting 10a for x, and 96 for y, this becomes (lOo— 96)-. 
Thus, 100a*-180a6+81i2-(10a-9S)a 

Ezample 17. Factorise 121a!*— 132a;®^+36y*. 

The ea^iession may bo ■written (lla!*)®— 2(lla!^)(6,*)+(6,*)*. 
Following the method of the previous examples, the quantities 
lla^ and 6j^ may now be denoted by single letters. The pupil 
should, however, be able to carry out this device mentally, thus 
obtaining (lli®-*6y*)®. 

Example 18. Factorise 16p^+24pg+93*— 8p— 6g+l. 

The first three terms may be written (4p)®+2(4y)(3ff)+(3j)* 

c=(4p+3?)* from idml^ (1^ 
Hence the original expression=(4p+3g)*— 8j)— fiy+l 

=(4p+35)*— 2x 1 X (4p+35')4>(l)* 
•=(4^3j— 1)* from identity (2). 

Tlie questions in Exercise 14e, page 218, should now he 
attempted. 
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Difference of Two Squares 

100. The result a*— 6*=(o+6)(a— 6) can be put into words : 
the difference of the squares of two quantities is equal to the 
product of the sum and the Terence of the two quantities. 

Examples on IdefAity (3). 

Example 19. Factorise 4.9a^— 166^. 

The expression may be written (7o)*— (46)® 

=(7a+46)(7o— 46) from identity (3). 

Thus, 49«»®-166®=(7a+46)(7o-46). 

Example 20. Factorise 125x*— 80y®. 

This is not at present in the form of identity (3). It is seen, 
however, that each coefficient is divisible by 5. 

Thus, the expre88ion=5(25j?®— 16y®) 

=5[(5x«)®-(4y)®] 

=5(5a^+4y){3j*— ^y) from identity (3). 

Example 21. Factorise (a®+6®)®— (2a6)®. 

Using idenfity (3), the erpression=(o®+6®+2a6)(o*+6^— 2o6). 

It will now bo seen that these factors arc the expressions 
contained in idcntities'*(l) and (2) respectively. 

Hence the original expression=(o+6)®(a— 6)®. 

It is sometimes necessary to group the terms in an expression 
before an identity can be used. 

Example 22. Factorise 9 m®+ 4«®— 16w®— 12wi>+40w— 25. 

The exptession=(9«®— 12 mv+ 4«®)— (16w®— 40w+25) 

=[(3«)8-2(3«)(2e)+(2i;)®]-[(4<f)®-2(4«;)5+(5)®] 
2»)®— (iw— 5)® from identity (2) 

=*[(3«— 2»)+(4tt— 5)][(3w— 2 b)— ( 4w— 5)] from 
identity (3) 

•=(3tt— 2B+4tt;— 5)(3«— 2 b— 4w4-5). 

101. In the following examples the device used to put an 
expression into the form of id«itity (3) should be carefully 
noted. 
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Szample 23. Factorise 

We know from identity (1) that a?*-l-2a^y*4*y*=(a5^+y®)®- 
Thus we may rewrite the given expression as follows : 

«=(x^+y®4-»y)(a?+^-icy) from 
identity (3). 

The result, 3i*+xV+y*=(x^+xy‘fy*)(x*— xy+y^) 
is an important identity and should be committed to memory. 

Example 24. Factorise i03fi-\‘i^—2Sxy—30x—25, 

The terms 4y®— 28a;y, that is (2^)^— 2(2y)(7a;), require a third 
term of (72;)^, that is 49x^, to complete the form of the expression 
in identity (2). Hence the first term of the original expression, 
4035^, must be written 49a;^— 9x2. 

Thus, the expression 

~ 49052— 4^— 9a52— iox— 25 
«(49a?-28xy-4.4t/2)_(9a;2^30a.^.25) . 
=[(7®)*-2(7x)(2y)+(2y)*]-[(3a!)*+2(3*)(6)+(5)i 
-(7a;-2y)*-(3i+5)a 
=[(7»-2y)+(3x+5)][{7®-2y)-(3»+5)] ' 
=(10a!-2y+5)(4x-2y-5). 

Example 25. Factorise 25x^— 9y^+30x— 24y— 7. 

The terms contaming x, namely 25a^+30x, may be vxitten 
(6x)*+2x 3(5x). 

To put this in the form of identity (1), we m\ist add the 
term (3)*, that is 9. 

So that the expression should not be altered, we must also 
subtract 9. 

Thus, the expression 

-25x»+30x+9-9y*-24y-7-9 

-25a^+30x+9-9y»-24y-16 

-.25a?+3ar+9-(9y*+24y+16) 

=r(6*)*+2(5x)(3)+(3)*]-[(3y)*+2(3y)(4)+(4)*] 

=(5x+3)*-(3y+4)* 

=[(5x+3)+(3y+4)][(6x4-3)-(3y+4)] 

-(5xHl3y+7)(Sx-3y-l). 
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Ezample 26. Factorise 25x*+142^^+9y*. 

The extreme terms can be written (5a^)* and 
On reference to identity (1), we see that the middle term 
required to make f^a exact square is 2(53t^)(3y^),,that is 30x^^. 
Thus, the given expression may be written : 

25a^+ 14x*y®+9^= 25®*+ 30®®y®+ 9y*— 16®®^ 
=(5®?+3y®)*-{4®y)* 

= (5®®+3^+4®y)(5®®+3y*— 4®y). 

The questions in Exercise 14!, page 219, dionld now be 
attempted. 


Sum and ''Difference of Two Cubes 
102. Examples on Identity 4. 

Example 27. Factorise 8a®+125. 

The expression-=(2«)®+(5)* 

=(2o+5)[(2o)®— (2o)(5)+(5)®] from identity (4) 
=.(2o+6)(4a^-10a+25) 
8a?+125=(2a+5)(4o*-10o+25). 

Example 28. Factorise 135a®x***2/®+320a*®x*i^. 

This is not^t present in the form of identity (4). It is seen, 
however, that each term is divisible by 5o®®*^. 

Thus, the expression* 

=.5o»®V[27®fy»+64o“] 

*5o»*y[(3®*y)8+(4o«)»] 

-6o»®V[(3a?y+4o*){(3®®sr)®-(3®*y)(4o*)+(4o*)*}] 

&om identity (4) 

=s6o*®*y*(3®*y+ 4o*)(9®y — 12a*®*y+ 16a*). 

Example 29. Factorise a*+3o®6+3a6®+6*. 

The extreme terms, if taken together, may be factorised by 
means of identity (4), while the i&iddle terms have the common 
factor Sob. 

Thus, the expres8ion=o*+6*+3o*5+3ab® 

=(o+6)(o*— a6+6®)+3o6(o+6) 

««- (o+ 6)[(o®— o6+ i^)+ 8a6] 
=.(a+6)(a«+2al»+6*) 

-(a+6)(o+6)* 

-(o+6)». 
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(•The identity which has been established, namely 
(a^-b)»=a»+8a*b+8ab*+b® 
is important, and should be committed to memory. 

I 

Example 30. Factorise a^4-2^+c?— 3a6c. 

We first rewrite the expression so as to make use of the identity 
established in the previous example. 

c®— 3a6c== a®H- 3a^6-i- Zahe^ 3a^6— 3a6® 

= (a+ 6)* + c®— 3a6c— 3a®6— 3aJ^. 

The sum of the two cubes may be factorised by identity (4), 
while the remaining three terms have the common factor 3a5. 
Thus, the Il.H.S.=[(a+6)+cl[(a+6)®~c(a+6)+c^— 3a6(c+a+t) 
=(a+6+c)(a2+2a6+62— ca— ic+c^)— 3a6(a+6+c) 
==(a+6+c)(a®4-2a6+6“^— ca— 6c+c^— 3a6) 

= (a+ 6+c)(aH c^— ftc—ca). 

The identity which has been established, namely 

a®+b®+c®-8abc=-(a+b+c){a^4-b®+c^-ab-“bc— ca) 
should be committed to memory. 

103/ Examples on Identity (5). 

Example 31. Factorise 343a;^— 27^. 

The expression - (7 xf— (3y)® 

/. =(7a;-3y)[(7®)2+(7x)(Pj/)+(32/r-] from 

identity (5) 

= (7x— 3y)(49x^H-21xy-i-9y2). 

Thus, S43x®— 27y®=(7x— 3y)(49a;2+21xy+9y®). 

Example 32. Factorise 70^(2—4480^(2^. 

Bemoving the common factor 7(?c2, 

the expression=7c®(2[c®— 64(2®] (A) 

=7c2(2[(c®)2-(8#)2] 

«7c2(2[(c»+8(P)(c®-8(P)] 

=7c2d![{c»+(2(2)®}{c®-(2(2)«}] 

=7(j®(2(c+2(2)((j*-2(x2+4(P)(£j-2(0(^^ 

The pupil should note that, after line (A), an alternative way 
of proceeding is to write 

c^— 64(Z®=(c®)*— (4(P)*, and*then to use identity (6), 

The pupil should show that this procedure will give the same 
factors as thoLe found above, but that the working is more diffi- 
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cult. It will be found that where there is a choice of writing an 
expression as the difference of two squaiha or as the difEerence of 
two cubes, the easier method is to proceed bj the difference of 
two squares. 

Example 88. Factorise a’— 3a^5+3ah*— h'*. 

The extreme terms, if taken together, may be factorised by 
means of identity (5), while the middle terms have the common 
factor 3a5. 

Thus, the expre8sion=a^— 6^— 3o*5+3o5* 

=(o— 6)(a*+o6-i-ii®)— 3o6(o— 6) 

= (a— 6)(a®+ a6+ 6®— Sab) 

=k (a— 5) (a®— 2ab+l^) 

=(a— 6)(o— fi)® 

. _ =(a-6)®. 

This identity, namely 

(a-b)»=a3-8a®b+3ab*-b» 

is important, and should bo memorised. 

Exan^^le 84. Factorise ®y(a:— y)+a5®(a{— 2)+y®(2— y). 

The above expression does not appear to be related to any 
standard fomA The first step is to remove the brackets, thus 
obtaining a:®y— xy®+x*— 2j5®+2y®— y®. 

On grouping so as to 'obtain the form of known identities, 
the expression=(x®— y®)— 2(3:®— y®)+(®®y— a:y®) 

=lx-y)(a^+xy+f)-2{x+y)(x-y)-\-xy{x-y) 

={x~y)[(3^+xy+t/‘)—2{x+y)+xy} 

==(j'-y)[(W2xy+J^)-2(x+y)] 

=(-<’-»)[(»+y)®-2(a!+y)] 

•={x-y){x+y){x+y-2). 

The qoMtiomi in Exercise 14g, page 220, sho^ now be 
attempted. 

Exercise 14a 

Find the H,C.F. of : 

1. 4cb®, 12a^, 6x. 

8. 14o»5, 35o?6», 21b». 

6. o(o+6), 6(a+&), c(a+6). 


2. 2a?y, OasV. lOa^. 

4. OaV. 12a^y*,21a%»- 

6. x^(x-y), xy(t-y),{x-y). 
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H. ®(a+ 6 ), a^(a+ 6 )*, a:(o+ 6 )®. 

8. alb{x-y), a^b{x-y), ta{x-y)K 

9. 21x{a-b), 16xy{a-b). 33aj*{a-6)». 

10 . i0ab{p-2q), ^(p- 2 g), 14a*6(j)-2j). 


82. 39a7'-52. 

85. 3a4”36')~3c. 

87. 57a!*-19m«a!®+38a^. 
89. 6a!»+18a?+30®. 

41. 12o»6«-36a«6«-48a*tSo. 
48. a*afi+a^3^^+ah!i^. 

45. Tac^^— 3a!^2^— 

47. — a®— a* 4 -o*. 


18. ae+x. 

16. 2aa;— 2x6. 

19. (fix—2ax. 

22 . aa^e—aifid. 

25. 6<Ma+15cz. 

28. sfif^—x^. 

81. 

84. — 3a^26®c+o6*. 
86. —9a?^+ 1535^—2135^. 
88. 2&a*+2aS^+26*. 

40. 6aa^ 14035— 2a. 

42. 35ai»y-77a^-63xy. 

44. w+Mmas— 735%. 

46. xyx—xm—xyw. 


Resolve into £sotois : 


11 . **+635. 

14. a 6 - 6 ». 

17. i 0 (l- 20 «l. 

20. 14a35+21&i5. 

28. 0 * 6 + 06 . 

26. 18a6*o+12a*ic. 

29. 3a5V-W* 


12. ax+a56. 

15. 0 * 6 - 0 ®. 

18. bcx+bdx. 

21. 5035*- 10®®. 
24. 2a6®-o*6*. 

27. 22o»6c-33o*c. 
80. 2o*6i*+3o6®. 
88 . o®-o* 6 +a 6 *. 


Use factors to fuid tlie value of : 

48. 17x 69+17x 41. 49. 23x 67-23x 55. 50. 31x96+14x 31. 
51. 47x103-97x 47. 52. ? of 109+^ of 31. 68 . fof67+fof67. 
54. T?r of 162-Tar of 85. 55. 7% of £329+7% of £471. 

66 . 6 % of £ 866 - 6 % of £216. 67. 4% of £570+6% of £670. 


Exercise 14b 


Resolve into factots, and clxeok your result by substitation : 
1. ®(o+3)+y(o+3). 2. ®(o+ 6 )+y(o+ 6 ). 

8 . *(o+ 6 )-y(o+ 6 ). 4. (o— 6 )— y(o— 6 ). 

5. p{a—b)—q{a—b). 6 . ®(o+ 6 )— 3(o+6). 

7 . ®®(»»+n)+ya(»n+n). 8 . 3 ®( 3 i^+y*)+^(a^+y*). 

9. (j>+j)t- 6 (p+g). 10. y( 6 +l)-(A+l)®. 

11* o(#— 2 y)+(a 5 — 2y)6. 12. — 9(3— 2®)+y(3— 2®). 


Resolve into factors, and check your results by multiplying 
out both sides : 

18. 2®y(3a?-2ya)— 3is(3a?-2y*)+s(&*-2y*). 

14. j)*j(^-l)-(33jg--l)-«(^-l). 

15. o 6 (a?+y)-fa 6 (®+y*). 
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16. ( 06 — 1)7»»— 7OT(2a+36). 17. (sK+y)*+3(a!+y). 

18. (a— 6 )— (a— 6 )*. 19. (m— n)®— 2(m— n). 

20 . (j!+y)®+o(a!+y), 21 . ( 06 — c)*+(i(a 6 — c)*. 

22. (®+y)®+2i(*+y)+4y(a:+y). 

28. 4(*-2y)*+7^is-2y)-3a!(a!i-2y). 

24. 3(2a+6)»-2a(2a+6)+6(2o+i>). 

26. 3n(m— n)+2(»»— n)®— »»( to— n). 

26. 4a(^— j)®— 6<^(3j)— y)+10ay(3j>— j). 

27. (c»-d)»+c®(c!»-i)+rf(c»-(i). 


Resolve into factors j 
1 . ae+ad-^be+hd. 

4. 06 — oc— 6 *+ 6 c. 

7 . xa+ag—xb—yb, 

10 . &By+6*— 2»y— 26. 

12 . o*c— 6 c— 5o®+56. 

14. o*+ 6 o*+o®c+ 6 c. 

16. 6<K:+4*+9ya+6y. 

18. t-sr. 

20. a5*+2a?+2B+4. 

22 . 2 x*— 6 a?+oa:— 3a. 

24. jj(o+ 6 )+ 5 o+y 6 — 2(a+6). 

26. ax+ 6 x— oy— cy+cx— 6 y. 

28. <^+a 6 ^— a* 6 — 6 *— o®c— c 6 ®. 
80. 3 (»— y)®— mas+my. 

82. o®+ 6 c+o( 6 +c). 

84. 06 ( 06 + 0 — 

86 . a^— o 6 +a^( 6 — o). 

88 . (o*+ 6 ®)a!y— a 6 (ac*+y®). 

40. o*{ 6 -l)-o( 6 -l). 

42. j)j(x+l)+(p+j)(a;+l)+a;+l. 


11. a?y+3!B®+oy+3o. 

18. a^y®— cay®+(ia^— ci. 

15. 0 * 6 — o® 6 *— oo®+c 6 . 

17. ‘12o®+9a5o— 12ity— 16ay. 

19. o« 6 *+ 6 o 6 ®+c®(i 6 *o»+ 6 c»d. 
21. a?— x®+®— 1. 

28. 3m(x+3)+o(x+3)— *— 3. 

26. x(o®- 6 )-y(a»- 6 )-o®+ 6 . 

27. oc— 6 c+c®+oy— 6 y+<y. 

29. x(o+ 6 )®— oy— 6 y. 

81. 0 ( 6 — c)+o*— 60 . 

88 . x^+ya-x(*+y). 

86 . i)*+3y-j?(g+3). 

87. o 6 (p®+y®)+ 5 )g(o®+ 6 *). 

39. yj(m®+n)— »i(y*+ng*). 
41. «m(p*+l)+j)(»n®+n®). 
43. a^(x— 1)— x®+x— (x— 1)®. 


44. oay— 6 xy— (x+y)(a— 6 )+a— 6 . 

46. a?— a^— x(x— l)+(x+l)(x— 1). 

46. mn(y-}-y)— q»— cgr— {»n— cn)(p+g). 

47. o 6 (a!®+^)+(pa+ 36 )(a?+y*)+j>g(x^+y®). 

48. »»®(«H-I)+»»(w+l)®— (2m*+l)(m+l). 

ALOBBBA— IS 


Exercise t4c 

2. x®+ox+6x+a6. 3. ae—be—ad+bd. 

5. ac+ad—bc—bd. 6. a?— yx— yz+*x. 

8 . o®— 00 - 1 - 60 — 6 c. 9. i^+pq—p—q. 
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'Exercise 144 
Write dovm the squares of 
1. ®+y. 2. 0+2. 

8* 0+3. 


6. 2o+6. 

9. e—d. 

18. o*-l. 

17. 8+3o. 

21. 2o6-3. 

26. a?~y^. 

29. — 8m— 6n. 
88. lla‘&+38>. 

87. 4o®6— 3a6*. 
41. 8xyz—3. 

45. 98. 

49. 61. 


10. x—y. 

14. 3p— jf. 

18. 9g-l. 

22. 7xy+2z. 

26. 3o»-6». 

80. 8a?+3j/*. 

84. 9<j*+4d». 

88. 12*j;— 5o®. 

42. 7o*6-4c». 

46. 39. 

50. 199. 


8. 3+4. 

7. 6®+3y. 

11 . 0 - 5 . 

16. m— 4». 

19. 6A+4i. 

28. 35®+ 1. 

27. 4c®-(i. 

81. 6-5o*. 

85. -3o®-5o&. 
89. o®+6». 

43. 104. 

47. 203. 

61. 78. 


4. a?+l. 

8. 7o+66. 
12. 4— m. 

16. 6®-lly. 

20. 1+iry. 

24. »®+j/®. 

28. — 2o+3c. 

82. ®®y— 2y. 

86. 7i^+8xy. 

40. o»-6». 

44. 109. 

48. 307. 


Exercise 14e 


Resolve into factsra : 

1. a?+2oa:+o®. 

^ 8. 35®+ 10®+ 25. 

"5. 25a?+10»+l. 

7. o®-2oy+^. 

9. y»-20y+100. 

11. 81y®-18y+l. 

18. 2j>gr+»®. 

15. l-10e+26c®. 

•17. «^+14om+49o®. 

•19. o%i^+2o®+l. 

21. oi*— 2o6c+oc®. 

28. 3>‘+^g®+g*. 

25. 435*- 1236®y*-'-9y*. 

27. o*a?+26o**+169. 

29. ssV— 2ca!V+®*- 
81. 49A«-14A®y+y». 

88. sB*+4a^y®+4y*. 

86* (o+6)*+2(o+6)+l. 

87. (o+l)»-2(o+l)c+A 

89. (m+n)*a?+2(m+n)®+l. 

41. 4(p— g')®+12«(p— g)+9«*. 
48* a?+2iy+j^2(*+y)+l. 


• 2. 55»+4a!+4. 

4. 4a?+12®+9. 

‘ 6 . o®a!®+8o35+16. 

8. y®-6y+9. ' 

10. 4y®— 28y+49. 

12. 36y®-i-60y+25. 

14. a?+2o&5+o®i»®. 

16. 121y®+66y+9. 

18. a®i»®-4o6+4. 

20. 86a?+60ox+25a®. 

22. ^a?+2o5(a+o®6*. 

24. «*-2«®Jfc®+i:‘. 

26. 9y*+30y®3i®+25**. 

28. m‘35*+2m*o^a^+c*. 

30. 144a^+168o®®+49o‘. 

82. o®5®— 2fl5®o+c^. 

84. 1— 2m*»*+m*»*. 

86. 3m*-12im+12i>. 

88, (35+y)*+2it(*+y)+a^. 

40. 8o*-24o6+186». 

42. 14a5(o+6)c+49<fti^+(o+5)*. 
44. o*+4a+4+2c(o+2)+c*. 
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45. j^+2pq+^+6(p+q)+9. 46. !i?—2i()y+^—2a{x-y)+a\ 

47. 9(a+6)V+12(a h6)a!+4. 48. (»»— n)®— 10(»i-»)+25. 

49. 25+301:+ 9I?+12(34+6)m+36m*. 

60. (p+g)®-6j>+9-^. 

51. m(TO+2n)+n*. 

52. ®*^+2®^+2?+16m(*y+a)+64»t®. 

58. 64a*-112a*ja+496». 

64. 4a*-4a+l-4a5+26+6®. 

55. a:*+2(2a+6)a:®+^®+4a6+6®. 

56. aa:(<M!+2pH 2s)+j>*+^+a^. 

67. 9m®+n*— 6m— 2n+6»nn+l. 

58. MV+(o+6)(2utJ+a4 b). 

Exercise 14f 


Resolve into factors : 


1 . a^—y^. 

4. 49— y®. 

7. l-a®6®. 

10. 169ai*y®-4. 

18. 9a»6»-c®i®. 

16. 

19. c«-16<r>., 

22. 6a®-205®. 

26. 2-72mV, 

28. (o+6)®-l. 

81. (a!+y)*-(a-fc)^- 

84 <E*— «/* 

87*. (o®+^)*-6*. 

89. a»+6»-(?+4c-4+2<i5. 
40. 9m®— 6mn+n®— 1. 

42. (c*+4<P)*-(4cci)*. 

44. 16(a:-y)f-(a:-y). 

46. (a5‘+2aV+y*)-®V. 

48. ii:*+4*:®i*+16i*. 

60. 9x*-l(teV+y*. 

62. «*+646*. 

54. 8^+2®+!— y*— 4y— 4. 

66. j>*+ 22>— 5*— 6y— 8. 

68 . 9m»-n*-8n+12m-12. 
60. 16®‘-4%+24a:-25j^-7. 
62. 9a®+165»-30a5+66-l. 


8. m*— 4. 

6. 25®®-y*. 

9. (a®)®-y®. 

12 . 6 »-fe. 

16. m*-4. 

18. a:«y*-252*. 

21. 9a«-49l»*. 

24. 256®V-8l2*. 
27. o‘-o*. 

80. (o»+6)»-25c*. 

88 . ax^—axl^. 

86. a»6-o6». 

38. (4y-4pg)*— g*. 

41. 4®*y®— 9+42^2+2®. 

48. (y®+^+g®)®— 9 j)®2®. 

45. (o— ®)y®— 25(o— x). 

47. o*+a®y®-t y*. 
tt. »*-27a:®y«+81y«. 

61. j>*+4y*. 

58. 4c*+9<l*-16c®<P. 

66. <^+6ch 9-d®-2(i-l. 

57. o*— 4j^— 10a— 4y+24. 

59. 26a*— 45— 9a^*— 20a+42*. 
61. 3P+4im+OT*— 41— 4. 

68. 24a?+28a5y-<0»+4y*— 9. 


2. o®— 1. 

6. (a6)®-36. 

8. 16m*-81n®. 

11. 60y»-2. 

14. 12-3m®. < 

17. 121a«-l. 

20 . 100 -*:*. 

23. a6®-od®. 

M. ®®-®y®. 

29. 4(®-y)®-9(»y)®. 
32. 3c®-432(l+w)®. 
85. a‘-l. 
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Use faotois to find tbe^value of : 

64. (134)*-(133)*. 66. (372)*- (367)*. 

66. (421)*-(179)*, 67. (239)*-121. 

68. (57*6)*-(67*2)*. 69. (99‘9)*-0-qi. 70. (71-3)*-l-69. 


Exercise 14il 


Resolve into factors : 

1. **+^. 

2. »»+2». 

8. «*+l. 

4. m*+(2n)^. 

6. (a6)*+^. 

6. 3»+«». 

7. 64+27®*. 

8. m*-n*. 

9. p»-l. 

10. (2o)»-l. 

IL 2(*)>-2. 

12. 2*-m» 

18. o»-125. 

14. 8a*-27. 

16. 250-16m». 

16. 8(o®)»-l. 

17. 3m*+24. 

18. x^-x. 

19. o*+a. 

88. (a+6)*-((i-6)» 

20. (®«)»-(j^)». 

2L (o-l)»+8. 

28. (»+y)®+(x-y)*. 

84. (2a-6)»-(2a)». 

25. sc®+®— 2. 

26. 0^+0— 10. 

87. 8(i*+6*+2a+5. - 

28. 

29. a^o*-729®*. 

M. o^fo*— o6+6*+6*. 

81. 64+0*. 

82. (8c»)*-l. 

88. 8a?+12a^+6®y*+y*. 

84. 128o«+2. 

86. a?-6o*6+12oi»*-86». 

86. o®a!»+9o*a?6+27oa56*+276». 

87. l-86+36*-6». 

88. ®*^- 

-3a^+3*«— 1. 

89. a^+8i»-6a6+l. 

40. 8x^-s*+27i^+18®j(z. 



CHAPTER XV 

Factors of Quadratic Expressions 

When the Coefficient of is Unity 

104. A Qoadrstic expression is one which contains a letter to 
the second power but to no higher power. Thus, 4 j;^— 3x+ll is 
a quadratic expression in x. 

We shall now consider methods for factorising quadratic 
expressions by studying the product of factors which give 
qu^atic expressions. 

Consider the product (z+3)(a;+4). 

X +3 
X +4 

**+3* 

4x+12 

x»+7x+12 

Thus, a^+^x+12=(®+3){®+4). 

Examining the facto^ on the R.H.S., wc observe : 

1. Each factor commences with the term x, which is the square 
toot of the first term of x^+7x+12. 

2. The remaining terms in the factors, that is 3 and 4, are such 
that (a) their product is 12, which is the constant term in 
a^+7x+12, and (b) their sum is 7, which is the coefficient 
of the middle term in a^+7x+12. 

We now use this method to factorise a6*+7*+W. 

1. Each factor must commence with x. 

2. The remaining terms in the factors must be such that (a) their 
product is 10, and (6) their sum is 7. 

The only two numbers satisfying these conditions are 2 and 6. 
Thus the factors are (x+2) and (x+5). 

.•. **+7*+10«*(®+2)(*+5). 

In the above example all the terms are positive. 


sn 
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Consider next the prodpct (a:4-7){x— 3), 

X +7 
X —3 

a?+7x 

-3x-2i 

g2-|.4a;^21 

Thus, a5^+4x-21=(x+7)(x— 3), 

Examining the factors on the R.H.S., we observe : 

1. Each factor commences with x. 

2. The remaining terms in the factors, that is 7 and —3, are 
such that (a) their product is —21, which is the constant 
term in a?+4x— 21, and (6) their algebraic sum is 4, which is 
the coefficient of the middle term in a:*+4x— 21. 

Example 1. Factorise a?-hSx—40. 

1. Each factor must commence with x. 

2. The remaining teVms in the factors must be such that (a) their 
product is —40, henccf one must be positive and one negative, 
and (b) their algebraic sum (which is numerically equal to 
their difference) is 3. 

The only two numbers satisfying these conditions'are 8 and —5. 
Thus, x^+ 3x— 40= (x+ 8)(«— 5). 

Example 2. Factorise 3x— 10. 

1. Each factor must commence with x. 

2. The remaining terms in the factors must be such that {a) their 
product is —10, hence one must be positive and one negative, 
and (6) their algebraic sum (which is numerically equal to 
their difference) is —3. 

The only two numbers satisfying these conditions are 2 and —5. 
Thus, X*— 3x— 10= (a;+2)(xT-5). 

105. Example 8. Factorise — x®-fl5x— 44. 

When factorising an expression such as the above, which 
contains the term — x^, it is convenient to rewrite the whole 
expression first, with the minus sign outside a bracket. 

Thus, -arM.16x-44 — {a^--15x+4A). 

Factorising^ x®— 16x+44. 
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1. Each factor must commence with x. 

2. The remaining terms in the factors must be such that (a) their 
product is 44, and (6) their algebraic sum is —15. 

The only two* numbers satisfjdng these conditions are —4 
and —11- • 

Thus the factors are (a;--4) and («— 11). 

/. -a^+15x-44=-(a;-4)(®-ll). 

The factors may be loft as above. Alternatively, the minus 
sign may be included in one of the factors (but not both), thus : 

(4-.a:)(a;-ll) or (a;-4)(ll-®). 

The questions in J^zercise 15a, page 232, should now be 
attempted. 


106. Example 4. Factorise 18. 

This can be written (y^)^— 7(y^)— 18, and Js thus a quadratic 
m y®, the y® taking the place of the x in the previous examples. 

1. Each factor must commence with y®, which is the square root 
of the first term in y^— 7y®— 18. 

2. The remaining terms in the factors must be such that (a) their 
product is —18, hence one must be positive and one negative, 
and (6) their algebraic sum, which is numerically equal to 
their difference, is —7. 

The only two numbers satisfying these conditions are 2 and —9. 
Thus, y*-7y®-18-(y®+2)(y®-9) 

=(y^+2)(y+3)(y-3). 

Example 5. Factorise llo5r®-f 30a®. 

1. Each factor must commence with 2 C®. 

2. The remaining terms in the factors must be such that (a) their 
product is 30a®, and (6) their algebraic sura is —11a. 

Thus the terms are —6a and —6a. 

Thus, as*— llaa5®4-30a®= (as®— 6a)(a;®— 6a). 


The queiiions in Exercise 15b, page 233, should now be 
attempted. 
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When the Coefficient of is not Unity 
The Cross Method 

107. In the previous examples the coefficient of the first term 
in the quadratic expression has been* unity. 

Consider the product (2a;+3)(7a:+5), 

2x ”h 3 
7a; -f 5 
14a;^4-21a; 

-4-10aj-l“15 

14a^+31a;+15 

Thus, 14a:^+ 31a;+ 15= (2a;-l-3)(7a;+ 5). 

Examining the factors on the R.H.S., we observe : 

1. The coefficients of the first terms in the factors, that is 2 
and 7, are such that their product is 14, which is the coefficient 
of the first term jn 14a;2+31a;4-15. 

2. The remaining terms in the factors, that is 3 and 5, are such 
that their product iS 15, which is the constant t/»rm in 
14a?+31a;-fl5. 

3. These coefficients are so arranged that if we multiply the first 
in each bracket by the second in the other bracket, the algebraic 
sum of these two products (that is 2}< 5+7x3, as shown by 
dotted lines) is equal to 31, which is the coefficient of the 
middle term in 14a;®+31a;+15. 

The conditions which these coefficients must satisfy can be 
readily expressed by the following device : 

2 3 
7 5 

The coefficients of the first terms in the factors, that is 2 and 7, 
are written in the L.H. quadrants of the cross, and must be 
such that their product is equal to the coefficient of the first 
term of the quadratic expression. The remainmg terms of the 
factors, that is 3 and 5, are written in the R.H. quadrants, and 
must be such that their product is equal to the constant term in 
the quadratic expression. The coefficients must be so chosen 
that the algebraic sum of the diagonal products, that is 2x 5+7 x 3, 
is equal to. the coefficient of the middle term of the quadratic 
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Example 6* Factorise 4a!^+7a;4-3. 

Proceeding as indicated in the last eikample, the coefficients in 
the L.H. quadrants must have a product equal to 4* These can 
be 2 and 2, or | and 1. The coefficients in the R.H. quadrants 
must have a product 3. These can be 3 and or 1 and 3. 

Thus there are four possible crosses : 


2 

3 

2 

1 

4 

3 

4 

1 

2 

T’ 

2 

3 ’ 

1 

X’ 

1 

3 


These possibilities can be shown on one cross : 

2 4 13 1 


2 113 


The additional condition to be satisfied is that the algebraic 
sum of the diagonal pioducts is 7. This condition is satisfied 

only by 


4 3 
1 1 


Thus, 4a!*-|-7a:+3= (4x4- 3)(x4- 1). 

Note, — To include all possibilities, we should have started with 


the cross 


2 4 1 


2 14 


3 1 


1 3 


We observe that all the conditions are satisfied by the additional 

group “r~r 

/• 4a?-h7x4-3=(x4- l)(4x4-3). 

It is seen, however, that these factors are those already obtained, 
but in reverse order. It is not necessary, therefore, to invert the 
pairs of factors In both L.H. and B.H. quadrants. All the possi- 
bilities are included if the pairs of factors are inverted on one 
side only. 


Example 7. Factorise lOx^— x— 21. 

We fill in the cross in such a way that the L.H. quadrants 
give a product 10, and the R.H. qua^ants give a product 21. 


The trials are 


10 

5 

21 

1 

7 

3 

1 

2 

1 

21 

3 

7 ' 


As the constant term is negative, the numbers in the R.H. 
quadrants must have opposite signs. Hence one diagonal product 
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will be positive and the other negative, so that their cdgdyraic sum 
is numerically equal to tli^ir difference. 

The condition that the difference of the diagonal products 

is 1 is satisfied by^he group 


5 7 

2 3 ■. 


Since the middle coefficient is the diagonal products must 
be —15 and +14. Thus the group with the correct signs affixed 



10x2-a:-21 -(5x+7)(2»-3). 


Example 8. Factorise 18a!^— 59x+35. 

We fill in the cross in such a way that the L.H. quadrants give 
a product 18, and the B.H. quadrants give a product 35. 

The trials are ^ ^ ^ 

12 3 

As the constant l^rm is positive, the numbers in the B.H. 
quadrants must have like^ signs. Hence the numerical value of 
the algebraic sum of the diagonal products is also the arithmetical 
sum. 

The condition that the sum of the diagonal products is 59 is 


35 1 7 5 

1 35 5 7 


satisfied by the group 


2 5 


Since the middle coefficient is —59, the diagonal products must 
be —45 and —14. Thus the group with the correct signs affixed 



18x2-59x+35=(9x-7)(2«-5). 


108. It is seen from the two previous examples that the trial 
figures may be placed in the quadrants ot the cross without signs, 
provided that it be remembered that a positive constant term 
implies the sum of the diagonal products, while a negative constant 
term implies the difference ot the dia^nal pnroduets. 

When the correct group has been chosen, the signs can be 
readily affixed according to the sign of the coefficient of the middle 
term. (This statement assumes the coefficient of to be positive.) 
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Example 9. Factorise 14— 62 ^— 17 x. 

Arranging the terms in descending oi^er, with the minus sign 
outside the bracket (see § 105), 

14-6aJ2-17aj=-(6»2+17«-»14). 

Factorising 6x2+172;— 14* the trials are 


6 

3 

14 

1 

7 

2 

1 

2 

1 

14 

2 

7 


As the constant term is negative, the middle coefficient, that is 
+ 17, is obtained by subtracting the diagonal products. 

The condition that the difference of the diagonal products is 

' 3 I 2 

17 is satisfied by the group — — . 

2 I 7 

Since the middle coefficient is +17, the group with signs affixed 


Thus the factors arc (3x— 2) and (2a» 1-7). 

14_6x2-17x— { 3x-2)(2x+7) 

=(2— 3x)(2x+7). 

The questions in Exercise 15c, page 238, should now he 
attempted. 


Reducing the Number of Trials 

109. The labour involved in working through the trials can 
usually be very much reduced if the principles used in the follow- 
ing examples are carefully noted. 


Example 10. Factorise 16a?+61x-12. 


The trials are 


16 

8 

4 

12 

1 

6 

2 

4 

3 

1 

2 

4 

1 

12 

2 

6 

3 

4 ' 


The middle coefficient, 61, is an odd number. Since this number 
is obtained by subtracting the diagonal products, one of these 
products must be odd and the other even. 
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'Hence the trials 


8 


can be rejected, since they would produce diagonal products which 

16 I 

are both even. The L.H. quadrant is thus — . 

For the same reason, the even numbers in the top B.H. quad- 
rant can be rejected. Thus the only trials left are 


16 

1 3 

1 

12 4 


and eighteen possible trials have been reduced to two. 

The difference of the diagonal products is 61, so that the correct 


group 18 


16 3 

1 4 


As the middle coefficient is +61, the group with signs affixed 


16 


-3 


/. 16a^+.61»-12=(16aj-3)(a!+4). 
Exam]^ 11, Factorise 282;^— 64:X+33. 

The trials are 


28 14 

7 

33 

1 

11 

3 

1 2 

4 

1 

33 

3 

11 ' 


The middle coefficient is even, hence the diagonal products are 
either both even or both odd. Obviously they cannot bo both 
odd, hence they must be both even. Thus the numbers in the 
L.H. quadrants must be 14 and 2. 

Hence the trials have been reduced to 


14 

33 

1 

11 

3 

2 

1 

33 

3 

11 ' 


Since the sum of the diagonal products is 64, the correct group is 


14 


2 


11 


3 


As the middle coefficient is —64, the group with the signs 
affixed is 


14 

-11 

2 

-3 


tf.-. 28®«-64»+33-(14x-ll){2aj-3). 
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Example 12« Factorise 12a^+7(E-45. # 

The trials are 


12 

6 

3 

45 

1* 

15 

3 

9 

5 

1 

2 

4 

1 

45 

3 

15 

5 

9 ' 


As the middle coefficient is odd, the numbers* 6, 2 in the L.H. 
quadrants are rejected. 

It will next be noticed that the first and third terms are divisible 
by the prime number 3, so that at least one of the diagonal 
products must contain the factor 3. But the difference of the 
diagonal products is 7, which is not divisible by 3. Hence the 
other diagonal product must not be divisible by 3. Thus the 
factor 3 of the first term and the factor 9 of the last term must 
occur in the same diag<^nal. 

The trials are reduced to 


12 

3 

1 

5 

1 

4 

45 

9 


As the differenci> of the diagonal products is +7, the correct 
grouping, with signs, is 


3 

-5 

4 

9 ' 


12a?+7x-45=(3x-^)(4a;+9). 


Example 13. Factorise 35x+50. 


The trials are 


6 

2 

50 

1 

25 

2 

10 

5 

1 

3 

9 

1 

50 

2 

25 

5 

10 ' 


As the middle coefficient is odd, and the top L.H. quadrant is 
even, the top R.H. quadrant must be odd. 


The trials are reduced to 


6 

2 

1 

25 

5 

1 

3 

50 

2 

10 ' 


It will next be noticed that the constant term is divisible by the 
prime number 5, so that at least one of the diagonal products 
must contain the factor 5. But the sum of the d&gonal products 
is 35, which is divisible by 5. Hence the other diagonal product 
must also contain the factor 5. Thus both R.H. quadrants con- 
tain the factor 5. 


The trials become 

The correct grouping and sign is 


2 --5 

3 r=io 


/. 6a?-35a?+50=(^-5)(3®-10). • 
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1 1^0. The pupil will find the following summarj helpful : 

1. If the middle coefficient is an odd number, then one pair 

of quadrants taken diagonally must contain only odd 
numbers. * (See Example 10.) r 

2. If the middle comment is evdn, then the diagonal products 
are both even or both odd. (See Example 11.) 

3. If the coefficients of the first and last terms contain a 
common prime factor, and the middle term does not 
contain it, this factor must be m the same diagonal. 

(See Example 12.) 

4. If the coefficients of the middle and last terms have a 
common prime factor, this factor must occur in both the 
B.H. quadrants. (See Example 13.) 

6. If the coefficients of the first and middle terms have a 
common prime factor, this factor must occur in both the 
LJS. quadrants. 

The questionstin Exercise 15d, page 234, should now be 
a attempted. 


Literal Coefficients 


111. Example 14. Factorise 15y^+(66^— 3a6)y*— oi®. 
This is a quadratic in 


The trials are 


15 5 

ofi* 

_ 1 _ 

o 62 

b 

ah 

0 6* 

1 3 

1 

06* 

6 

06* 

6* 

ab a 


As the middle coefficient is to be 56®— 3a&, the correct grouping 


and sign is 
Thus, 


5 

—ab 

3 

¥ ' 


the expres8ion=(5y®—a6)(3^4-6®). 


112. Example 15. Factorise 392^— 83asB+38a®. 

As the middle coefficient contains the factor a, the sum of the 
diagonal products must be divisible by a. But since the third 
term is divisible by a, one at least of the diagonal products must 
contain the factor a. Hence both of the diagonal products must 
be divisible bv a. Thus the factor a must occur in each of the 
R.H. quadiaiTO. If this is borne in mind, we can consider the 
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coefEcionts to be 39, —83 and 38 while forming the trials, «»nd 
insert the a after finding the correct gnfiiping. 


The trials are 


39 

IS 

38 

1 

19 

2 

1 

3 

1 

38 

2 

19 


The correct grouping and sign is seen to be 


13 

-19 

3 

-2 ' 


/. 39x2— 83ax+ 38a2= ( 13«— 19a)(3x— 2a). 

We conclude that any quadratio expression which contains a 
letter as a factor of the middle coefficient, and the square of that 
letter as a factor of either the first or third terms, can be more 
readily factorised by oniitting that letter in the trials. 


113. If a quadratic exj«:ession with literal coefficients is to be 
factorised, the choice available in filling the quadrants of the 
cross is usually much more limited than when the quadratic has 
numerical coefficients. 


Example 16. Factorise 

The^first step is to write the expression in the normal order. 
It can be written as a quadratic either in y or in 6. 

Writing the expression as a quadratic in y, 

,y®~6y— 62-{-46-f5. 

The constant term, that is —62+46+5^— (62— 4ft— 5), has only 
one pair of factors, namely, — (ft— 5)(ft+l). 

Thus the trials for the quadratic in y are 


1 

(6-6) 

(6-5)(64 1) 

1 

(6+1) 

1 


The correct grouping and sign is 


1 

5-5 . 

1 

-( 6 + 1 ) 


... y2-62+5-6y+46=(y+ft-5)(y-ft-l). 


Example 17. Factorise 

6(3x-2y)«+(a-5)(3x-2y)-(2a2-13a+21). 
Considering this as a quadratic in (3x— 2y), the coefficients are 
6, (a-5). -(2a2-13a+21). 

The factors of 20 *— 13a+21 are (2a— 7)(a— 3). 
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Thus tho trials are 

6 3 (2a-7), (a-3), (2a-7)(a-3), 1 

1 2 (0-3) (2o-7) ' 1 (2o-7)(o-3) ‘ 

' 3 (2a— 7) 

The correct grouping and sign is • \ 

2i —(a — «3) 

Thus, tho expreasion=[3(3x— 2y)+(2o— 7)][2(3a;— 2y)-(o— 3)] 
= (9 jb— 6y+ 2o— 7)(6a:— iy—a+ 3). 

1 14. The following result is instructive. Consider a quadratic 
expression in which the coefficients of the first term and the 

constant term are both odd. The trials must be 

odd odd 

Hence each diagonal product is odd, and thus both their sum 
and their difference must be even. Thus the middle coefficient 
must be even. Hence we see that a quadratic expression in which 
all three coefficients ^re odd cannot have any integral linear factors. 

The gaestions in Exercise 15e, page 235, should now be 
attempted. 

Exercise 15a 

Factorise : 

1, a?+2x+l. 2. a^+4x+3. 3. a^+3*+2. 

4. *®+6a5+5. 5. 8a:+7. 6. a^— 6x+6. 

7. a?— 14x+13. 8. 9*+18. 9. ai?— x— 2. 

10. a^— 2x— 3. 11. a?— X— 6. 12. x*— 3a5— 10. *' 

13. si^+x—2. 14. x®+2x— 15. 16. a^+12a5— 28. 

16. x®+x— 30. 17. a^+4x+4. 18. a^+7x+6. 

10. x?-7x+12. . 20. a?-x-l2. 21. ai®-16x+66. 

22. a:^— 9x— 22. 23. a?+8x— 33. 24. at?— 36x— 36. 

26. ai»+x-72. 26. a?-l4x+45. 27. x»-12x-45. 

28. a?+10x+9. 29. x?+10x-39. 80. a!*-24x+143. 

31. ^-l“8yH"16. 32. — o**i"12o — 38. 38. c?+13c — 68. 

84. <P-4d-77. 86. -aj«+9x+70. 36. 6»- 196-92. 

87. »n*+22x+21. 88. a!»+17x+66. 89. a?-17o+62. 

40. -p*+19y+42. 41. 6*+66-27. 42. ;p*-2^+102. 

43./»+17/+72. 44. fM?-9«t-112. 45. -A*-A+20. 

46. j»+2j-63i. 47. b*-2c-36. 48. o*+13o+30. 
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49. -a?+18a!+144. 60. -y®+24y-63. 61. <P+3J-40. 

" jj*+15i>-54. 63. m*+16TO+28. 64. 5^-8gr-84. 

Aa_i4A+48. 66. (P+6<?-112. 67. -6*-206-51. 

c2-21c+90. 89. a^+x-156. 60. y*-y-132. 

^»*-22j>+72* 62. 300+13gf-fi». 68.'/*+17/+42. 

65. a*y®— 25xy+24. 66. (o6)*— 7o6— 78. 
»i*na+2m«-143. 68. A*+18*-243. 69. y-sf*+380. 

Pot*+ 5(W»H-49. 71. a?-26®+153. 72. 203-o*-22a. 

c*+25c+126. 74. (oa-)^-20(ax) f 75.76. ff*+22y- 279. 

<lH22<I+67. 77. 276-182- 6®. 78. t®-8(M-81. 

391. 80. «®4-20s+91. 81. 25j'— 5®— 126. 

c*d*+9c(i+20. 


Exercise 15b 


x*+llr*+18. 

60 ®— 8 — a*. 

(a*6»)*-5o®6®-36. 

»’*4 llo*+24o®. 
}i*-12j>*^+27?«. 
(x-2)*-»(®- 2)414. 
-(af^-3)»+4(a!®-3)+12. 
8-(a*)*-7a». 


2. f^-4v®-21. 

4. c*4126®-45. 

8. -V4-3oj^4-28o». 

10. (x4-1)®4-5(x4-1)4-6. 

12. (2®-1)®-2(2x-1)-16. 
14. (®®-2®)®-2(a5»-2*)-3. 


factorise : 


Exercise 15c 


2ai®-i-3<E4-l. 
3®»4-7®4-2. 
2x»-5*-3. 
7®*-34a!-6. 
2aa-7x4-3. 
2a5^— 5x4-3. 
2x^4" 5X— 3. 
7x»4-11®-6. 
6a?4-31®4-6. 
6x*4-13x-6. 
7a?4-15xf 2. 
-9x»4- 13x4-10. 
-8x»- 18x4-6. 
aiabbka— 16 


2. 2x®4-5x4-2. 

6. 5x*4-21x4-4. 
8. 3a?— X— 2. 

11. 3a?-llx-4. 
14. 3a?— 8x4-5. 
17. 6a?-lSSt4-7. 
20. 8a?4-2x— 5. 

28. 6a?4-8x— 4. 
26. 6a?— 6x— 8. 

29. 7a?-24x4-9. 
82. 12a?4- 17x4-6. 
86. 32?4-14x4-11. 
88. lla?-4x-7. 


8. 3j?-4-5x- 42. 
6. 4a?4-12x4 8. 

9. 6a?-4x-l. 

12. fr®-4x-3. 
16. 7a?- 15x4-2. 
18. 4a?-12x4-6. 
21. 4a?4-4®-3. 
24. 9a? 46 ®— 8. 
27. 3a?-llx4-6. 
80. 6a?-ll®-7. 

88. 6a?-19x4-12 
36. 10a?-21®4-9 

89. 8a^-2x-15. 
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40^16a!a+llx-12. 

48. 136«-76-6. 

46. -15<*+26i-8. 

49. ,-6n*-lln-4. 
fiS. -15o*+llo+l4, 

55. 6A*+25A+4. 

58. 6o»-2*-8. 

61. 18+92)- 14p*. 

64. 12-149*-13y. 

67. 6)i®+19h+8. 

70. 21«*+13*-18. 

78. 20<P-13d-15. 

76. 22j^+13y-12. 

79. 24-llj)-28/. 


41. 5^+13y+«. 
44. 10m*— 9»»— 9. 

47. 18c*+7c-8. 

50. 9s*-12s+4. 

58. 2f-15q+lS. 

56. 5x*-19x+12. 

59. 16m— 4m*— 15. 
62. 21«*-16«+3. 

65. 13a?*+18x-16. 

68. Jf:+6-12A:*. 

71. -c-10c*+24. 
74. 9x*+21x+10. 

77. 10a*+13o+4. 

80. 2£*+4^+2. 


42. lla>+24a+4. 

45. 8j)*-l()p+3. 

48. lV+15y-14. 

51. 18d*-13d-ll. 
54. 4y*-17/+15. 

57. -16!r*-14a:+15. 

60. V+21p+10. 

68. 6a*+5a-21. 

66. 46»+ 176+4. 

69. 15tc*-32«>+16. 

72. 12«*-17»+6. 

75. 8w-16«)*+15. 

78. 16x*-30x+9. 


Exercise 15d 


Keeping in mind the sutomary given in § 110, factorise : 

1. 8a?+17x+2. ‘ 2. 10x*+21x+8. 8. 4x*-21xH-20. 

4. 16x»-37*+21. 5.'24x*+5x-14. 6. 4x*+3x-52. 

7. 28x*-45x-7. 8. 40a^*-17x-12. 9. 12x*+32x+21. 

10. 16x»+22x+8. 11. 7x*-24x+20. 12. 49a!?-112x+60. 

18. 24x*+38x-25. 14. 21x*+4x-76, 15. -33x*+10x+8. 

16. 13x»-2x-48. 17. 12x*+19x+4. 18. -llx*-50x-24. 

19. 36x»-61x+20. 20. 35x*-68x-132, 21. 44x*+9x-5. 

22. -25x*+58x-16. 23. -16x*-22x+15. 24. 15x*-33x-48. 

25. 44^+52y+15. 26. 12t*-37<-144. 27. -28m*+68m-39. 

28. 39o*+4a-20. 29. 23A*-87A+64. 80. 32/*+197/+30. 

31. 16a?-49x-60. 82. -75c*+20c+84. 33. 15a^+46x+35. 

84. 18x*-91x+45. 35. -40x*-49x+24. 86. 14+41x~28x*. 

87. 25x»-90x-63, 38. 77x*-18x-72. 89. 9-27x-22x*. 

40. 18a?+33x-121. 41. 28x*-60x+27. 42. 8x»+30x+25. 

43. 23x-7a?-16. , 44. 9+48x*-43x. 

45. 16«*+40-133«. 46. -76x+32+46x*. 

47. 206*-27-126. 48. 16j)*j*+14|pg-147. 

49. -68zY+48a9+81. 50. 28a6-44+57a*6*. 

51. -llmn-28+24m*n*. 52. -5j^-21y*+4. 

58. 35c*-12-8<j‘. 54. 120^-113^-16. 



56. 15a«+29a*+8. 
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67. 19®?+8®‘-15. 68. 34?H 8+33^. 

69. 27(J)*-60(^)*+28. 60. 36i»V-36^>g-55. 

61. 41a*+14-28a«. 62. l4{a!y)*-66!r'y*-25. 

63. 48j-28+55(jy 64. 32 10A‘'+22A. 

65. 175-28a«+225i. 

Exercise 15e 

Factonse : 

1. 3x2+40*4-0^. 2. 4x2+(4+62)®+62. 

3. 5*2— (5j4-j>)x+pgt. 4 . 6ji?+(3n— ^n)x— mn. 

6. 10®2+(56*+2o2)a;+o262. 6. 92/*-(5o+96)y+5ofe. 

7. 14x2+(7o*-6)x-3a2. 8. 42x2-(49o-662)x-7o6*. 

9. -6(iEy)2-(35-4)xy+26 10. 15x«+26®2/+8y«. 

11. 2oa4+(3a— 25)®— 36. 12. — 3p2a4 | (Zji^q-{2)x—2q. 

13. 26y*-(39c+105)y*+166c 14. 60524 (lo-5c)5-4c 

16. ->lly*4 (11— o5c)y2+o5c 16. l(J»n*n*+(2®— 5y)»in— ®y. 

17. 7y2®2-(y»+14)®+2y. 18. -13®2y*-(s+ 390*2^- 34<. 

19. ®**-2®-(«?+6o h 8). 20. ®2-®-o2+3o-2. 

21. 8R- 10(2-45. 22. -12j>*H 25j»+75, 

23. y2_8y-46*+125+J. 24. 12®-36f35®2. 

26. ®*+c®-62+35c-2c*. 26. -48+21(2-8(. 

27. 3(®+y)2+(35+o)(®fy)+o5. 28. y^\ 75y— o2+3o5+1052. 

29. — 5(®+y)2— (6o+35)(®+y)— 0*4 05+26*. 

30. 3y*-362-y-55-2. 

31. 6(®-fo)2+(6— 5c)(®+o)— 262+c2— 5< 

32. 7(®-2o)2-2(25-c)(®-2o)-352+85c-6c2. 



CHAPTER XVI 

Harder Fractions 


115. In order to reduce a fraction to its lowest terms, it is 
necessary to divide numerator and denominator by every factor 
which is common to both, that is, by their H.G.F. 


Example 1. Reduce 


to its lowest terms. 


ISxya 

The H.C.F. of the numerator and denominator is Zafiyz. 
mv 12z®y2®_3j*y*x4arz_4a» 

15ic*^“3x*yKX 5y*~6^‘ 


Example 2. Reduce to its lowest terms. 

, 39a^o®c 

The H.C.F. of the numerator and denominator is 13a&^c. 

™ 13oi»*c_ 13ai>2cxl _ 1 

’ 39o*6®<! l3a6^cx3o6 3ab' 

< ' 

Note, — ^The process of dividing numerator and denominator 
by a common factor is called cancelling ^that factor. When a 
factor is cancelled it gives rise to a factor unity in both numerator 
and denominator. 

To make cancelling easier, the numerator and denominator 
should, if necessary, be factorised. 


Example 8, Simplify — — 

jziumpie o, 25 x 22 - lOxyz 

Factorising the denominator,^ 
the fraction^ 

5xz{5x->2y) 

__ bxzxZxy 
5a»(6»~2y) * 

M .. 

5x— 2y 

After a little practice line (A) may l>e omitted. 
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(A) 


(B) 


Factorising numerator and denominator, 

thefraction=,M?^=M. 

^7oi(5o6-c*) 

^ 2^— 3flc 

5a6--c** 

Example 5. Simplify 

(a+26)(3a-l)-(6-l)(aH-26) 

(6-3a)(a6-2) 

Factorising the nuiherator, 

a.eJr«=«o« 

(6— 3a)(a6~2) 

_(a4-26)(3a-l-6+l) 

(6-3a)(a6~2) 

_(a+2i)(3a~6) 

■(6-3a)(a6-2) ’ • * 

__ (a+26)(3a-6) 

-(3a-5)(a6-2) 

_ (a+26) 

A(a6-2) 

_ a+26 
2— aft’ 

With a little practice line (A) may be omitted. 

In line (B) it will be seen that the factor (6— 3a) in the 
* denominator can be written as —(3a— 5), thus malmg it possible 
to cancel. 

In the same way the student should notice that 

1 1 * -1 1 
TZi* -(x-iy ^ 
are all equal. 

2a— 3 6_ ^2a—3b 
3y— a? x—Sy* 


and — 


®-7 


Similarly, 
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Ezam^ 6. Reduce 


a?b-dU^ 

a»-6* 


to its lowest tenns. 


Eaotoiising numfiator and denominator, 

the fraction =- — ^ 

- (o-6)(o®+a6+62) 

_ a6(ffl+6)(o— 6) 

(a— 6)(o*+a6+6*) 

_ o6(a+6) 

a®+o6+6^‘ 


Example 7. Simplify 


3a^i+7a;-6 

6x*+ll®-10' 


The fraction 


(3x— 2)(x+3) 
(3a:-2)(2a:+5) 
x+3 
2xT5* 


Example 8. Simplify 


The fraction 


IGa^-Sly* 

(2x-3y)(203^+333^f-27y*y 

(4: r‘+V)(4xg-Vy 

(2x— 3y)(4x®+ 9y®)(5®*— 3y®) 
(4x^+ V)(2x+3y)(2x-3y) 
(2x— 3y)(4a^+9i^){5a^— 3^) 
2j+3y 
5x*— 3y®" 


The questions in Exercise 16a, page 845, should now he 
atteiftpted. 


Multiplying and Dividing Fractions 

116. Example 9. Simplify 

a^+ox ^xz— 2yz_j_xz 
ay— 2y® xtf+ay ' 
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Remembering that to divide by a fraction we can multiplj* by 
the fractiqn inverted, * 


the expression ^ 


_ 3?-\-ax ^ xz-2yz ^ y^ 
xy—2y^ xy+ay xz 
_ a;(a;+o) ^ g(g-2y) ^ y» 
y(®-2y) y(x+o) xz 


-y- 


Example 10. Simplify 

27a«-8a ^ 6g-l . 3a«-2a 
6a*+5o— 1 §S^+6o+4 a+1 

The expression 

27o^ — 80 60 — 1 oH-1 

. 6a*+5a— 1 9o*+6aH 4 3o®— 2o 

_ a(27o*— 8) ^ 6a— 1 ^ a+1 
. (6a-l)(a+l) 9o^+6a+4 a(3a-2) * 

. _o(3a— 2)(9o*+6a+4),^ 6a-l ^ ^ a+1 . . . 

(6a-l)(a+l) 9a*+6a+4 o{3a-2) ’ ‘ ' ' 

=1. - 

Notice carefully th^t as all the factors that occur in line (A) 
cancel, the fraction becomes that is 1, and not zero. 

The qaestiODS in Exercise 16b, page 246, should now be 
attempted. 


Adding and Subtracting Fractions 

• 

117, In Part I, Chapter VIII, we worked through some simple 
examples on the addition and sulbtraction of fractions. We now 
take some more difficult examples. 

Method 1. When the denominators cannot be factorised. 

Example 11. Simplify -i-— 

The L.C.M. of the denominators is (a?- I)(a5— 3)(«H-2). 
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ISie expression 

_ 4(x— 3)(a!+ 2)— 5(a;— l)(a!+ 2)+ 3(a!— l)(x— 8) 

(®— l)(a5— 3)(a:+2) 

_ 4(0!^— *— 6)— 5(a?+ X— 2)+ 3i|[x*— 4x+ 3) 

(x— l)(x— 3)(x+2) 

_4x2-4x-24-5xa-5x+10+3r>- 12x+ 9 
(x-l)(x-3)(x+2) 

2x*— 21x— 5 
(x-l)(x-3)(x+2)’ 

Ibfhod 2. By writing each fraction as a mixed fraction. 
(See § 40.) 

Example 12. Simplify 6a-5_2a+3_3o-l 

The expression * 

_ 3(2a-3)+4 2(g+2)-l (3a+2)-3 
2g“3 g+2 3g-f 2 

=3 4- ^ —2+ ^ 1 I ^ 

^2a— 3 a+2 3a-f2 

- 4 1 3 

2a — 3 a’l”2 3a“l“2 

_4(a+2)(3a+2)+(2a-3)(3a+2)+3(2o-3)(a+2) 

(2a-3)(o+2)(3a+2) 

_12o*+32o+ 16+6a*-5a-6+6o2+3a-18 
• “ ‘ (2o-3)(a+2)(3a+2) 

24oa+30a-8 

”(2o-3)(o+2)(3o+2)* 

Hettiod 3. When the denominators can be factorised. 

eudk. i»._Simpi% 
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The expression 

The L.C.M. of the denominators is (5x4-l)(^— 5)(4a>— 3). 
Denoting this by D, 


the expression 


5(4x-3) ( 4(2a:-5) 
D 


20x— 15+8x— 20 
D 


28a;-35 

(3a;+l)(2®-5)(4a!-3)* 


Example 14. Simplify 

3 4 1 

6aS-5o6-66* 14o*- 19a6-36*’*’21o*+ 17o6+26*' 

The expression 

_ 3 4 > 1 

(2a-36)(3a-h26) (2a-36)(7a+6)'' (3o+26)(7o+6)‘ 

The L.C.M.’of the denominators is (2o— 36)(3o+26)(7o+6). 
Denoting this by D, 

*_3(7a+6)-4(3a+26)+(2o-36) 

D 


tihe expression 


21n4“3h*“ 12n — 8h4“2o“3h 

= z> 

110-86 

“(2a-36)(3o+26)(7o+6)' 


Example 15. Simplify 


2a;- 3y 2a;-y 2y(2g-y) 

a;*— afy’^a?— 3a^+2y* a?— 3a?y+2a;y** 


The expression 


2a;— 3y 2a!— y 4ay— 2y^ 

»(»-y)^(»-y)(*-2y) a;(a;-y)(»-2y)‘ 


The L.G.M. of the denominators is a;(x— y)(x— 2y). 
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denoting this bj D, 

_2i^— 7®y+6]y®+2a^— SBy— 4xy4 2^ 
__ 

_ A.3?— 12*y+ 8y®_ 4(a?— 3a;^+ 2^) 

F 5 


4(a;-y)(g-2y) ^4 
x(®-y)(a!-2y) * 


Example 16. Simplify 

1 1 6x-7 1 

2(l-j:r2-x 4(r*-ar+2) (4-2x)*’ 

In finding the L.C.M. of these denominators, the following 
points are important : 

(l-a:)=-(z-l). 

(2-a;)=-(®-2). 

!r*-3i+2=(®-l)(x-2), 

(4- 2x)*= [2(2 -x)]2= 4(2-®)*- 4(®- 2)*. 

The expression may therefore be written : 

1 1 6»-7 1 ^ 

2(x-l) a;-2"^4(a:-l)(a;~2)^ 4(x-2)2* 

The L.C.M. of the denominators is 4(»— l)(x— 2)*. 

Denoting this by D, 
the expression 

_-2(x-2)2-4(x-l)(x-2)+(6x-7)(a;-2)-(x-l) 

D 

_ — 2(a^— 4a5+ 4) - 3x+ 2)+ 19a;+ 14— «+ 1 

: i) 

2x^+8®— 8—4®*+ 12®— 8+6®^— 19®+14—®+l 

^ 

-1 

“4(®-l)(®-2)»‘ 

4d*+9_4(P-9 

Example 17. Simplify ^d+T^d^^' 

2J=3 25+3 
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The nmneTatoi 


(4tF*+9)*-(4(J!»-9)* 

(4<P-9)(4<i*+9)* 

16i«+72(P+81-(16i*-72<P+81) 

(4(i*-9)(4i*+9) 

144<i» 

(4d2-9)(4d‘-'+9)‘ 


The denominator 


(2d+3)*-(2i-3)® 
(2d-3)(2d+3) ■ 

4d^+ 12d+ 9- (id®- ] 2d+9) 
(2d-3)(2d+3) 

24d 

(2(i-3)(2d+3)’ 


(A) 


(B) 


Hence the fraction^ 


144d® 24d 

(■y®-9)(4d®+9) ■ (2d-3)(2d+3) 


144d® ^(2d-3)(2d+3) 

(4d®-9)(4<f*+9) * 24d 


144d2 ^(2d-3)(2d+3) 

(2d+3)(2d-3)(4<i®+9) 2id 


4d-*+9" 


Note. — The numerators in lines (A) and (B) could be factorised 
as the difference of two squares. 


Substitution 

118. We have previously used the method of substitution to 
check the accuracy of algebraic* working. We now take an 
example of the same check in the simplification of fractions. 

Example 18. Simplify 

and check the result hj the substitution a— 1, 6— 3.# 
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^The expression 

^ /2a6— a5— oN 26 V / g^--2a6H-o6 \ 

\ a(a+6) / \ 6— 2a / \ a+6 / ' \ b(a—2b) / 

o6— y K/ 6— q \_/ g~6 V / \ * 

la(a+6)/ ’ \6— 2a/ \a+5/ * \6(a— 25)/ 

te- 5(<>^5) 5 -2a a--5 6(a— 26) ■ ^ . v 

a(a+fej 6— a”'a+6^ a(a— 6) ^ 

6(ft-2a) 6(a-26) 

a(a+6) a(a+b) 

y+2a6— o6-l-2y a5-f-y 
a(a+b) “■ a(a+6) 

_ 6(a+6) 5 
a(a+6)'“a* 

Substituting a=i, i=3, the original expression becomes 

II 1 Wi 1 ^ 

\l+3 l/'V 3-2x1/ \ 1+3/ ^3 1-2x3/ 

3 

Substituting a^l, 6a3 in the answer we obtain |»3. 

Vote. — The denominator (6— a) which occurs in line (A) can 
be rewritten as —(a— 6), thus allowing the factor (a— 6) to be 
cancelled. 

We may be required to substitute algebraic quantities. 

Example 19. Substitute x=»a+l and in the expression 

/l-y_l-xY. ■ (l-g)(l-y) l 
Vl+y l+*/ \ ^(l+*)(l+y)/’ 

and find its y<rdae. 
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The expression 

_ /l-(a-l)_l-(a+l)K r j {l-(o+l)}{l-(a-l)}-| 

U+(o-l) l+(o+l)/ • L {l+(o+l)}{l+(a-l)}J 

_f 2-a . f, (-a)(2-a) ^ 

\ o 2 + 0 / • \ ^ ( 2 +o)(a) / 

_ r (2--a)(2-fa)+a^ ^ . r a(2+a)-“g(2— a) \ 

\ a(2+a) J * I a(2+a) J 

_ 4—a^+q^ ^ 2a-fa^~2a+o^ 

I a(2+a) ‘ o(2+o) 

_ 4 ^ 2q^ _ 4 ^ o(2+q) 

a(2+a) ■ a(2+a) a(2+a) 2a^ 



The anestioxui in Exercise 16o» page 249» should now be 
attempted. 


Exercise 16 ai. 


Reduce to the lowest terms : 


- 4xV 

6xj^- 
A 2Z®n 



6. 


Sa^’ 

oW 

2^- 


7. 

10 . 


13. 


18a*& 
606 * 

2a!V 

42n»*n* 
BlnAi ' 


24o*a!V 

8^* 

36o*6»c 

42oW‘ 


22 . 


lOcx 

Oocz f 15cx’ 


« 8c»d 
** 2c«d' 
5o*6c* 


14. 


17. 


20 . 

23. 


27!eVa:» 

3i*ys^’ 

13p»g» 

llj>*5** 

48a4***‘ 

o*®* 

2ox^— o*a^’ 


14o*fi* 


’• 21555- 


6. 

9. 


io®V 

12®V’ 

Imht 

m*n’ 


12 . 


39p»9« 

13p»g»' 


16. 

18. 


10a*6*c 

67o6»c*- 

22c»d* 

335»c*rf«- 


16m*w®^ 

40»nn^- 


24. 


a*+o6 
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^ o*-2a6 
06-26*' 

^ 4o*-2o 
**• 6a*-3' 

a, bc^-bd? 
oxc®— oxcP* 

^ 8x*-2^ 

2x»-iy' 

»7-o^- 

2bc-{-b 

^ c*+2c-15 
c*+8c— 33' 
15o*+46o6+356* 
60+106 

46.^. 

c*-d* 

AO «6*+a«® 
6»-6c+c*' 

6x*-13®*-5 
91*- 1 ' 

8a*+2<x— 2 
2a2 h3a-2’ 

a — L9 • 

a®— cr 


AO a^+9i» 

• 3aH27S2’ 

og*-36a!* 

2ax—6bx* 

82. . 

mM-mnP 

86 

a«-9xy*' 

5o*6+10o6 
0*6+06- 26' 

41 

12w^H-19m+4‘ 

x^+2ax+a® 

Si^+lax+a^’ 

sn a^~2a6+6® 

Y* “ a3-~6a • 

4a^x2-f2ax+l 

63. 

6sc*+14a:— 3 
!E»+3x*-ar-3' 

o«+2o»x»+*« 

OJI. z — “5 • 

a®— X® 


w. ^ 

ayS-y3 

80. y. 

• 3ax— 4a^ 

38.?^® 

wa+m 

(20+36)* 

*®* 4o*-96»* 

2a:y-2' 

^ 9z*-4 

12x^+5x— 2’ 

^ w^w-— 3 wwH-2 
4m^— 8m 

4S 

13a:*-2®-48' 

g- «t*— 4w* 

29 i*n— 4n*' 

e>i 4P-1 
2-21-12P' 

z*— 3z*+g— 3 
’ »*— 3®*— 2x+6’ 



Exercise 16b 


Simplify : 

« 


1 

»y 6* ' 

_ 2z»y^ c*(P 
c®(i 6xy®’ 

- 3»in 4j9»y» 
2p^gr 6m®w®’ 

^ 6a!V..3o»6* 
9o*6»' 2z*j/»' 

K 4m® 5c® 

J6^ m®n' 

y 

e 6 o» 6 oy 
14p®^ a®6* 

, 3oz» 2o6 

A ] 2m®w® 

9n»6 


6*y 6xV' 

26m®* 



HARDER FRACTIONS 


247 


7aa^^ 14a®* 

•• 3V'W 

Sab 6o®*^10a* 

’ 2a^^36®y‘ j(? 

6y a®*‘' y 

16. 

\cy d^J \cdy xJ 

17. ^xty^, 
x—y 3*® 

-- a^-a® a*+* 

g- 2*®— 8^*— 2 

raj® ■ r+M' 

c®«J®-16^6o®+o 
25a»-a 2cd-\ 8‘ 

^15 ‘m®— n^«i®n— n® 

2a=^’ 

^ o®+2a6+6®^ 1 

45fa " A ^ A ^ « • 

a^+6® a+6 * 

A| c^4“C _,_c®+10o+9 
c®-7c+i2' 2c®-6c ' 

«9 j/®-2y-8^y®-7y+12 
’»• T^Fe^ y*-i6 • 

g— 12 x^—Sx+lS 
3a5*— 27 9x+20* 

27-y» ^ 3y«-4y-4 
’"•6+7y-3y* y*-4 ' 

^ 8c»+l ^4c®-2c+l 

10t?+3o-l ■ 25c®-l ■ 


13i®c*^39*j* 
lla«6» ■ 3a»6»‘ 

/21tPo^7<i®<!*\^2a6® 

\4a®6® ' Sdb) (i* ' 

(? /6c®^c®6®\ 6* 
d® \o®d ' o®d®/ d** 

o ^ *®+*y 
x+y o® 

6c® , 4a®— 96 

20— 36 4ac+66c* 

*®— 25^a— 6 
*+5' 

1- 9o®^ar®+*® 

6a+2 ■ 2*®-2' 

6— o^d®— c® 
c^ 

21- 3*.*®- 49 

*f7 (*+7)®’ 

o®_6®^o®-2a6+6® 
o6+6®’ o®-a6 ’ 

*®+4*+3 *®— 4*4-4 
**— 5*-l-6^ *®— 1 

a?-f 10*-f- 16_^ j®4- 16*®-)- 28* 
*®4-3*— 40 ’ **4-13*— 14 ’ 

6®-45-5^ 6»4-1 
6®-25 ’6*4-46-5' 

4o®-)-3o— 1^4a®4-4o4-l 
3 o®4-5o 4-2 ■ 6a*4-7a4-2’ 

6**-f-®-12.^ **4-3*4-2 
44-*-3*® 2**4-7*4-6' 

2— 16*4-7*®^ 2*— 14a? 
4-8*H-3** ■ F®** ‘ 
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41 y*-125y ^ 4y-2 6-19d+15(P ^ 36-dg 

j^+5y+25 2^— lly+5‘ * 6d*— 33d+18 d*+6d' 

^ 5g*-l 9x^—1 g^— 2g— 15 

6i^+*— 1 3i^— 14®— 5 5»*+16®+3* 

„ 14®®+19®-3^25a?*-4^ x-h? 

* 5®»-7®+2 7®-l (2®+3)(5®+2)' 

« a*— 6* ^8a®+6®^o \-b 

2o2-a6-6* oH** ■ T" ■ 

^ X®— 83^ ^2x®+5®y— 3^^2®®— 5®y+2^ 

a*+2®y— 3y*^ ®®+2®t/4 4^ ’ 4®®— 3®y— ^ 

.« 2o*-7a6+36®^/6a®+a6-26*^3a*+2al!»\ 
o*-3o6+96* ■\‘2a®+546» ' o®-9Z^ A 

-o c®+2c*d+cd®^6c®+5cd-4d®. 2c®-3rd+d® 

* 27c»+64d® 3c®4-6cdH-3d® ' 9c®-12cd+16d2' 

^ 4m®— 9n®^/4>n— 6« 2m+3n\ 

3m®n® ‘ \ mn / 6m® / 

^ 16a*— 1 . /4a®H-a^2a-t-l'\ 

2^^^\“®~^“45~y- 


51. 


g*+®V4-y* ^ x+y 
a^+y® ®®— y®' 


52. 


^+ 2 )®-^^ (z+®)®-y® ^ yx+y^-yz 
T^+yz+yx (®+y)®— z® y+2— ® 


__ / o®+2o 64-6®— c® . g+b+ cN (o— c)®— t® 
\o®+6*— c®— 2o6 ’ 0—6+0/ 0+6— c 


(®+2y)® ^ 2a^— 3®y-2 y®^(2®+y)® 

4a^— 2®y+y® 3®®— 12y® 8®®+y*’ 

uu aH^—ad? ai^—abd+ad^^ab—b+ad—d 

®®- "6®+^"'' — — 55 


56 


9-(®+3)« ^ ®*+4y* ^ 


x—xy 


a?— 2®y+2y* ®*+6®® ®®+2afy+2y®* 
gjj ^3a^+16®y+5 . ®®y+6® ^^ 9ii ^— 3®y+ 1 


*®y 
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Exercise 16cr 


1 . 


6 . 

7. 


Simplify : 

J 1 2* 

x—i x+1 

J___l 1 _ 

* a— 1 X— 2 3i— 2" 
1 


J_+_L 

X+1 X— 1 
X g— 1 2 

a?— 1 x—2 3— X* 


2 -L+J.-® 

* a+2 a-3 x 

4. 2 ._3__A-. 

i+3 a— 2 a+1' 

a 2 3 6a 

a-1 a+l'*‘I=5?- 

3 4 1 


8 . 


2a+3 3a— 1 6a— 3* 


9. ^ 

3x4-1 « -3 2x-l 

X— 3 X— 1 X— 4‘ 

-- X4-2 x-1 2x 

-rt 4x4-3 3x+l X— 3 

xTI a;+2 i=l* 

* 2x4-1 gJ-'2 X— 4* 

13 ^ ^ 

14 '6 + 7_. 

2a*+a-l ar«-a-2 

8-2a-a* a*+a-12 

16 ^ ® 

19 ^ ^ 

ar®+5a+6 8+2a-a» 

a?^2xy+y^ x®— j/* 

17 2<* 1 1 

18 ® ^ ^ 

a*-a*^a-o' 

a+1 a(a-l) a(a+l) 

20-6 26* 

20 *='+3-+ 3(*+l) 

0-6 ^6*-o*' 

a*-3a+2 a*-a-2 

9 t 2a*— a j a , a 


^+5a-3‘^a*-7a+12 4- 

X 

12a-25 ,1,1 

^ 1 

8(2a*-9a+10) 5-2a 4(2- 

-a) (10-4a)** 


26 ^ ^ _L ^ 

2(xH-l) 2(x?+iri-x** 

AljaS]IRA->17 



CHAPTER XVn 

The Remainder Theorem 
Functional Notation 

119, Expressions such as 7a;+4 or aa;®— 2ca2-f 3&c— 8, in 
which no terms contain square roots or other roots, and all the 
powers of the unknown are positive integers, are called rationid 
integral functions of the unknown. 

In this chapter we shall deal with rational integral functions 
only. A function of a: is often denoted briefly by a symbol such 
as/(») or F(x). (See § 75.) 

Thus we may condense our work by saying : 
let /(a;)=3a:2— 7a;+4:, 

or, let ^ F{x)—aa?—2cji?^ 36x— 8. 

Then/(y) means that y is written in the place of x in the fimction 
by which /(sc) has been (Refined. 

Thus, /(y)=32^-r7y+4. 

Similarly, /(2)=3(2)2-7(2) f 4, 

and F(-3)=a(-3)3~2c(-3)2+3fc(-3)-8. 

j 

The Factor Theorem 

120. We know that the product of a series of numbers will 
be zero if one of these numbers is zero, no matter what the other 
numbers may be, e.g. (5)x(— 7)x(0)x(6)=0. 

Conversely, if the product of a series of numbers is zero, then 
at least one of these numbers must be zero. 

Similarly, the product (a;— 3)(3a:--5)(2a?H-3) cannot be zero 
unless at least one of the factors be zero. 

If the first factor a;— 3 is zero, x=3. 

If the second factor 3a;--5 is zero, aj=|. 

If the third factor 2a;H-3 is zero, a;=--f . 

Now (a;-3)(3a;-5)(2x+3)=6x»~19a^-12a:+45. 

Hence we learn that the expression 6x®— 19a5®— 12a5+45 becomes 
zero if a; be given any of the values 3, | or — f , but for no other 
values of x. ^ 

250 



THE REMAINDER THEOREM 


251 


Couverscly, if the substitution aj=3, that is (x— 3)=0, inalfcs 
the expression lOjc®— 12a5+45 equal to zero, then we may 
assume that the expression contains the factor (27—3). 

Now substituting x=3, , 

6i:®-19:^-12x+45=6(3)3- 19(3)2- 12(3)+45 
=6(27)-19(9)-12(3)+45 
*162-171-36+45=0. 

Thus we conclude that (a;— 3) is a factor. Similarly, if 
6a;2— I9a;2— I2x-| 45 is also zero for the substitutions and 
x=—§y then it contains the additional factors (3 jc— 5) and (2x+3). 

Generally, if an expression is zeio when a substitution 
(say) is made, the expression must contain a factor which is zero 
when x=i7, that is, it bontains the factor (a^— n). This result is 
usually known as the Factor Theorem. 

A proof of this result is given later in § 122. 

121. Consider the expressioji ir"*— 7ur l-14x— 8. 

If we substitute j;=-l, the expression bec'omes 
(1)2-7(1)2+ 14(1) - 8=1 -7 14 -8=0. 

•Heftce the expression contains the factor (j*— 1). 

If wo substitute 35=2, the expression becomes 

t2)®-7(2)2+14(2)-8=8-7(4)+14(2)-8 

-8-28+28-8=0. 

Hence the expressioii contains the factor (-r— 2). 

If wo substitute 4, the exj)ression becomes 

(4)3-7(4)2+14(4)-8=64-7(16)+14(4)-8 

=64-112+56-8=0. 

Hence the expression contains the factor (x— 4). 

When the three factors obtained are multiplied out, the first 
term is Hence the original cubic expression contains no 
other factors. 

Thus, 

Example 1. Show that (a?— 2), {j 5— 5), (a;+3) and (a;+4) are 
factors of 27ic^— 14»+ 120. 

For brevity we shall denote the expression 27a!^— 14aj+120 
hyf(jr). 

Now /(2)=(2)«-27(2)2-14(2)+120=16-27(4)-14(2)+120 

= 16-108-2^+120=0. 
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JIence/(a:) contains the factor (®— 2). 

Also, }(5)=(6)«-27(5)*‘-14(5)+120-625- 27(25)-14(5)+120 

=625-675-70+120=0. 

Hence /(a?) contains the factor (x—5). 

Also, 

/(-3)=(-3)^-27(-3)2-14(-3)4-120=81-27(9)+14(3)+120 

=81-243+42+120=0. 

Hence/(a:) contains the factor [®— (— 3)], that is the factor (x+3). 
Also 

/(-4)=(-4)'»-27(-4)2-14(-4)+120=256-27(16)+14(4)+120 

=256-432+56+120=0. 

Hence/(x) contains the factor that is the factor (x+4). 

The questions in Exercise 17a, page 262, should now be 
attempted. 


Proof of GCemainder and Factor Theorems 
« 

122. When a function of x, F(x) say, is divided by the* linear 
expression ox+b, the division can be continued until a remainder, 
R say, is obtained which does not contain x. ** 

If the quotient obtained by this division is Q(x), then 

J(x)=(ax+6)Q(x)+fl: . . . (1) 

[Compare in arithmetic : 

7)25(3 

?L 

4 25=7x3+4.] 


The statement in line (1) is true whatever value x may have. 

• ^ 

If we give x the value which makes ax+6=0, that is, if x= — , 

•• a 

line (1) becomes : / / h\ 

l'(-5)-0x«(J)+S ... (2) 


The R in line (2) is the same as in line (1), since it does not 
contain x. 


Thus, 



R. 
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Thus, if F(x) is divided by ax+b until a remainder in 
obtained which does not contain jt, then the remainder is equal 

to ^ value of the functioi\ when ajr+ib=0« 


This result is known as th^ Remainder Theorem. 

If it is found that remainder obtained 


when F(x) is divided by az-\-b is zero, then ax-^ 6 is a factor of 
F(x). This is another statement of the Factor Theorem. 


By putting a~ 1, and in the above results we obtain : 

(1) When F(x) is divided by x—n the remainder is F{n), 

(2) If iF(/i)=0, then x—n is a factor of F(x). 


Example 2. Without division find the remainder when 
2a:*- 5 j:*+2x+5 is divided by x— 3. 

By the remainder theorem, the remainder is the value the 
expression assumes when x— 3=0, i.e. when x^3. 

Thus, the remainder=2(3)*— 5(3)*+2(3)*f 5 
=2(27)-5(9)+2(3)+5 
=54-45+6+5=20. 

The pupil should verify this result by actual division. 


Example 3. What number must be subtracted from 
7x®— 9x*— 8x+6 to make it divisible by x- 2 without remainder ? 

Denote the expression by /(x). Then the remainder when/(x) 
is divided by x— 2 is/(2), 

/(2)=7(2)*-9(2)2-8(2)+6 

=7(8)-9(4)-8(2)+6 

=56-36-16+6=10. 

Thus 10 must be subtracted from/(x) to leave no remainder on 
division by (x— 2). 

The pupil should verify that (x--2) divides exactly into 
/(x)— 10, that is into 7x*— 9x*— 8x— 4. 

The questions in Exercise 17b, page 263, should now be 
attempted. 
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Choosuig the Substitutions 

123, Example ^ Factorise ar*— 4 a: 2 ^, 2 . 4.5 
Denote the expression a?— 4a;^-f a+6 by/(a;). 

If/(x) can be factorised, then the product of the constant terms 
in the factors gives the constant term in/(x). Hence the constant 
terms in the factors to he found must he factors of the constant 
term in /(jr), which in this example is 6. 

Thus the only substitutions we need try are : 

d-S, rh3, or ±6. 
/(l)=(l)«-4(l)M-(l)+6^4. 

Sinco/(l) is not zero, (x—l) is not a factor of/(a;). 

/(-l)=(-l)3-4(-l)H(-l)+6=0. 

Since /(—I) is zero, (a5+l) is a factor of /(a;). 

/(2)=(2)3-4(2)2+(2)4-6=0. 

Since/(2) is zero, (a;~2) is a factor olf{x), * 

/(-.2)H-2)®-4{-2)2+(-2)+6=-20. 

Since/(— 2) is not zero, (a;4-2) is not a factor of^j[a-). 

/(3)=(3)»-4(3)2-f(3)+6=0. 

Since/(3) is zero, (a;— 3) is a factor of/(p;l. 

Since f{x) is of the third degree, and we have found three 
factors, there are no further factors. 

Thus, a?—ia?+ a;-f 6= (a;4- l)(x— 2)(x— 3) . 

Note. — ^The degree of an expression is not altered by a numerical 
factor. Hence in addition to the three factors found, f(x) might 
have a numerigal factor. It will be seen, however, that as the 
product of the three factors commences with the term a;®, and 
f{x) also commences with thep term a^, the numerical factor is 
unity. 

124. Example 5. Factorise 2a:®— 3a;^— 2x+3. 

Denote the expression hyf{x), 

Iif(x) can be factorised, then the product of the coefficients of 
X in the factors gives the coefficient of the highest power of 
X infix). 
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Hence the coefficients of jit in the factors to be found must-be 
^tors of the coefficient of the highest fiower of ;r in f{x\ which 
in this example is 2. 

Thus the factoro must have either a; or 2a; as their first terms. 

The constant terms in the factors must be ±1 or ±3. 

Thus the only substitutions we need try are 

4:1, ±3, ii, ±2. 

/(i)-2(i)3-3(i)2-2(J)+3=l|. 

Since/(J) is not zero, (2 j;-- 1) is not a factor. 

jr(-i)=2(-i)3-3(~4)2~2(-4)4-3=3. 

Since /(—^) is not zero, (2a5+l) is not a factor. 

/(1)=2(JL)8-3(1)2-2(1)4-3=0. 

Since/(1) is zero, (x— 1) is a factor. 

/(-1)=2(-1)3-3(-1)2~2(-1)+3-0. 

Since /(—I) is zero, (x+1) is a factor. 

/(i)=2(i)3-3(t)2-2{e)+3==0. 

Since /( 2) is zero, (2x~3) is a factor. 

Since/(x) is of the third degree and weJiave found three factors, 
there are no further factors. 

Hence 2a;®— 3x^— 2x+ 3= (x— l)(x4' l)(2x— 3). 

Note. — ^As explained in the previous example, there may be an 
additional numerical factor. It will be seen, however, that as 
the product of the three factors found begins with the term 
xxxx2x, that is 2x®, and /(x) begins with the term 2x®, the 
numerical factor is unity. 


The Final Factor 

125. Example 6. Factorise 6x*— 23x®— 45x®-t-194:X— 120. 
Denote the expression by/(x). 

/(1)=6(1)^- 23(1)3-45(1)24- l94(l)-120=12. 
/(-1)=6(-1)^-23(-1)3-45(-1)24-194(-1)-120^ — 330. 

/(2)=:6(2)^-23(2)*-45(2)24-194(2)-120=0. 
/(-2)=6(-2)^-23(-2)3-45(-2)24-194(-2)-120 — 408. 

/(3)=6(3)^-23(3)3-45(3)24-194(3)- 120—78. 
/(-3)=6(-3)^-23(-3)3-45(-3)a4-194(-3)-120«.0. 
/(4)=6(4)^-23(4)3-45(4)24-194(4)-120»0. . 



ALGEBRA 


JSence three factors off(x) are (a?— 2), {x+3), (a:— 4). 

ABf{x) is of the fourth degree, it contains one more linear 
factor. The first term of this factor when multiplied by xxxxx 
must give the first term of /(a;), which is 6a;^. IQ^ence the required 
first term is 6x. The constant term pf this factor when multiplied 
by (— 2)x(3)x(— 4) must give the constant term in /(a;), which 
is —120. TIence the required constant term is —5. Thus the 
required factor is (6x— 5). This can be verified by making the 
substitution x=i in f{x). The student should verify that/( 

Thus, 6x*-23x»-45a?+194a;-120=(x-2)(a;+3)(x-4)(6x-5). 

Note.— When all the factors of an expression, with the exception 
of one linear factor, have been found, that linear factor can always 
be obtained by the method adopted in the above example. 


126. Example 7. Factorise 6x®— 19x^— 36x®+llla5^-f58x— 120. 
Denote the expression by /(a;). 


/(1)*6(1)®-19(1)4-36(1)»+111(1)H58(1)-120 =0. 

/(^l)«6(-l)«-19(-l)V36(-l)3-i-lll(~l)H58{-l)-120^ — 66. 

/(2)=6(2)5-19(2)^-36(2)Hlll(2)2+58(2)+120 =+40. 

/(-2)=6(-2)«-19(-2)^-36(-2)H111(-2)2+58{-73)-120=0. 
/(3)=:6(3)5-19(3)^-36(3)»+111(3)2+58(3)-120 =0. 

Hence three factors o{f{x) are (a?— 1), (aff 2) and (x— 3). 

If the product of these factors be divided into/(x), the quotient 
will contain the remaining factors of the expression. 

It will be found that (x— l)(x+2)(a5— 3)=x*— 2x*— 5x+6, and 
that/(x)-r (a?— 2x*— 5»+ 6)=6x^— 7x— 20. 

The factors of Gx*— 7x— 20 are given by 3 

(3x+4) and (2x— 5). ^ 

Thus, /(x)=(x-l)(x+2)(x-3)(3x+4)(2x-5), 


4 and are thus 


-5 


Note.— When all but two of the factors of a given eipression have 
been found by the factor theorem, the remaining two can be 
obtained by dividing the expression by the product of those found, 
and factorising the resulting quadratic. 


This procedure is useful when, as in the above example, two 
of the factors would involve fractional substitutions for x. It is 
also necessar]; when an expression contains a repeated factor 
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Buch as («— 3)2, since the application of the factor theorem yill 
show that the expression contains tho factor (x~~3), but cannot 
show that it contains the factor a second time. 

The questioliB in Exercise 17c, page 264, sl^onld now be 
Attempted. 


Contracted Method for Substitution 

127. Show that (a5— 3), (x—5), (a*+5) and (jj+6) are factors 
of the expression 

Making the substitution x=3, let us first eliminate jr*. 

Now X?, when x=3, 

/, x^+3x®~43x2- 75x4-450 -6x®- 43x2- 75x+ 450. 

(When x=3, 6x®= ISx®) - - 25x2-75x4-450. 

(When x=3, —25x2=— 75x) —-150x^4*450. 

(When x=3, -- 150x«-450) =0, 

' *Thu8 when x=3 the expreBsion=0. 

Hence (x-*?) is a factor of the expression. 

This method of working, which avoids a great deal of multi- 
plication, may be set put as follows : 

x^ X® x2 X 

I 3 =43 =75 450 . . (A) 

3 18 -75 -450 . . (B) 

6 -25 -150 0 . . (C) 

We make a column for each power of x, and one for the con- 
stants. In line (A) we write down the coefficients of the terms in 
the given expression. 

x*=3x®. We therefore add 3 Xhnc B) to the coefficient of x®, 
making a total of 6 (line C). 

6x®=18x2. We therefore add 18 (line B) to the coefficient of 
x®, making a total of —25 (line C), 

—25x2=— 75x. We therefore add —75 (line B) to the coefficient 
of X, making a total of —150 (line C). 

— 150x-==— 450. We therefore add —450 (line B) to the constant 
term, making a total of 0 (line C). 




Example 8, Factorise a;®— 20x®— 30a;^+19a;+30. 

The pupil should notice that as there is no term in 7^^ it is 
necessary to insert 0 in the appropriate place. 

Making the substitution : 


1 0 

-20 

-30 

19 

30 

1 

1 

-19 

-49 

-30 

1 

-19 

,-49 

-30 

0 

Thus the remainder is 0, and («— 1) is a 
Making the substitution x=—l: 

factor. 


1 0 

-20 

-30 

19 

30 

-1 

1 

19 

11 

-30 

-1 

-19 

-11 

30 

0 

Thus the tem^inder 

is 0, and (x+1) is a 

factor. 
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Makiug the subntitutiou x=2 : 

1 0 -20 -30 ‘ 19 30 

2 4 -32 -124 -210 

. 2 -16 -62 -105 '' -180 

Thus the lemaindcr is — ifeo, so that (a:— 2) is not a factor. 
Making the substitution a;=—2 : 

1 0 -20 -30 19 30 

-2 4 32 -4 -30 

-2 -16 2 15 0 

Thus the remainder is 0, so that {x-\-2) is a factor. 

Making the substitution x=3 : 

1 0 -20 -30 19 30 

3 9 _33 _189 -510 

3 „ii -63 -170 -480 

Thus the remainder is —480, so that (x— 3) is not a factor. 
Making the substitution x=— 3 : , 

. • 1 0 -20 -30 19 30 

. -3 9 33 -9 -30 

-3 -11 3 10 0 

Thus the remaindci^is 0, and (x+3) is a factor. 

The expression is of the fifth degree, and four factors have been 
found. Therefore the final factor has a constant term : 


(-1)(1)(2)(3) 


(See note, Ex. 6.) 


The final factor is thus (x— 5). 

Hence the expression=(x— l)(x+l)(x+2)(x+3)(x— 5). 


128. Example 9. Find the values of a and b so that the 
expression x*— x®H-ax^+x+5 should be exactly divisible by 
a?— 3x+2. 

Now x^-3x+2=(x-l)(x-2) ; hence the given expression must 
be divisible both by (x— 1) and by (x— 2). Therefore the sub- 
stitutions x^l and x=2 must both make the expression zero. 
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, Making the substitution x=:l: 

(1) ^-(l)»+a(l)*+l+6=0, 

i.e. a+h+l^O • . • (1) 

Making the substitution a;«=2 : • 

(2) ^-(2)3.hu(2)2i-2+6=0, 

i.e. 4a+5+10=^0 . . • (2) 

Solving the equations (1) and (2), we obtain the values 
a=— 3, 6=2. 


Example 10. Find the values of a and 6 in the expression 
—2a?+aa^+bx+l^ if when it is divided by (x+3) the remainder 
22, and when divided by (x-~2) the remainder is —23. 


Let 

f(z)=3^—^3?+(U^+bx+ 1, 

/(-3)=81-2(-27)+9a-36+l 

=136+90-36. 


Hence 

136+90-36=22, 

9o-36 — 114, 



•*. 3o— 6=— 38 a . * . • 

0) 

Also 

/(2)=16-2(8)+4o+26+l 

=4o+26+l. 


Hence 

4o+26+l=-23, 

4o+26=-24, 



2o+6 — 12 

(2) 

Solving equations (1) and (2), we obtain 10, 6=8. 



129. Divisibility of x"— and x^+y^ by x—y and x-hy. 

1. x^—y^ is divisible by x—y for all integral values of n. 

Let 

••• /(y)=y*-y"=o, 

(*— y) is a/actor of y“. 

2 . x"—y" is divisible by x+y lor all even values of a. 

Let /(a:)=a:"-y", 

••• J{-y)H-yT-f 

=y“— y"» if n ia even, 

= 0 . 

, (x+y) is a factor of y", if n is even. 
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3. x^+y" is divisible by x+y for all odd valnes of a. 

Let f{x)=>x^+y’', 

/(-y)=(-y)“+y" ^ 

=— y“+y". if n is odd, . 

= 0 .’ 

(*+y) is a factor of a:" -t-y", if n is odd. 

4. ®"+y* is never divisible by (*— y) 

Let /(x)=a;"+y", 

/(y)=-»*+y’‘=’2y" 

Since /(y) is not zero, (x—y) is not a factor of a:“+y". 

6. a:"+y" is never divisible by {x+y), when n is even. 

Let /(®)=*“+y”» 

/(-y)=(-y)“+y" 

=y”+y", if « is evenj 

.-=2y». 

Since /(— y) is not zero, x-f y is not a factor of when 

n is even. 

The following illustrations of results 1, 2 and 3 should be 
verified by actual division. 

1 . 

x-y 

^~^— 3?+xy+^. 

x—y 

^Z2^=!r®+a?y+a:y*+y®. 

x—y 


2 . 


— -Z-=a:-y. 

®+y 

5^^=x»-aj*y+a^-y*. 

®+y 

a5*y+!ESy*— a^+icy*— y*. 

»+y 
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3.* 


5-i^===ai®— x*y+x^^— 052/®+^. 


The questioiui in Exercise 17d» page 265» should now be 
attempted. 


Exercise 17a 

1. If/(x)=x*— 3x®+7, write down the values of/(a),/(6),/(y). 

2. Find the value of 3x^— x^+l, (a) when x^l, (6) when x=2. 

3. If/(w)=^|n+l|, find the values of/(5),/(100). 

4. If/(x)=x^+x®+x®+l, write down the values of/(— a),/(— y). 

6. What is the vafue of/(— 2) if/(x)=ax2+6xH-c ? 

6. Find the value of x^'+Sx^+^+l, (a) when x«— 1, (6)- when 
x=— 2. 

7* Find the value of/(n+l)— /(n), if/(n)=^(n+l)i 

2 

8. If/(n)=?(n+l)(2n+l), find the valued of/(20),/(-10),/(0). 

9. If/(®)=(x+l)(*— 2), show that/(— 1)=0, and/(2)=0. 

10. If i'(x)=®*— 3aa!®+3o®*— o®, find the values of /(o), /(—a), 
/(-*)• 

11. If /(x)=x(x+l)(x— 1), find the values of /(O), /(—I), 
/(x+l)-/(x-l). 

12. Find the value of 12^— y— 6, (a) when y=|, (b) when f . 

18. If 3x*+4ax+a®=/(x), find t^e values of/^— ?^,/(2), /(—a). 

14. If/(n)»=^(n4-l)(n+2), find the value of/(n)— /(n— 1) ; hence 
find the value of /(lOO)— /(99). 

16. Show that if /(x)«»x^— 6x®+llx— 6, then /(I), /(2) and /(3) 
are each 0. 

16. If/(x)=(2x-l)(x-3)(x-2), show that /(i),/(3),/(2) are each 
equal to Q. What do you infer ? 
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17. Show that/(— 1), /(2), /(— J) are each 0 if /(«)=(iC'f l)(a;~,2) 

(2»+l)- What do you infer ? • * 

18. If/(a;)=6a5®— 25*2+ 3a;H-4, show that /(4),/(— are each 

0. What do TOU infer ? n. 

19. Show that f2a;+l), (x—S), (2a:—3) are Aeach factors of 

4a?— 16a?H- 9x+ 9. • 

20. Show that 2a?+7a?H-7x+2 contains the factors (2x4-1), 
(x+2) and (x4-l). 

21. Show that (x+2j and (3x— 1) are not factors of x®4-3a?4- 3x4-1, 
but that (x+1) is a factor. 

22. Which of the following expressions contains the factor (x— 2) ? 

(а) 3a?4-lla?4-13x4-6. 

(б) 3a?-5x2~4. 

(c)^ 5a?— 2a?4-a?— 3x-f-7. 

23. Is (x— 1) a factor of a?®— 7x-|-6 ? 

24. Is (x4*l) a factor of x^®+lla?4-5x— 7 ? 

25. Show that (x— a) is a factor of 3a?— 2aa?— a^a?. 

26. Show that (x-1-26) is a factor of 2a?— 9i?xH-26®. 

27. Show that 3a?— 10a?— 27x4-10 contains ^he factors (x— 5), 
(x+2) and (3x— 1). Does the expr'ission contain any other 

• factors ? State the reason for your answer. 

28. Factorise a?4-5x4-6, and show that 3a?-l-14a?4-12a?— llx— 6 
contains tife factors of a?4-5x4-6. 

29. Show that 8a?-f 2a?— 33a?— 8x+4 contains a factor of 

2a?— 3x— 2. ^ 

80. Show that a?— 1 contains the factor a?— 1. 


Exercise 17b 

Find the remainder : 

1. When a?+3a?— 2x4-3 is divided by x— 1. 

2. When 2a?— 3a?+3x— 5 is divided by x+2. 

3. When fea?— 12a?4-6x— 3 is divided by 2x— 1. 

4 . When 5a?4'7a?— 8x— 3 is divided by x4-l. 

6. When a?— 3a?+2x— 11 is divided by x— 3. 

6. When 2a?— 5x4-8 is divided by 2x— 3. 

7. When a?-f-3aa?4-3a*x4-a* is divided by x— a. 

8 . When 3a?— 7aa?4-lla®x4-2a® is divided by 3x— a. 

9 . When a?— 2a?64-3x6^— 86* is divided by x— 26. 

10. When 7a?-f 3a?— 2a?— 11 is divided by x+jp. 

11. When a?4-3a?— 4x4-2 is divided by 2x4-y. 
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121^ When x®— a® is divided by x— a. ‘ 

13. When x^-j is divided by x+y. 

14. When 3x^— 2x2^4- 5x^—y® is divided by x+2y. 

15. When ox®— is divided by 2x+a. 

16. What number must be subtracted from 5x®— 2x®+ll to make 
it exactly divisible by x— 1 ? 

17. What number must be added to x®+6x®— 3x®— 8x to make it 
exactly divisible by x+2 ? 

18. Find the value of h in order that 2x®— 6x®— x-f A may be 
exactly divisible by 2xH-l. 

19. Find the value of a if ar®— 3x—2 is to be exactly divisible 
by 3x~2. 

20. Show that 9x®— 43x— 14 is exactly divisible by 3x®H 7x+2. 

21. Show that x®4 fee— 26® divides into x®--36®x®4-26®x® without 
remainder. 

22. If X®— 3x®+4 and x®+x®— 7x+a leave the same remainder 
when divided bj»^ x— 3, find the value of a. 

28. Prove that a+6 must be unity if x®— ax— 6 is exactly divisible 
by X— 1. 

24. Prove that x^+1 is always divisible by x+l, provided w is 
odd, and is never divisible by x— 1. * 

26. Prove that x"— 1 is always divisible by x— 1 and is divisible 
by x+l when n is an even integer. 


Exercise 17c 


Factorise ; 

1. X®— 2x®— x+2. 

3. x^— 6x®+llx— 6. 

5. 0 ?— 2a^— 5x+6. 

7. x®-5x®-4x+20. 

9. x»+3x®-10x-24. 

11. 2x®-7x^-17x+10. 

13. 3x?-x^*-3x+l. 

15. 10x®+3a^-9x-4. 

17. 12a?+67x®+36x+6. 

19. ea?®+7a?-9x®-7x+3. 
a. 14aJ®+37x?-23x®-25x-3. 


2. a!?+3x®— X— 3. 

4. X®— 7x+6. 

6. a!?+3x®— 13x— 15. 

8. x®+4x®+x— 6. 

10. x®+7x®+7x— 16. 

12. 2x®— 9x®+7x+6. 

14. 2x®-x®-22x-24. 

16. 6x®+7x®-16x-12. 

18. 2x®-x®-29x®+34x+24. 

20. 20x®+3x®-82x®-12x®+8x. 
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Fmd one linear factor in each of the following, and find 
remaining factor by division : 


22. 7a?-lCte*-38a:+16. 
24* 2a;^+3a^+8a!-t^l2. 

26. sc»-5®+12. 

28. 435»-8a!*-llx+22. 


23. 3a?-28a;*-24x+ll. 
25. 6x»+24**Jj5ic-20. 

27. 3x»-2x*-aa!+4. 

29. 2®*-*»-4*+2. 


Exercise 17d 

Factorise : 

1. a!*+5x»-13x*-77x-60. 2. 6x*-!r»-83x*-54x+72. 

8. 6x*-6x»-75x*- 109;+24. 4. 9x*+9x»-112x*-4x+48. 

6. 2x®+3x*-10ai»-16x»-f8x+12. 

6. 12*s+8a;*-165a;»-245*a+18x+72. 

7. 12x»-10x*-108x»-46®®+96x+56. 

8. 3a!*-ar«-lli2+4x-4. 9. 2a;*-5a!*+2it»-2a?+6x-2. 

10. a:‘+3x»+4x*+3x+l. 11. 5a!*-3a5»-12»*+13a!-3. 

12. 2**-9®*+6x?+23x*-36x+12. 

18. x®+2r*-a;»-5a!*-4x-l. 14. x»-7xj^-6^. 

15. af-3x*y+3xy‘-j^. 16. x»-t-(2o-l)a?-(2o-a*)x-o*. 

17. 2x*-7:^+6xY+*»®-2j‘. 18. o«-3o»6+4o*fc*-3a6»+6«. 

Use the factor theorem to prove : 

19. (o+6)(6+c)(c+o)a(a+6+c)(6c+(»+o6)— o6c. 

20 . —{b—cYfi—a){a—bJ^ab{a—b)+bc(b—c)+ca{c—a). 

21. If 2a!*— a?+lla!*+ox+6 is to be exactly divisible by 2a:*+5x+2, 
what values must a and 6 have ? 

22. Find a and b in order that 4x*+aa?— 31x*+i>x+18 may be 
exactly divisible by a?— x— 6. 

28. Show that 4ax*+3a*x— 6* is exactly divisible by x+o when 
o®+o5+J^— 0. 

24. The expressions 3x*— oa^— 5x+2 and x?+a?+6x— 5 leave the 
same remainder when divide^ by x+1, but when divided by 
X— 3, the first expression leaves a remainder greater by 16 
than that left by the second. Find a and 6. 


AtOBSaA — 18 



CHAPTER XVIII 
Highest Common Factor 

130. The factor of highest degree which divides exactly into 
a set of expressions is called the highest common factor (H.C.F.) 
of those expressions (see § 88). 

Thus the H.C.F. of 2a^b^c and is a^bc. 

The numerical factor of the H.C.F. is foimd by obtaining the 
H.C.F. of all numerical coefficients of the expressions. 

Example 1. Find the H.C.F. of 27o*a5®^. 

The H.C.F. of 18, 45 and 27 is 9. 

The H.C.F. of and is 

Thus the required H.C.F. is 9aa:^. 

The questions in Excfrdse 18a, page 278, should now be 
attempted. 

H.C.F. by Factorising 

131 • If we have to find the H.C.F. of expressions which can be 
readily factorised, the above process can be applied. 

Example 2. Find the H.C.F. of 180a;*+15x— 90, 302^—65x4-30 
and 90x^4- COx— 80. 

The first step is to remove the common numerical factors of the 
coefficients in each expression, thus ; 

15(12xa-4-x-6), 5(6x2_i3a.+e), 10(9r»4-6x-8). 

The numerical factor of the .H.C.F. required is the H.C.F. of 
15, 5, 10, which is 5. 

The second step is to factorise the remaining portions of the 
expressions, thus : 

(3x-2)(4x4-3), (2x-3)(3x-2), (3x-2)(3x4-4). 

The H.C.F. of these is (3x— 2). 

Hence the H.C.F. of the original expressions is 5(3x— 2), that 
is, 16x— 10. 

266 
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Exam^ 8. Find the H.C.F. of 

12a®6*-12aa6». 45«»69+9o*h‘- bialfi and 16a®6»-15a»6®. 

The expressions may be written . 

12(a®6*— S®6®), 9(5a^fe®+a^6*—6ai®) and 

The numerical factors are 12, 9 and 15, so that the numerical 
factor of the H.C.F. is 3. 

Factorising the remaining portions : 

5a®6®4-a2/)^— Ga^=a6®(5aH a6— 66^)=a6®(tt— 6)(5a+6&). 

The Il.C.F. of these is ah\a—b). 

Thus the H.C.F. of Hihe original expression is 3ai^(a— 6), that is 
3a262-3a5». 

The questions in Exercise 18b, page 274, should now be 
attempted. 

132* Example 4. Find the H.C.F. of 4a5*+Sa;®—4x*+lla?4- 14 and 
(?«-3)(»+2)(2 xH-5). 

The first expression cannot be readily factorised, but as the 
factors of thewsecond expression are given, the only factors which 
can be common to the two arc (2 j— 3), (x+2) and (2xH-5). It 
will be seen that the |^st and last of these will not divide exactly 
into 4 a:^+ 5 a?— 4 a; 2 ^ 1 l 2 ;^ 14 ^ since 14 is divisible neither by 3 
nor 5. 

Making the substitution xs— 2 : 

4 5 -4 11 14 

-8 6 -4 -14 

-3 2 7 0 

We see that the remainder is 0, so that (x-f-2) is a factor of 
the first expression. Thus the H.C.F. is x+2. 

Example 6. Find the H.C.F. of 

36a*— 6a*— 72a* and 40a*— 62a*+4a*— 24a. 

The first expression =6a*(6a*— a— 12)=6a*(2a— 3)(3a+4). 

The second expression^4a(10a*— 13o*+a— 6). 

It will be found that 10a*— 13a*H a— 6 is exactly divisible by 
2a -3, but not by 3a+4. 
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Further, the H.C.F. of 6a* and 4a 'is 2a. 

Hence the H.C.F. the two given expressions is 2a(2a— 3), 
that is 4a*—6a. 

The queetioiii^ in Exercise 18o, page 274, sheold now be 
attempted; 

General Method for H.C.F. 

1 33 • When none of the given expressions can be readily resolved 
into factors, it is still possible to find their H.C.F. by applying 
these two principles : 

(1) If an expression contains a certain factor, any multiple of 
the expression also contains that factor. 

Suppose the expression A contains the factor then g divides 
into A exactly. Suppose the resulting quotient is Q. 

Then .% A=gQ. 

9 

Let m stand for any multiple. 

Then »i%A=‘mgQ^g(mQ), 

This shows that g is also a factor of mA, 

Thus, in arithmetic, 6 is a factor of 18, 

.'. 6 is a factor of 5x 18 and of 13x 18. 

(2) If two expressions contain a common factor, their sum and 
their difference and also the sum and difference of any multiples 
of the expressions contain that factor. 

Suppose that the two expressions A and B contain the 
common factor g. Then g divides exactly into both 
A and B, 

Suppose the resulting quotients are Q and R respectively. 

Then -=Q, and 

9 •• 9 

A=gQ, and B^gR, 

Let m and n stand for any multiples. 

Then mA=^mgQ^ and nB^ngR. 

mA+nB=^mgQ+ngR^g(mQ-{-nR)^ 
and Wil— nB^ingQ^ngR—g{mQ— nR). 

This shows that g is also a common factor of the sum and the 
differen€8 of any multiples of A and B. 
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Thus, in arithmetic, 7 is a common factor of 21 and 35. 

7 is a common factor of 35+21 and 35—21. 

Again 7 is a common factor of 8x35— 3x21^and 9x35—11x21. 

134. Example 8. Find the H.C.F. of 15a®— 16a*+a+5 and 
12a®-27a2-7a+15. 

6a®-15a®+a+5)12a®-27a®-7a+15v2 

12a®-30a®+2a+10 

3a2-9a+ 5)6a®-15a®+a+5(2a+l 
6a®— 18a®+ 10a 

3a«- 9a+5 
3a®— 9a+5 

The required H.C.F. is 3a®— 9a+5. 

Explanation. — The given expressions are arranged in descending 
powers of a. If the first terms of the two expressions are of 
different degree, we commence hj dividing the expression of 
lower degree into that of the higher degree. If the first terms 
qf the two expressions are of the sam^ degree, as is the case in 
the example worked here, we take for divisor the one whose first 
term has tha^smaller coefficient. When the remainder from the 
first division is obtained, this is used as the new divisor, and the 
old divisor becomes the new dividend. This process is continued 
until a divisor divides exactly into its dividend. Such divisor 
is the H.C.F. of the two original expressions. 

The process shown gives the required H.C.F. For any line in 
the working is the result of subtracting multiples of the two 
original expressions. Hence it follows from (2) § 133 that every 
common factor of the original expressions is also a common 
factor of the divisor and dividend at any stage. Hence the 
H.C.F. of the original expressions is also the^H.C.F. of every 
divisor and dividend. Thus the ^visor which divides exactly into 
its dividend is the r^uired H.C J*. 

The above work is usually set out as follows : 


2a 

6a®— 16o®+ 0+5 
6o»-18o*+10o 

12o»-27a®-7o+15 

12a»-30a®+2o+10 

1 

3a®— 9a+5 

3a®— 9a+ 5 


3a®- 9a+5 
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Up this arrangement the labour involved in rewriting a previous 
divisor when it is to be used as the new dividend is avoided by 
alternating the direction in which the division is being made. 

Note. — ^In carrw^ng out the above process, essential that 
both expressions sno^ first be written, in descending (or ascending) 
order. 

EiXample 7. Find the H.C.F. of lOa^*— 27x^+17a;— 3 and 

30x3-61x2 |.7a;+3. 


2x 

105»-27ir*-l-17a:-3 

30®»-61a:i*+ 7a!+ 3 


10 x 3 - 22 x 24 - 6x 

30a:?-81j^+51a:- 9 

-1 

- 6z®+lla:-3 

4)20a!*-44x+12 


- 5r®+llar-3 

6a?-llx+ 3 


The required H.C.F. is 5x2-11x4-3. 

Note. — ^Tn line (A) it is seen that the expression contains the 
numerical factor 4. Since 4 is not a factor of both the original 
expressions it can be*rcmoved. 

When the expressions ^ntain simple factors, these should 
removed first, and their H.C.F. found. The H.C.F. of th^' 

remaining portions of the expressions should then be obtained. 

1 ‘ 

Example 8 . Find the H.C.F. of 12a364-30a^62+3^3j3_ 10^2^4 
and 56a«634-168a5644-28a«65_105a366, 

Removing the simple factors, the expression becomes ; 
3a26(4o24-10a264-a62— 663) 7a363(8a34-24a254-4a6^— 1563). 

The H.C.F. of 3a26 and 7a363 is a%. 

We next obtain the H.C.F. of the remaining portions, thus : 


a 

4a34-10a26f a62— 66® 

8o®+ 24o®6+ 4o6®— 156® 

2 


4a34- Su^b—Sab^ 

8a®+20o®6+2o6*-126® 


2b 

8a®6+4<rf>*-66» 

, 6)4a®6+2o6®- 36® 

(A) 


8a®6+4o6*— 66® 

4o® +2a6 - 36* 



The H.C.F. of the remaining portions is 4a24-2a6— 362. 

Hence the H.C.F. of the original expressions is 

a26(4a24-2a6— 362), is 4a^64-2a363— 3a263. 

Note. — ^In line (A), the factor 6 has been removed ; just as in 
the previous ei^pimple the numerical factor 4 was removed. This 
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is permissible, since it is seen that b is not a factor of both ^he 
remaining portions whose H.C.F. is being found. 

The questions in EzercsiBe 18d, page 275, fihonld now be 
attempted. 

135. Example 9. Find the 1I.C.F. of 

75a?®-45a;-|-6Cte*+225a:« and 
Rewriting the expressions in descending ordf*r : 

60a^-|-225a;®+76a:2~45a;, 60x5+ 145a?4+ 352?- 30®*. 
Removing the simple factors : 

15x(4x5+15x2+5x~3), 5x2(12x®+ 29x2+7®- 6). 

The H.C.F. of the simple factors 15x and bx* Ib 5x. 

We now proceed to find the H.C.F. of the remaining portions. 


(A) 

4a?+ 16**+ 6*— 3 

4 

l2*®+29**+ 7*— 6 
12*®+45*?'+15*-9 

— X 

1607'+ 60**+ 20*- 12 

-lei*- 8*+3 

% 

16*®+ 8**- 3* 

■*-16**- 12* 


52**+ 23*- 12 

4*+3 

(B) 

*• 4 

4*+3 

-13 

208a?+ 92*-48 
208al+104*-39. 


( 9 ) 

-3) . - 12*- 9 

4x+ 3 



The H.C.F. ot the remaining portions is (4x+3), Thus the 
H.C.F. of the original expressions is 5x(4x+3), that is 20x2+ 15x. 

Note. — ^When the first remainder has been obtained, we should 
divide — Ifix*, etc,, into 4x2, This woiJd give the fractional 
quotient of — Jx. To avoid this*£raction, the dividend has been 
multiplied in line (A) by 4. If as a consequence of this we find 
that the H.C.F. contains the numerical factor 4, this factor 
would be rejected, since we have already shown that the numerical 
factor of the required H.C.F. is 5. Similarly, in line (B) the 
dividend has been multiplied by 4 to avoid the fictional quotient 
that would be obtained on dividing — Ifix^, etc., into 52x2, 

In line (C) the numerical factor —3 has been removed. 
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136« Example 10. Find the H.C.F. of 6a^— 32x-f-20, 

' • 12x»+4a!*-63»+30, 

and 2a?+llai^+a!— 35. 

4 

The H.C.F. o^the first two expressions cofitains all factors 
common to the two. Thns if the H.C.F. of this resnlt and the 
third expression be found, it will contain all factors common to 
the three expressions, and will thus be the H.C.F. of the three. 


X 

6®*-- ®2— 32®+20 

12®®+4®2— 63®+30 

2 


6®»+lla?-10® 

12a?-2a?-64®+40 


•2 

-12a!*-22a:+20 

6a?+ll®— 10 



-12®*- 22®+ 20 




The H.C.F. of the first two expressions is 6a5^+llx— 10. 

We now have to find the H.C.F. of 

6x*4-llx— 10 and 2a^+llaj*+a?— 35. 

Now 6a^*+ll»~10=(2a;+5)(3aJ-2). 

It will be found that^2a54*5 is a factor of 2a:®+lla^-f®— 35, 
but 3®— 2 is not. 

Thus the H.C.F. of the three expressions is 2® +5, 

Example 11. Reduce to its lowest terms^the fraction 
4a^— 15®®--21®+4 
6®*- 19®»+ 18®»- 17®+20’ 

The H.C.F. of the numerator and denominator contains all 
their common factors. Hence if the numerator and denominator 
be divided by their H.C.F., the fraction will be reduced to its 
bwest terms. 


«aJ»-18*^+lSt«-l7as+20 
9**+ 8aS»-ia® 

4a^+ W - 2U+ 4 

8 « 

to+20 

fo+20 

12^+ 12iE>- 46d^ - 63«+ 12 

12se»- 88c*+ SSiE’- 84x<+ 4(kt 


81«*+ 84yE«-103«+ 12 

8 

16Os**-248^+lO2x«-8OO0+ 86 
16aE«-4762!*+460sE*-426dP+600 

116)28aa^<-S48a^-|-n6c-464 


8*^— 8*^+ 4 
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Thus the H.O.F. of numerator and denominator is 2x?— 3x^+ z— 4. 
On dividing numerator and denominator by this H.C.F., it willlbe 

found that the fraction reduces to 

3!t-5 

Example 12. Find the HiC.F. of 8z*+42^— 38a^+llx+15 and 
12as*+28i*— 27a?— 43a:+30, and thus factorise each expression 
completely. 


8ac«+ 38 j:*H 11x-\ 16 

11 

12j^ 1 28*8- 27*8- 43*+30 

2 

88x*+ 44 r»- 418*8+ 321aJ+ 166 

21** h'iOr*- 6^*8- 86*+60 

88a;*+120a^8- 238*8+ 30* 

21*« f-12*8-li4*8+ 83*+46 

- 76*8- 180T8^ QlT 163 

41r8+ 60*8-110* 1 15 

11 

44*8+ 06*8-110* 

-836®8-1980a^+1001ir 1-1816 

- 6*8- 9*+15 

-836*8-1140*8+2261*- 286 

- 6*8- 0*+16 

-420) - 810*8-1260* f 2100 


2*8 + 3*— 6 



The H.C.F. of the two expiessions is 2a?+3a5— 5. 

Dividing each expression by this H.C.F*, the quotients are 
found to be 4a?— 4z— 3 and 6 j?+5z— 6 lyspcctively. 

•Thus the expressions are (2a?+3a;— 5)(4a?— 4x— 3), 
and (2a?+3z— 5)(6a?+5x— 6). 

Factorising ^he brackets, the expressions become 
(z— 1)(2 i4-5)(2i4-1J(2z— 3) and {z— l)(2z4-5)(2z+3){3z-2). 

The questions in Exercise 18e, page 276, should now be 
attempted. 

Exercise 18a 

Find the H,C.F. of : 

1. xjf, zy*. 2. a?y, z®y®. 

8. 20*6*, 6o>6*. 4. 16z*y®, 27aiy». 

5. 4p5®, 72?g*. 6 . 6o*6c, 5o5*. 

7. 9zV®. 12aa*- • 8. 12o6»c*, 206*c». 

9. o*6*c*, a6*(?. 10. z*y*, zy*, a?y*. 

11. 4o»6», 10o*6*, 6o*6. 12. 6c»d*, ISccP, 15c*d*. 

13. 6a?ya?, 14zy*2?, 7a?yr. 14. 9a6®c*, 16o*6*c®, 10o*t?. 

15. 8pVr*, 12^5*^, 2^y*r*. 16. 10a?yz*, 35z*y*z*, 15z*y%*. 

17. 7^9V, 10p»3*r®, 12pf. 18. 8o«6*c», 4a^6»<?, 146><?. 

19. 9o»6»cd*, 12o»6<?d>, 5o«6*«P, 8o*6(?da. 

20. 4j?gVs*, 93 J*j*s*, 7j?a*. 
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Exercise t8b 

Find the n.C.F. of: 

1. x(x-\-y), 2y(x■j^y). 2. 2a6(o+6), 36*(a+6). 

8. ( 1 ^^-^y.d^x+y). 4. 4a^(a^*-j^), Qf(x-y). 

6. 6<AP(c+d), 9aP(c*-d^). 6.*o*(l+2a), 2o(l-4o®). 

7. 3xy{a^-4:f). 2f(x-2y). 8. 2c(P(2c+3d), 3c*d(4c*-9<P). 

9. 3o6*(o— 6)®, a*— 0*6*. 10. 6a:®+9ai*y, 4a;^+6y*. 

11. 8o*+12o*6, 8o*6— 186®. 12. 8x*y*(a:— y)*, 12a;y®(a: -y). 

18. a;»+l, a!*+4a:+3. 14. 8o»-27, 6o*-5o-6. 

15. (a:-2)», #-8. 16. 27c»-l, 3c(9c*-l). 

17. 6o*6(o+6)*, 8o*6»(o+6)® 18. 2a6(o-36)*, 36*(o*-o6-66*). 

19. i(*+y)(a:-.y)*, y{x-y)(r-\ yf. 

20. 8<P-1, 4(Z»+2(P+d. 

21. 4ai*(a!+4)*, 10a:(2x*+3x-20), 

22. o»6*+3o*6», o*(o*-96*). 23. c*-8c«i®, 2d(c-2d)\ 

24. 6pq+18^, 26. a:®+6/:+9, :^+5x+6. 

26. o*+a— 20, o*—a— 12. 27. »n*+4m— 21, m*— 3m— 70.. 

28. c*+3c— 18, c*— 7c+12. 29. j)®+52>— 24, 56. 

30. a!*+8x®+15x, x*4-3x®— lOx*. 

81. o®+5a*— 36o*, o*+2o*— 24o. 

32. ®»+7a:y+12y*, x*-2ary-15y*. 

88. o*+4o6-56», o*+8o6+156*. 

34. p*+10pj+24g*, p®+2»gi— 30j®. 

36. 2iE*y— 152^, x*y+9xy*+18y®. , 

86. 6a®+17o+12, 8o*+10o— 3. 87. 12m*— 5m— 3, 20m*— 7m— 6. 

88. 15a^>+14*-8, 20x®-43a:+14. 

89. 286*+396-54, 206*+296-36. 

40. 12c»-23c*d-24cd*, 15c‘-34c®<i-16c*d®. 

41. a^—y, 3a?^—xy—2. 42. 6o*+lla6— 106®, (3a6— 26*)*. 

43. a*— 6^, (o— 6)*, a^—ab. 44. 2x+y, 4x*— y*, 8x®+y*. 

46. ai*-16, x*-®-12, 2**-3a!-20. 

46. 6a?— 4x, 9a?-f6x— 8, 12a?+7x— 10. 

47. 12a?+3a?, 8a?— lOx*— 3x, ICjc*— x. 

48. 8o*-6a6-356», 6o*+a6-406*, 10o*-a6-606*. 


Exercise 18c 

Find the H.C,F. of : 

1. X* h3x— 10, x®+2a?— X— 14. 

2. 3o*-13o+12, o»+2o*-24o+27. 

8. 6y*+5y-2V 6y»-26y»+36y-18. 
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4. 64, 31r+12. 

6 . 8a®-27, 6a3+a2-21a+9. 

6. 3y®+l(y+3y-10. 

7 . 21p^—p, 12p^-^Ujfl—lbp^-\-3p. 

8. 8»*+a5^, Sa^-hl03(fly—x^^~2xi^» 

9. 64m, m®+m24-4m- 48. 

10. a^+3a— 10, 2a^— a— 6 , 4a®~5a2— 8a+4. 

11. 262-56-12, 462-46-15, 662+1762+46-12, 

12 . 12 y 2 -lly+ 2 , ^f+Sy-U 82^+lB^-29y+6. 

13. 3j52+xy— 2^^, 6 a^— 2 i/ 2 , 6x®—a52y—l 1x^+6^. 

14. 4a2+4a-15, 6a2-a-12, 40^- 19^2+ 19a- 6. 

15. 6(i2+l3(i+6, 6cP-llrf-10, 12(i^-(J3+9cP+16i+4. 

16. 2x2-x-15, 2x2+19W29x-15, 4 x^+ 1 6 x 2 - x 2 _ 353 .+ iq. 

Exercise 18d 

Find the H.C.F.of: 

1 . x2— 8 x2_|.175j_ 5^ /B3-_3a;2_32.^4_ 

2 .. 2rt2-a2-31a+35, 2a2+9a2-a-15. 

3. 32/2-172/2^38y-30, 3y*-102^+10y+ 12. 

4. m2— 7m— 6 ** m2- 13m— 12. 

6 . 262-762+76-12, 462-1262+136-20. 

6 . p^—bp^—Sp+4:S, p^—bp^—2p+24:. 

7. 4x2— 4x2-27x+30, 2x2— 5x2— 18x+24. 

8 . 3a2+5a2— 7a+15, 12a2— 25a2+32a— 15. 

9. 3m2— 4m2— 8 m+ 8 , 6m2— 5m2— 14m+12. 

10. 2^-^— 17y+12, 4^— 42/2— 27y+20. 

11. 8x2— 18x2+19x+6, 4x3_.4.^__3a._|.13^ 

12 . 8 |? 2 — 6 ^) 2 — 237)+21, 4y2— l7j}2_22jp+35. 

13. 3a^— 4a2— 8 a, 9a^+3a2+10a2— 4a. 

14. 5a?-13a!*-10x+12, 10a^-®®-l0x?+4a!. 

16. ^+«*— 16^— 16^, 6«*— 14«®— 23«®— 4y. 

16. m*— 13»H-12, m®+2Mi®— 9in— 18. 

17. ia^+63?-26a?-2ix, 16*‘-20a:»-38a5*-8!t. 

18. 7a?+26a?+6a,— 4, 4a:^+4a^— 40a:*— 24a?. 

19. y^+ioj^+aip+ao, 3i?+24jj»+33j>*-6()p. 

20 . a*-2a*6-18a6*-96», 8a*-39a*6-29«6»-3i». , 
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21. 4a!*— 4a*y— 7y*, 2a:*+3!it^— 16a^— 21y*. 

22. 2p*— p*jr— lljjg*— 12g'\ 6j>®+lljp®}+2yj®— 85*. 

28. 2a!*-2a^-36ary+48»!/*. 18a;*+60a^-12(^+24a^. 
24. as'y— a^— 2^a^— 8a^, lOa^— 46aiy— 4Cja^— 8y*. 


Exercise 18e 

Find the H.C.F. of : 

1. 3a:*+6a:*-27ai»-54a:*, 6a!*+12a:»-90a:*-216x. 

2. 8a*+56a»+128a*+96o, 12o«+60o«+24o»-96o*. 

3. s»+8y*+4y-48. y»+l(V+17y-28. 

4. 46»-486^+646*, 26*+86»-146*-206. 

6 . 4a!»-16a?-9a!+36, 6a!®-23a:*+9a:+18. 

6. a^+5a*6-13a6»+76*, o»+3oS6-16o6*+126*. 

7. **+8*®y+4ay®— 48y*, a:*4-12a:*y+41a!y*+3()y*. 

8 . 12a!*y+23a!V-29x»y»-60a!*y‘, 8aiV-6a:*!/®-89j;*y«-60a!y*, 

9 . a»-o*-32a+6C, o*+3o»-35a*-39o+70. 

10. 6*+56»-136»-776HP0, 6»-26*-166+32. 

11. 6»»*— «!.•— 83«i*— 64r»+72, 9»re*+9»»*— 112»»*— 4»H-48. 

12. 24a;*-22a:»-87a?+43a:+84, 32!r*-144ai»+6a!*+211x+84. 

18. 40a*-274o»5+445o*6*-87o6»-546S 

48o*-256a»6+385a*6*- 127a6*-606*. 

14. 63y»+267y*+223y»-67y*-110y-24, 
64y_67y»-163y*+98y+48, 

16. 41ft>-2966»-189+606*+3846, 436-1996*+140-306*+726*. 

16. 693a?+96-208x+168a!*-374a!*, 

144a!*- 153a:+178ai»+72- 191a:*. 

17. 6a*+lla*-19o+6, 12a»+25a*-31a+6, 8a»+18o*-17a+3. 

18. 24m*-22»»»-67»i*+45«i, 12m»+4>n*-31m-15, 

24m*— 46m*+ m*+ 16m. 

19. 8a:*-30a:‘+31a^»-6a^, 4a!*-21a:*+29a:»-6a:*, 

8a5*— 38a?+46a?— 9®. 

20. 48o»-116o*6-172a6»-356», 36o»-72a*6-169a6>-706», 
72«^+126a*6+67oi*+106». 

21. 30y»-86y+40-47y», 101y»+l(^+60y»-24, 
30-47y+4()y»-86y». 
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22. 6!B*-5a?-75a?~10a;+24, 12a!*+56a?‘+59a?-9z-18, 
12z*-28i»-81i»-2z+24, 6i«+7z»-'79z»-162z-72. 

28. Find the H.C.F, of 48i*-76z3-320z?-37z+105 
and • 72z«-126a?-437a?-24*-I-36, 

and then pioceed to factorise each ezpiession completely. 
24. Reduce to its lowest terms the fraction 
4sc*-16z»+27i»-22a; t-8 
6z*-5!E*-l(te*+19»-10‘ 

26. Reduce to its lowest tenns the fraction 

12a«-43o»6+61o»6*-39o6»+10l»* 

27a*-42a>6~16o*6»+63a6»-20h*’ 



CHAPTEE XIX 

Lowest Common Multiple 

137. The lowest common multiple (L.C.M.) of two or more 
algebraical expressions, is the expression of lowest degree which 
is exactly divisible by each of them. 

Example 1. Find the L.C.M. of as®, a;®, a?®, as®. 

The only letter which occurs is x. The expression of lowest 
dimensions into which each divides exactly is a^. 

Hence the L.C.M. is x®. 

Example 2. Find the L.G.M. of as^^, as®^, as^. 

The lowest power of x that is divisible by a;®, as® and as, is a:®. 
The lowest power of y that is divisible by y®, ^ and is y®. 
Hence the expr3S8ion of lowest dimensions divisible by the 
three given expressions<.is a;®i/®, which is thus the L.C.M. 

Example 3. Find the L.C.M. of 54a®6®as®, 30a®6®a;®, 45a®6as^. 
The L,C.M. of 54, 30, 45 is 270. 

The lowest power of a that is divisible by o®, o®, a®, is a®. 

The lowest power of b that is divisible by 6®, 6®, 6, is 6®. 

The lowest power of as that is divisible by as®, as®, as^, is ac^. 
Hence the expression of lowest dimensions divisible by the 
three given expressions is 270a®fe®ap^ which is thus the L.C.M. 

The questioiui in Exercise 19a, page 281, should now be 
attempted. 

138. If the e'xpressions can be readily factorised, their L.O.M. 
can be found as follows : 

Example 4. FindtheL.C.M.of86(a®— 6*),6a6*(a®— 6®),18a®(a4-6)®. 
The L.C.M. of 8, 6, 18, is 72. 

The L.C.M. of the simple factors 6, oi®, a®, is a®6®. 

Factorising the remaining portions, 

a® — 6®= (a+ 6)(a— 5). 
a®— (a— 6)(a® + a5+ 6®). 

. (a+6)®«(a+6)®. 


278 
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TheL.C.M.oftheseremainingportioii8is(a+6)-(a—6)(a*H-a6+5^. 
Thus the L.C.M. of the original expressions is 

The pupil should verify that the L.C.M. » if required free of 
brackets, is 72a’6®+144aW4 72a«6®*-72a«5«~U4a36’-72a*&*. 

Example 5. Find the L.C.M. of 

14a^— 14a^y2, 18a?y— 30x2^2 ^j25cy®, 21xy— 21y®', 2x®— 4x2y4-2x^. 
We first factorise the expressions : 

14a;*-- 14x*y*== 14x2(x2— 1 4x2(x+y)(x— y). 

18x^— 30x®y® + 1 2xy®= 6a;y (Sx^— 5xy-h 2y^) = 6xy (x— y )(3x— 2y ) . 
21x»y2--21y®=--21y2(x3--y3)=21y2(x--y)(x2+xy+y2). 
2x®— 4x2y + 2xy2= 2x(x*— 2xy-l- y^) = 2x(x— y )^. 

The L.C.M. of 14, 6, 21, 2, is 42. 

The L.C.M. of x*, xy, y®, x, is x®y®. 

The L.C.M. of the remaining portions is 

(x+y)(x~y)®(3x-2y)(x®^-xy+y®). 

Thus the L.Q.M. of the given expressions is 

42x®y®(x+y)(x-y)®(3x-2y)(x®+a;y 1 y^). 

Note* — It is usually convenient to leave a result such as this 
L.C.M. in the factorised form. 

The qaestioiui in Exercise 19b, page 281, should now be 
attempted. 

General Method for L.G.M. * 

139 * When it is required to find^the L.C.M. of two expressions 
which cannot be readily factorised, the following principle may 
be applied. 

Let A and B denote the two expressions, and h their H.C.F* 

Denote the quotients by Q and R respectively. 
ti n 

Then A—hQ, and B=*hR. 
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^As h is the highest common factor of A and By that is of hQ 
and hRy it follows that Q and R can have no common factor. 

Hence the expression of lowest dimensions into which hQ and 
KR divide is hQR. , 

ThufltheL.C.M.of^iuidBi8*giJ=^5^=^^ . (1) 

h h 

Thus the L.C.M. of any two expressions may be found by 
dividing their product by their H.C JP. Now the H.C.F. of any 
two expressions can always be found by the methods explained 
in Chapter XVIII ; hence by use of this principle their L.C.M. 
can also be obtained. 

Rote. — ^From line (1) we see that h times the L.C.M. of A and 
B^Ay. B. Thus the product of two expressions is equal to the 
product of their H.C J*. and their L.CJIL 


Example 6. Find the L.C.M. of 

2aj*+9a?-f 35 and 2a5*+lla5®+ic*-~37x+20. 

It will be found that the H.C.F. of the two expressions is 

5. 

By the above principle, the L.C.M. of the two Expressions is 
a?*+3aj— 5 

It will be found on division that 


2aJ*+9x®+6x2+6a5-35 
a:2+3j;-5 


-2a^H-3»+7. 


Hence the L.C.M. of the two expressions 

= (2a?+ 3x+ 7)(2a^+ 11®^+ a;®— 37a5+ 20). 

I 

As 5 is the H.C.F. of the two original expressions, it 

must divide into 2x*H-ll®*+a!?— 37x+20. 

It will be found that 

2aJ*+lla?+x^-37x+20-(a?+3x-^5)(22;*^ 

Thus the L.C.M. can be written in the alternative form 
, (2ajS»+3®+7)ta!*+3x-6)(2x»+6a;-4). 
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140. If it is required to find the L.C.M. of more than two 
expressions, A, B and G say, then the L.C.M. of A and B can first 
be found by the method described in § 139. This will be the 
expression of lowest dimensions into which A and B will each 
divide. Hence if *the L.C.M. of this result and of C be now found, 
it will be the expression of lowest dimension into which all three 
will divide, that is the L.C.M. of A^ B and C. 

The questions in Exercise 19c, page 282, should now be 
attempted. 


Exercise 19a 

Find the L.C.M. of < 

1. Qcy, 2. x®, 2xy. 8. a®, 2ofcc. 

4. 2a®6, 3a6c. 5. 2a6®, bdrhc, 6. 6x^2, 4x^2®. 

7. 7ac», 3a®5. 8. 8x®i/2\ \2x^yH\ 9. 6j^q^r. 

10. 2o®x, 3a&^. 11. lOtx®^. 12. 3x, 2y, 42. 

13. 6a®, 46®, 12a6. 14. ab, be, ac. 16. 2xy, 3x2®, 6^2. 

16. 606®, 86c®, lOoc®. 17. a®6c, b^ta, €?ab. 

18. 6x^2, 7x®y2®, 90:^2®. 19. lOp®^, Ibpqhi^y 

20. 8a®6x, 126cy®, 18ac®xt/. 21. 9c®xy®, 15ci^2, 6d®x®2®. 

22. 12a®^g®,4;56®cp®^, 10ac®^g^. 23. 6a6®, 46d®, ^®c®, 9a6®d. 

24. Iv^x7?y 12tct/®2, 8 x^ 2 ^, 42ic®t/®2®. 

Exercise 19b 

Find the L.C.M. of: 

1. X®, x®+x. 2. X®, X®— 3x. 8. 4y®, 6y®— 6y. 

4 . 8w®, 10w®+20wi. 6. 2a+26, o®+a6. 6. (x+y)®, x^y+a^- 

7. 2a®6, 4a®+a. 8. x®-|-2x, x®— 4. 9. p®—^>, jo®4-p. 

10. a®-6®, a®- 6®. 11. (a- 2)®, a®-4. 12. 4x®y, 3x2y+4xya. 

13. (a+6)®, a®+6®. 14. (m-3)®, m®-27. 16. y®-4y®, (^-4)®. 

16. y^-4y®, (y4-2)®. 17. x®-4, x®+x-6. 

18. a^-3x-4, x^»+2x+l. 'l9. a®-2a-8, a®+a-.2. 

20. y*— 1, y®+4y— 5. 21. a®— 96®, a®4-3a6. 

22. x®+2x-15, x®+x~12. 23. p®+2)g-20gf®, ^-^-4^®. 

24. x®+5x+6, x^-3x-10, x®-2x-15. 

25. o®+10o+24, a®+3a— 4, a®H-5o— 6 . 

26. y®-2y-3, y®+6y+5, ^+2y-15. 

27. 2?®~^-3^®,p^+7joy+65^,^+3pg-18sr®. 

28. 2x®+6x-12, 4 x?*-16xH- 15, 2x®-f 3 x-20. 

AliQBBBA — 19 
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29. 3m*+llm+6, 6m*— 17m— 14, 2m*-m— 21. 

80. ' x-y, a!»+^, 

81. 8a*— 2a— 3, 12o*— l7a+6, 6a*— a— 2. 

82. 4a^+17a!y+16y*, 12a!®— xy— 20y*, 3a:*+ 6a^— 12y®. 
88. 12a»+17o*-5a, 20o*-13o+2, 15a*+19a*-iea. 

84. 6x*y(*-y)®, 8a:y(x+y)», 

85. (3o*-2a6)*, 3o*-8a6+46*, (o»-4a6»)*. 

86. 8c«F'(2c*-cd), 12c*<i(8c»-(i»), 6(P(4c*i-tP). 


Exercise 19c 

Find the L.C.M. of : 

1. a^+33^+4a:+2, a:*— a:^— 4x— 6. 

2. 3a?-10a^s+10a!-4, 6a*-lla?+8x-2. 

8. 8o*-2o*+3o+3, 12o®-17a*+15a-6. 

4. 6;)»-2Vj+45^35*-25g*, 

6. 18y*+9y®+y*-2y, 12y®+52y*+3V+14j^. 

6. 32o»-14a6*-3i», 24o»-62a*6+5o6*+216». 

7. 15a!»-61a:*y-78ay*+40y*,30a:*+13a!*y-30a!y*+8y». 

8. 28c*+44c»d-89c^(i*-60cd®,66c*W-122<^d*+17nl*+6(W*. 

9. x?+7a:*+16a:+12,3x»Vl5**+6a:-24. 

10. y*-12y*+16y,y*+4y'*-7y®-10y. 

11. 12a^+25x*-31x+6, 8a?^ 18ai*-17xH 3, eari+llic^-lOx+e. 

12. 12a»+4a*-31a-15, 24a»-46a* ha+15, 24a®-22a*-67a+46, 
16a^'+20a*-12a-9. 

18. 4x^— 21x*y+29xy*— 6y®, 8x®— 30x*y+31xy*— 6y®, 

8a?— 38x*y+45a^— 9y®. 

14. 24m*— 62m*— 73m— 14, 72m®+126m*+67m+10, 
48m*-116m*-172m-35,36m®-72m*-169m-70. 

16. 24a?-10z^*-101x-60, 60x*+101a?+10a?-24x, 
40a?-86a?-47x+^, 30x»-47x*-86a?+40a?. 

16. Find two expressions of the second degree whose H.C.F. is 
a4 25 and whose L.O.M. is 6a®+5a*5— 12^+45®. 

17. Find two expressions of the third degree whose H.G.F. is 
x*+y* and whose L.O.M. is x*—y*. 

18. Find two expressions of the fourth degree whose H.G.F. is 
3a?— 23^*1 and whose L.CA4. is 

18a?-12a?-15a?+14a?-16a?+6x-3. 



CHAPTER XX 
Square Root 

141. The square root of a given expression is that quantity 
which when raised to the second power, that is when squared, 
becomes the given expression. 

Thus, the square root of is ; because (a*)*=a!®. 

The nth root of a given expression is that quantity which when 
raised to the nth power becomes the given expression. 

Thus, the fifth toot of o'® is o® ; because (o*)®=o'®. 

The symbol employed to indicate an nth root is 

The symbol for a square root is written without the figure 2. 

The symbol denotes a cube root. 

The symbol V u called the radical sign, and |he number is called 
the order. 

ti 

Since {—xf=(—x){—x)=x^, we see that the square of —x is 
the same as the square of +a:. It follows that the square root of 

can be or — 

Thus, VSG is +6 oc —6. 

Similarly, if the order of a root is any even number, the root 
has two values equal in magnitude but opposite in sign. 

Thus, ^729 is +3 or —3. 

Example 1. V'25o*6'®«=+5o®b® or — 5o®h® ; because both 
(+5o*&®)® and (— 5a®6®)®=26o*fi'®. 

The two roots may be conveniently written ±5o®y* ; the sign ± 
is read ‘ plus or minus.’ 

Any odd power of a quantity has the same sign as the quantity 
itself. 

e.g. (+7)»=(+7)(+7)(+7)=343; (-7)»-(-7)(-7)(-7)=-343. 

Therefore if the order of a root of a quantity is any odd number, 
flie toot has the same sign as the quantity. 
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jCzami^O 2. and 2*^2. 

The square of any quantity, positive or negative, is positive ; 
hence only positi'^e quantities can have square roots. 

An expression such as V— 4 is for our purpose^ meaningless, and 
is called an imaginary quantity. 

In the same way, any even root of a negative quantity is 
imaginary. 

Example 8. 

V'49a*®2y®=±7a®ict/® ; 

because (— 7a^a;^)®==*49a*a5®i/®. 

Vl25p®5®— ; because (5p2g)®=125p®5®. 
t/81a^^6®=±3a®6^ ; because (+3a®6*)® and (— 3a®l)®)®=81a^®6®. 
5/-32a;iY®=-2a:2y® ; because (-2x®y®)®=-32xi®j^. 

We deduce the following method for obtaining any required 
root of a given simple expression : 

c 

1. Find the xeqnind root of the numerical coefiScient by arithmetic, 
and prefix it with its proper aign. 

2. Find the index of each literal factor by dividing the index in the 
given expression by the order of the roqt req.nired. 

Example 4. ^243a«6“=3a*'?’6^<^=3a»6*. 


V 266a!^*y®®“' ±4a5^y^=±4a!y . 



The questions in Exercise 20a, page 290, diould now be 
attempted. 

Square Root by Inspection 

142. From identities (1) and (2) in § 95, we are able to write 
down the square of any binomial (i.e. an expression of two 
terms). 
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Thus, (3a;+4y)*=(3x)2+2(aa;)(4y)+(4y)* 

=9»*-|-24:^-4*16j/®. 

Conversely, an expression may sometimes be recognised as an 
exact square, anc^its square root written dowif by inspection. 

Example 5. Find the square root of 49a*+84a&+366^. 

The expressiona=(7a)*+2(42a6)-4-(66)® 
=(7a)H2(7a)(66)f(66)2 
=(7a+66)2. 

Thus the required square root is ±(7a+66). 

For the remaining portion of this chapter, unless otherwise 
stated, we shall omit the ± sign when dealing with an even root, 
and shall confine our attention to the positive root. 


Example 6. Find the square root of 2bjfiy^-‘30xyz-h9z\ . 

The expres8ion=(5a:y)®— 2(15ajy2)H-(32)^ 
=^{6xy)^-2{5xy){Zz)+{3z)^ 
=(5a;y— 32)^. 

Thus the required square root is 




Example 7. Find the square root of 4~—12+9^. 

The expression=^2~^ -2(6)+^3~^ 

q 2 52 

Thus the required square root is 2g^— 3^. 


Example 8. Find the square root of a?+2a^H-y®"-6«— 6y+9. 
The expre8sion*-(aj+y)*— 2(3x+3y)+(3)® 

«(®+yF-2(»+y)(3)+(S)*-(»+y-3)*. 
Thus the required square root is sp+y— 3. 

The Questioiis in Exercise 20b, page 291, should now be 
attempted. 
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General Method for Square Root 

143. When tho square root cannot readily be determined 
by inspection, the general method explainet below may be 
applied. * 

We know that the square root of a^+2a6+6^ is a+ 6 . 

Let us consider how the res'idt a-\-b can be obtained from the 
expression 0 + 206 + 6 ^. 

The first term of the result, a, is the square root of the first 
term of the expression, a^. 

Now 2a6+62— a2=2rt6-f 6 ^= 

Ilence the second term of the result, ft, can be obtained by 
subtracting from the expression the square of a, and dividing 
the remainder by 2a-\-h, 

The work may be set out as follows : 

a®+ 2 at+ft 2 (a+ft ( 1 ) 

; < 2 ) 

(A) . . . 2a+ft 2oft+ft* • . • (3) 

2oft+ft^ (4) 

Explanation, The first term of the square root is a, that is 
the square root of the first term of the given expression, and is 
shown as the first term of the answer in line ( 1 ). 

The term a is squared, line (2), and subtracted from the 
expression, giving the remainder in line (3). 

The second term of the answer, ft, in line (1), is the result of 
dividing the first term of the remainder in line (3) by 2a, that is 
by twice the term already fouAd. 

The divisor is completed by adding this term ft to 2 a, giving 
the divisor 2 aH-ft in line (A). 

The divisor in line (A) is now multiplied by the second term, ft, 
in line (1), giving line (4). 

On subtraction there is no remainder. 

Thus the square root is exact, and is equal to a+ft« 
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Example 9. Find the square root of 25a^— 40a&+166^. 

25a2-40a6+1662(5a-45 . 

25a2 


( 2 ) 


1-46 

-40a5+166* 


-40a5*+166* 
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( 1 ) 


Explanation. The first term of the square root is the square 
root of 25a^, that is 5a, and is shown as the first term of the 
answer in line (1). 

This term is now squared and subtracted from the given 
expression, leaving the remainder — 40afe+166* in line (2). 

The first term of (he divisor is now twice the term already 
found, that is 10a. The quotient obtained on dividing — 40a6 
by 10a is —4b, so that --4b is added to complete the divisor, as 
shown in line (2). 

This quotient —4b is also added to the answer in line (1). 

On multiplying 10a— 4b by —4b, and subtracting this from 
— 40ab-h 16b^, there is no remainder ; so thpt the square root is 
exact, and is 6a— 4b. 


144. The p’wew^ explained in § 143 does not require a to be 
a single letter. Hence if two terms of a square root have already 
been found, the third term can be obtained by continuing the 
same process. 

Example 10. Find the square root of 49x*—42x®—19a?-hl2a54-4. 

49a^-42a?-19r*H-12x+4(7a?-3a?-2 

49a^ 


14x*— 3® 

— 42a;*— 19®^+ 12®+4 


-42a?+9a? 

(1) . , . 14a^- 

6*-2 

— 28®*-|-12®-h4 
— 28®*+12®-f4 


Expkmatton. The first two terms of the square root, namely 
7a^—Sx, are obtained as in the previous examples. Thus the 
divisor in line (1) commences with 2(7a?— 3a;), that is 14a;*— 6ap. 
The remainder at this stage is — 28x*+12a;+4. The quotient 
obtained on dividing — 28x^ by 14x* is —2. Hence the divisor in 
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line (1) is completed by the additidn of the term —2, and —2 is 
al8& added to the answer. On multiplying the divisor by —2 
and subtracting, there is no remainder ; so that the square root 
is exact, and is 2. 

Rote. — ^In order that the process for finding a square root 
should succeed, it is essential that the given expression be first 
arranged in eitW ascending or descending order. 

Example 11. Find the square root of 

24{Kc^— 12a*aj-f-36a^--32a^a^+9a^ 

Arranging the expression in descending powers of x, and 
carrying out the work explained above : 

36a5*-f 24aa5® — 32a*a^-- 12a®a5+ 9a^(6a:^+ 2a®— 3a* 

36®* 

12a?+2a® 24aa?— 32a*®* (1) 

24a®^+4a*®* 

12®*+4a®-^S* — 36a*®*— 12a*®+9a^ 

-i^36a*®^— 12a*®4- 9a* 

Thus the square root is 6®*+2a®— 3a*. 

Note. — ^In line (1), only the terms 24a®^— 32a*®* of the remainder 
have been brought down, as these are sufficient for the next step. 

The questions in Exercise 20c, page 291, should now be 
attempted. 

145, Example 12. Find the square root of 

49a?_l®_82®+9a:*-30x»+^S+86. 

In arranging the terms of the expression in descending order, 
each power is formed from the preceding one on division by ®. 
Thus ®* is followed by ®*, ®® by ®*, ®* by ®, ® by a number, the 

number by •, and ^ by 

® X 

Thus it is seen that the OMiataat most separate the powera of x 
bmu tlie powefa of the reoiprooab of x. 
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Ananging the expression in this way, and proceeding as before : 

9®«-30a?+49*?-82a:+86-- 4-^ (33?-6z+4-- 

X ar X 

9z* 

60^-5* -30i^+49x*‘ 

-30a!«+25r» 

6z^— lOx+4 24a?— 82z+86 

24a?-40z+16 

6a?-l(te+8-? I -42a!+70--+^ 

X X a? 

-42z+70--+^ 

X or 

Thus the required square root is 3x^— 5a;+4— • 

X 

Example 18« Find a and b so that 28x4-6 

should be a perfect square. ^ 

* Proceeding hj the process for finding square root : 

16x*— 56x® -fax®— 28x4- 6(4x*— 7x4-2 
16x* 

--56x*4-a®® 

— 66x®4-49x* 

8a?— 14x4-2 (a— 49)a?— 28x4-6 . . . (1) 

16a?- 28x4-4 

Note. — ^It should be noticed that (a— 49) in line (1) is the 
coefficient of s?, obtained on subtracting the coefficient 49 from 
the coefficient a. • 

The last term of the divisor, namely 2, is obtained by the 
consideration that there is to be no remainder. Now the 
middle term of the divisor is — 14x, and it must therefore be 
multiplied by 2 in order to equal the middle term of line (1), 
that IS — 28x. 

If the square root is to be exact, there must be no remainder. 
Hence (a— 49) must be equal to 16, and 6 must be equal to 4. 

Thus, a»65 and 6»4. 
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^ Square Root by Factors 

146. Whea an expression can be readily factorised, its sauara root 
should be found trpm the facton, and not by the process of § 143. 

Example 14. Find the square root of 

(3**-7a!-6)(6a?- 11®- 10)(2®*- 11®+ 16). 

Factorising each bracket, the expression becomes 
(3®+2)(®-3)(3®+2)(2®-6)(2®-6)(®-3). 

Rearranging these brackets, we obtain 

(3®+2)*(®-3)*(2®-6)*. 

Hence the square root of the given expression is 
(3®+2)(®-3)(2®-5). 

The questions in Exercise 20d, page 292, should now be 
attempted. 


Exercise 20a 

Write down the squarqroot of each of the following : 


1. ®*. 

2 . 

3. ®V*. 4. 4p*g®. 

6. 9®«y“. 

6. 25c^®(i*. 

7 . 16»n“n“. ,. 8 . 8 I 0 W® 

9. 121®«y«a“. 

100o«’ 

11 1 19 26 

64«y 9o*' 

i» IS®'* 

“• V' 

64o*6* 

121®«o“ 49o”®* 

16. . 18. 

Write down the cube root of each of the following : 

17. ®®»». 

18. 8a«6«. 19. 

-27TO*n«, 20. 126c»d». 

21. -8®»y“. 

22. 216a»6“oi». 28. 


. 05 S4®*y» 

343z“' 

• 

0 - 126<**6* 

' 27c»d* ■ 


Write down the value of each of the following : 

27. 28. 5/-32o“ 6“. 29. V169p*g“ 


80. 



1331a“ 

80006”^ 


81. y81c»(P“. 

04 ®/ »»“ 

V 266 Ji®- 
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Exercise 20b 


By inspection, find the square root of each of the following : 


1. o*+6a+9. 

8. y«+14y*+49. 

6. 4a!f+20a;+25. 

7. 16+24aH9a«. 

9. 16a*+56o*6*+496*. 
U. 25aj*+40o6!t»+16o*6*. 

13» • 


8. as®— 10x4-^. 

4. 81+186»+6«. 

6. 9p*-42p®+49. 

8. 121-66t/>+9y«. 

10 . 9 a?y®— 24 a^ 4 - 16 o*. 

12. 49ir*-7a[y+Jy*. 

14. 9a^+i2+% 

X* 


15. 121a®!c®+^+88a5.' 16. 3^+169^-156^. 

a* or ct ah 

17. (a+3)a+6a;(a+3)+9A 18. (x-f/)H25a«+10a«(a?-y)2. 

19. x?-{-^'kf^ z^—ixy-\-2xz-‘4cyz. 

20. 9a2+6*4-4c^+6a6— 12ac— d6c. 

21. a 52 + 2 xy+y®- 2 a?- 23 /+L 22. a®— 2a6-f62+ 12a- 126+36. 

23. 4x®— 8aa;+4a®— 20«+20a+25. 


Exercise 20c 

Find the square root of : 

1. a;*+6x®+13x2+12®+4. 2. a*-4a®+12a®-16a+16. 

8. 10w®+29w®~20w+4. 4. 9y*+24^— 20y®— 48y+36. 

6. 46^-286®+656®-566+16. 6. 25+80a;+34a;®-48a;«+9®«. 

7. 36a^+48a»6-116a®5®-88a63+1216^ 

8. 16a*— 66a:;®</+892C®y®— 70x?y®+25y^. 

9. j)«-8y®+2pp*-22^+28;i2_i2;)+9. 

10. l+6w+m®— 30m®— 2w*+24m^+9w*. 

11. 37a2-6a*-30a:+a«+9-14a®+4a®. 

12. a®-10a®5+19a*6®+38a®6®-31a®6*-24a6*+lS6*. 

13. 4a®+12a^y-16a*t/^-20a®j^+60a22^-48aV*+162/«. 

14. 25a^+20a®®— 66a®a5*— 68a®a®+33a*a;®+56a®a+16a®. 

15. 52m®— 16m+9m®+4— 30m®— 4m®+m*. 

18. 76c*d®-90ai®+48c®d-83c?*d*+16c®-12(?d?+81d^^ 

17. Prove that a(a+l)(a+2)(a+3)+l is a perfect square, and 
find its square root. Use this result to ^d four consecutive 
numbers whose product is 43680. 

18. Find the square root of 4a^— 12a®y®+13y*+6a®— 5y®— 6a— 8y 
in terms of where a>«y+l. 
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19. Find the fourth root of 

' a^-12a7+58a®~14ia‘^+195a*-144a»+68a*--12a+l, 

20, Find the^ourth root of 

16«®+32x’y— 40x®^+acV+20a;y— 2flfy— 4a^^+y®. 


Exercise 20d 


Find the square root of : 

1. a?+6*+7--+l. 2. 4o*-20a+37-^+l 

a? ar a a® 


8. 9s^-6y+13-f+i. 

5. 30m+i?-— +9m»+l. 
w m 

7. 245+4^-16^+9^+4. 
b a 


4. 25®®-?+i-20a:+24. 

X Sj 

6 . 1 ^- 4 ? 4 - 12 +^- 16 * 

X or a 

8. 41x?-40-+4a»-20aa!+16^. 

a or 


9. 4a!*+17a?+--2-8a:+l-12a?. 
» »* 

10 . 9o*+13+i+4-6o+-. 

o* o* a 


Find the values of a and 6 in order that the following expressions 
should be perfect squares : 

11. 9a!*+12a?— 20a^+aa!+6. 12. 25®*— 20**+O!r®— 12*+6. 

18. 16»*+24a?+aa?+6»+4. 


Find the values of a, b and c in order that the following 
expressions should be perfect squares : 

14. 4®^— 4a^‘+13®*4o®®+6a^+6®H-c. 

15. 9®*4-12**— 8a^+aa^'+20®*+6®4-c. 

Fsotorise the following expressions completely, and thus obtain 
their square roots ; 

16. (2a*-a-6)(2a*-6a+4)(4a*+2a-6). 

17. (6®»-13»+6)(83i»-ll®+6)(2a»-9®+9). 

18. (4m*— 4«i— 15)(2»»*+3m— 20)(2m®+llm+12). 

19. (15»*-17y+4){l()s/*-3y-4)(6j/*+7y-3)(4»*+8j/+3). 

20. (2o*-a-28)(6a*+25a+14)(3o*-13o-10)(o*-9a+20). 



CHAPTER XXI 


Quadr&tic Equations 
Solving by Factorising 


147. Any equation which contains the square of an unknown 
quantity, but no higher power, is called a quadratic equation in 
that unsown, or an equation of the second degree. Thus, 
a^— dx+lSaO is a quadratic equation in x. 


ExanWle 1. Solve the equation ae^-8x+15=0. 

By the principles of Chapter XV, the factors of a^— 8x+15 ate 


obtained from 



Hence the equation becomes {x—Z){x~5)-^0. 

In,§ 120 it was shown that the produst of a number of factors 
cAnnot be zero unless one or more of them is zero. . 

Hence in t];ie above example, either (x— 3)»0, or (x— 5)=>0. 

Thus, eithef x=3, or x=6. 

There is no value of x, other than 3 or 5, which makes either 
factor zero, so that thCse are the only values of x which make the 
L.H.S. equal to zero. Hence they are the only values of x which 
satisfy the equation. 


Verification. If x«=3, then a?— 8x+16=(3)*— 8(3)+16 

*9-24+15=0. 

If x-6, then a?-8x+15=(5)*-8(5)+15 
=25-4Ct+15=0. 

Note. — ^It is important to emphasise that only when the product 
of a number of fectois is zero can we deduce that one or more 
of them is zero. If the product of two factors is other than 
zero, say 12, we cannot deduce that either of them is 12. For 
one factor may be 3 and the other 4 ; or one may be 2 and the 
other 6, etc. 

It follows that when solving an egnation by the method ol 
busters, the B3J3. must be zero; thus all the terms ot the eqnation 
must be transposed to the L . H JL before faoteiising.* 


an 
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148, Example 2. Solve 

i^cfore factorising, all the terms must be transposed to the 
L.H.S. of the equation, so that the R.H.S. is zero. 

The equation b^omes a?— ^ 

Factorising, j})=»0y 

In order that the L.H.S. should be zero, one of the factors 
must be zero. 

Hence either x—0, or x—p=0, 

i.e. a;=:0 or p. 

Note. — In the equation as originally given, the pupil might be 
tempted to divide the two sides of the equation by x. He would 
then obtain the solution x=p only, thus missing the root x=0. 
It should be noticed that if a faikor containing the unknown 
quantity is divided into both sides of an equation, one root is 
obtained by eqwting that factor to zero. Thus if (a;-3) is a 
factor of both sides of an equation, and all the terms be l)rought 
to the L.H.S., then (x—3) will be a factor of the L.II.S. Hence 
one root of the equa^tion is x^3, 

A quadratic equationj* such as a:®— 8a?+16=0, has two joots 
which are equal. For the equation may be written in the forln 
(a;— 4)2— 0 ; and although 4 is the only value of x ^hich satisfies 
the equation, it is convenient to state that the equation has two 
roots each equal to 4. 

t 

The questions in Exercise 21a, page 306, i^ould now be 
attempted. 

149. Examidd 8. Solve (a;-|“6)(16x2— 7«— 3)=(a;+6)(a;2— 6a;+3). 

As (x+fi) is a factor of both sides of the equation, one root is 

obtained from (a;+5)— 0. Hence 5 is one root. 

The remaining roots are obtained from Tar— 3=2^— fix+S. 

Transposing, 16a:^— a;— 6=0. 

• 3 

The factors are obtained froin — 

5 

(3a?-2)(5a?+3)=0. 

Hence either (3»— 2)- 0, or (5a5H-3)=*0. 

A x=|, or -f. 

Thus the complete solution is 5, f, or — j. 

The pupil should verify that each of these 'mues satisfies the 


-2 
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Example 4. Solve (3x— 4)(22;+5)‘=°(3— 5x)(2a;— 3). 
The first step is to multiply out all the brackets, 
6®*+7®— 20=— 10x®+21x— 9. 
Transposing, « 16a^— 14x— 11=0. 

• 2 1 

The factors are obtained from — . 

8 — 11 

/. (2x+l)(8x-ll)=0. 

Hence the solution is «=—i, or y-. 

The student should verify that 

if — I L.H.S.=-22, E.H.S.«-22 ; 
ifx=V-,'L.H.S.=|i, 
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Note. — ^If one side of an equation has factors, but none of these 
factors divide exactly into the other side, these factors do not 
yield solutions of the equation. The factors must therefore be 
multiplied out as in the above example. * 


Exi^pleS. Solve 

' \ ®+l 2x+l 12 

The first step is to clear of fractions by multiplying each term 
by the L.G.M. of the denominators, which in this example is 

* 12(x+l)(2x+l). 

We obtain 12(x+l)(2x+l)(3x+2) 12(x+l)(2x+l)(5x+l) 

{»+!) (2XH-1) 

_12(x+l)(2x+l)x7 

12 * 

That is, 12(2x+l)(3x+2)-12(x+l)(5x+l)=7(x+l)(2x+l). 
Multiplying out the brackets, 

72a?+84x+24-60x®-72x-12=14x*+21x+7, 
Transposing, — 2x®— 9x+5=0, 

Changing the sign throughout, 

2si^+9x— 6=0. 

(2x— l)(x-l*6)=0. 

Hence the solution is x=^, or —5. 
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CBzample 6. Solve . 15-— — 1=0. 

X Sr 

First clear of d|cimals by multiplying each term by 10. 

13 20_n 

16 

X 

Multiplying each term by the L.C.M. of the denominators, 
which is 2 ?, we obtain 15a?-* 13a;— 20= 0. 

/. (5®+4)(3a;-6)=0. 

Hence the solution is or 

The anestions in Exercise 21b, page 306, should now be 
attempted. 


Solving by Completing the Square 

ISOe In the previous examples, the quadratic equation has 
been solved by fdctorising the L.H.S. When the quadratic 
expression cannot readiFy be factorised, a solution by the method 
known as * completing the square ’ may be employ^. 


We know that 

a?+ 2aa;-fa2= (»+o)^ 

and 

a?— 2aa;4'0*= (x—a)^. 

Now write 

II 

then 


and 



We see that if an expression consists of together with a term 
of the first degree in jit, and we add to the expression the square 
of haU the coefficient of jit, the result is an exact square. 

Thus the term that must be added to a?+10a? to make an exact 
square is that is 25. 

For a?^-10a^^26a=(»+5)*. 

Similarly, the term that must be added to a?— 8x to make an 
exact square is (—DS that is 16. 

For a?— 8a;+16=(a?— 4)®. 
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Example 7- Solve a*+6a5«187. 

To complete the square whose first> two terms are we 

must add the square of half the coefficient of x, that is (3)^. 

The equation oecomes ^ 

x2+6x+(3)2=187+(3)* . . . (A) 

i.e. x2+6x 4-9= 187+9« 196, 
i.e. (x+3)2=:196. 

Taking the square root of both sides of the equation, 

X+3^±14: . . . . (B) 

We now have two simple equations : 

x 4-3=H-14, and x4-3=— 14. 

Hence the solution is x=ll, or x=— 17. 

Note (1). — ^In order'^to complete the square in line (A), it was 
necessary to add (3)* to the L.H.S. If, however, this had been 
added without changing the R.H.S., the equation would have 
been altered. It must be carefully notbi that &e quantity which is 
added to the to complete the square, must also be added to 

the BaHaS* 

Nqte (2). — ^In line (B), the square root of 196 was written as 
±14a In the same way, the square root of (ac-fS)* is ±(x+3)a 
It will be e^^n, however, that the equation — (x+3)==— 14 is 
equivalent tO (x+3)=-|-14, and that the equation — (x+3)==14 
is equivalent to (x+3)=— 14. Thus nothing is gained by 
putting the dual sign ton both sides of the equation. 

Example 8. Solve 65=8x. 

The first step is to write the terms involving x* and x on the 
L.HaS., and the constant term on the B.H.S. 

Thus, a?*— 8x«65a 

Completing the square, 

xa-8x+(4)2=65+(4)a, 
i.ea (x— 4)*=8L 

Taking the square root of both sides of the equation, 

x-4=±9, 

i.e. X— 4«4-9, or x— 4«— 9. 

Hence the solution is x~13, or —5. 

The questions in Exerdse 21c, on page 308, should now be 
attempted. 


▲iioaBBA— ao 
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When the Coefficient of x* is not Unity 
151. Example 9.^ Solve 

We cannot complete the BC|uare in this case by addii^ the square 
of half the coefficient of x, since the coefficient of x* is not unity. 
The first step is to make the coefficient of unity by dividing 
both sides of the equation by 3. 

We obtain x*+|x=Ji^=6. 

Completing the square, 

i.e. (a:+|)®=V. 

Taking the square root of both sides, 

»+f=±J. 

i.e. a:+|=J, or x+f— 

Hence the solution is , or —3. 


Example 10. Solve 

x+3^x+4 x-2 

Clearing of fractions by multiplying throughout hjr 
(x+3)(a;H-4)(®-2), 
and cancelling, we obtain 

(x+l)(aH-4)(x— 2)+(x+2)(x+3)(x— 2)«(2x— S)(x+3)(x+4). 
Multiplying out the brackets, 

a?+3a^— 6®— 8+a?+3a?— 4x— 12=2a?+lla?+3«— 36. 
Whence, 5x*+ 13x— 16=0. 

The first step is to transpose the constant term to the 
5a?+13a;=16. 

Dividing both sides by the coefficient of that is by 6, 

5 6 

Completing the square, x*+l^+^|?y=i^+^^y, 

13V 16.169 489 
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Taking square roots, 


i.e. 


Since 489 is not a perfect square, the only exact values ot x 
which satisfy the equation are those given above. The two roots 
are usually written together thus : 

^ 10 


x+ 


/489_ 
'V 100 ■ 


x+ 


13 

10“ 100 

13 


V489 
10 ’ 


10 


. 13 s/m 
IQ, or *1-10= 10* 


-13+^/489 -13-V489 

x= , or - 


10 


10 


If, however, an approximation to the value of » is required, say 
to three places of decimals, then the result can be simplified. 
For v'489= 22-11, correct to two places of decimals. 


Hence x— 


-13±22-11 

10 


941 

••10“ * 


or 


-35-11 

10 


=-911, or —3-511, correct to three places of decimals. 


Note. — ^A square root such as n/ 489, which is not exact, is called 
an irrational quantity. When the solution of a quadratic equation 
contains an irrational quantity, it is impossible to solve it by 
factorising the quadratic expression as in § 147. 


Example 11. Solve the equation — 

ix. ooive equai,ion 21»2+x-10 28»a-®-15 

_ X— 10 

“l2a^-17x+6* 

giving the values of x correct to two decimal places. 

The first step is to clear of fractions by multiplying throughout 
by the L.C.M. of the denominators. To find the L.C.M. it is 
necessary to factorise each denominator. 
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The denominatois become (7®+5X3a;— 2), (7x+5)(4®— 3) and 
(4x-» 3)(3x— 2) respectively.* 

The L.O.M. is thus (7x+5)(3x— 2)(4x— 3). 

The equation becomes : 

(5x-2)(7x+5)(3x-2)(4x-3) (3ai+4)(7x+5K3x-2)(4x-3) 
(7x+5)(3x-2) (7x+5)(4x-3) 

_(x-10)(7x+5)(3x-2)(4x-3) 

(4x-3)(3x-2) 

i.e.(5x-2)(4x-3)-(3x+4)(3x-2)=(x-10)(7x+5). 

Multiplying out the brackets, 

20a^ — 23x+ 6— 9x®— 6x+8=7x^— 65x— BO. 
Transposing, 4x^+36x=— 64. 

Dividing throughout by 4, x®+9x=— 16. 

Completing the square, x?+9x+Q^ * 

i.e. (^x+gj — 16+-^.=.^. 


Taking the square roots, 

^ -9±7i7 


Hence, 

Now, 


®+2~^72* 


>/l7°=>4'12, correct to two decimal places. 

_9±4-12 4-88 13-12 

. 2 2 ’ 2 

=.-2-44, or -6-56. 

• a 


152. The pupil will see that solving a quadratic equation by 
the process of completing the square requires the following steps : 

1. Sfanplily the equation, and arrange it with the terms in x’ and X 
on the L.H.S. and the constant on the 

2. Divide throughont by the coefficient of X*. 
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3. Complete the siiiate on the by adding to it the sqnaie 

of half the ooefBdent of x, and aad the same quantity ttf the 

4. Take the sqoaie root of each side, and solve the two simple 
eqnations thus obtained.. 

The questiona in Exercise 21d, page 308. should now be 
attempted. 


Solving by Formula 

153. By giving appropriate values to a, b, and e, the equation 
ox^+bx+c— 0 includeaall quadratic equations. 

We shall now solve the general quadratic equation 
att?+bx^c=0. 

Transposing the constant term to the B.H.S., 
aii?+bx=—c . . 

Dividing by the coefihcient of that is a. 


a a 


Completing the square, 




_y-4ag 

4o® 


Taking the square root of both sides, 


^y-4 




Hence, 


^ 6 , v6*— 4ac 

2a 2a 

— 6db \/6*--4ac 



302 


ALGEBRA 


Note. — ^In line A, the tenns — 4ac and 6^ in the numerators on 
the*B.H.S. have been rearranged, as it is more convenient to 
commence with a positive term. 

t 

The coefficients a, 6, c above may have any vHues whatsoever. 
Hence the solution will serve as a formula giving the roots of 
any quadratic equation. 


Example 12. Solve the equation 3x^4-7a;— 26 b0. 

Treating this as an instance of the general quadratic equation 
aa?+te+c— 0, we see that o=3, 6=7, c=— 26. 


Applying the formula, 


— 6±\/6^— 4ac 


-7±>/7*-4x3x(-26) 

2x3 


-7±^/^ml2 

6 

-7±>/36i_-7i*i9 
6 “ 6 



or -~2, or 


Example 18« Solve the equation 2a^— 4=0. 

In this example a=2, 6=»~6, c**— 4. 

Applying the formula, 

(_6)±V(-6)»-4x2x(-4) 

* 2 ^ 

6±V26+M SiVSf 
i “ 4 ' 

This is the exact solution of the equation, which can now be 
evaluated to afiy degree of accuracy requited. 
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154. Example 14. Solve 

X— 1 (x—lr 

Before the formula can be applied, the equation must be simpli- 
fied and written in the standard from aijfi+bx+c=0. 

Multiplying throughout by the L.C.M. of the denominators, 
that is by (a5— 1)®, we obtain 

6x(x— l)+4=(x— 1)2, 
which becomes dx*— 3x4-3=0. 

In this example a=4, 6=--3, c=3. 

Applying the formula, 

._^“(-3)±V(-3)2-4x4x3 
® ^ 

3±v'^ 

8 8 

In § 141 it was pointed out t hat t he square root of a negative 
quantity is imaginary. Thus V— 39 cannot^be given a numerical 
valve, either exactly or appioximatel]f% and so the roots of the 
equation are imaginary. 

The pupil should not confuse an imaginary quantity with an 
irrational quantity, such as V489 obtained in Example 10, which 
can be evaluated to any required degree of accuracy. 


The Discriminant 

1 55. We have shown that the solution of the quadratic equation 

aa^+6x+c®=0 is given by the formula x= In the 

remarks that follow it is assumed that a, 6, and o are all rational. 
Hence the onl y part of the solution which can be other than 
rational is Vft*— 4ac. The expression 62— 4^0 is called the 
discriminant of the equation, and is denoted by D. 

1. If D is a peiteet square, the roots ot the equation are rational 
andunequaL 

2. H Dispositive but not a perfect square, the roots ol the equation 
are irrational and unequal. 
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Z. JJtDia seio. the roote of the eQoation axe — and axe thna 
b 

egnal, each being — 

• mI 

4. n D b negstiTe, the loob ot the equation are maginary. 

The questiong in Exercise 21e, page 809, should now be 
attempted. 

156. Three methods of solving a quadratic equation have been 
explained : 

(1) by factorising the quadratic expression, 

(2) by completing the square, 

(3) by use of the formula. 

If the quadratic expression b readily lactorisable, method (1) 
diould be employed ; if not, then one of the remaining methods. 


Example 15. What values of x will make 3x^— lOa^ equal to 
13ax? 

We have to solve the equation, 

3ar*— 10a*=al3a®. 

Writing this as a quadratic in x, 

3a:^— 13aa^- 10o*=0. 


The factors are obtained from 



Hence, 


A (a>-6a)(3a?-|-2a)=a0. 
x=^5a, or —fa. 


Example 16. Solve 36a?+(3a+466)a5— (20^— a6— 166*)=»0. 

We first factorbe the constant term : 

2a8-a6-1562«^a-35)(2a+56). 

The factors of the quadratic expression in a; are obtained from 

6 I -(a-36) 

7 I ^+65 


Hence, 


[5®-(a-36)][7aH-(2a+66)]-0. 

^ a— 35 ^ 2a+55 

35“ — 5 — , or = — • 
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Example 17. Find the value of the fraction - given that 

Dividing throughout by y®, we obtain 

24^+5-10=0. 

f y 


This is a quadratic equation in the unknown 5, and can be 
solved by factorising. 


y 


Thus, 


(^-5)(!et2).0. 


Hence, 



2 

3 ‘ 


Example 18. Sdve (6ai®— a:)®— 17(6a®— a:)+60=0. 

This equation, if the brackets are .multiplied out, is of the 
fourth degree in x. It is, however, of the second degree in the 
unknown (6*®— a;), which we may denote by y. The equation 
then becomes y®— 17y+60=0, 

i.e. (y-5)(y-12)=0. 

Hence, y==5, or 12. 

Now, y=6a;®— «. 

We thus have two Quadratic equations in x to solve, namely, 
6a:®— x=6, and 6a:®— x=12. 
i.e. 6a?— X— 5=0, and 6a?— x— 12=0. 
i.e. (x— l)(6x+5)=0, and (2a:— 3){3x+4)=0. 

»=1. -8, If or -i, 

which are the four roots of the original equation of the fourth 
degree. 

The aueationa in Exaroiae 211, page 811, dioald now be 
atieinpied. 


Exercise 21a 

Solve by factorising, and verify your solutions : 

1. a?-6x+6=0. 8. x»-4x+3=0. 8. a?-14x+13=0. 

4. a?-7x+12=0. 6. a?-19x+88=0. 6. a?+4x+3=0. 

7. x»+10x+21=0. 8. x*+9x+20=0. 9. q^^+Ox+O-O. 
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10> ~«t*+®+6=0. 11« a? — 3®— 10=0. 
m-®*- 12®+ 28=0. 14. ^c»+10®-39=0. 


16. — ar— ®+30=0. 
19. ®»-26=0. 
22.'®*=81. 

26. (®-5)»-64=0. 
28. ®*-®+12. 
a. a?+60=15®-6, 
84. ®*-o*=0. 

87. ®*-26®=0. 

40. 6*»-ll®+4=0. 

48. 18®=16-13®*. 
46. ll®»+24®=-4. 

49. l-a?=-8. 
a^=26®— J®. 

64. 7o*=12o®— 6®*. 
66. 3o*— 4a®— 4®*=0. 
68. 4®»-(®+l)»-0. 


17. »*-4®=0. 

20. ®^=9. • 

28. (®+l)*-36=0. 
26. (®-2)»=l.* 

29. ®*— 1=®+1. 

82. 4®a-l=0. 

'86. a^=7az. 

88. ®®+3®=0. 

41. 10®»-21®+9=0. 


12. ®*-12»-46=0. 
16. ®^+2® — 16=0. 
18. »»-16=0. 
a. -2®?=-8. 

24! (®+2)*=49. 

27. 8®=20-a?. 

80. a^+ 143=24®. 
88. 25®*=121. 

86. (®-3)»-9=0. 
39. ®^=— o®. 

42. 2®®+6®— 3=0. 


44. 9®*-13»-10=0. 46. 10®^=9®+9. 

47. 12aa+32®+21=0. 48. ll®*=4®+7. 

50. 8®— 3®*=5. 61. ®*— 6rt®+9o®=0L 

53. 7®*-21®=0. 

55. 18®®=13te+116a. 

67. (®+3)a-ft»=0. 

69. «— 10=6*(2— ®). 


« 

lExercise 21b 


Solve the equations : 


1. (l-®)(*+2)=(l-®). 

8. 2®(4®— 3)=®. 

5. (®— o)(*— 1)=(®— a). 
7 . (»— 4 )*=(®— 4 ), 

9. a?— 25=(®+5). 


2. (2®+S)(®+l)=(2®+3). 

4. aa^®+3)=2a®. 

6. (®+o)(®+l)=2(®+a). 

8. (®+2)*=2(®+2). 

10. 8a^ — 10®+3=2a^+3® — 3. 


11. 17a?+ll*-5-5a!*-6®+2. 

12. (®-3)(ll®»+16®+4)=(®-3)(®*-2®+l). 

18. (2®-l)(6a?-17)=(2®-l)(®*-l). 

14. (3«+2)(2®»-7)=(3®+2)(3®+2). 

16. (3*-1)(2®+7H(5®+2)(1-2®). 

16. (*+4)(6a5+l)=— ®(10®+9). 

17. (2af+l)(®+3)=a?+4®+l. 

18. (8®+l)(2®+3)=(l-»)(l+3»). 

19. ai>+V«+f-0* 80* **+2=1^®. 


a. ®+i= 2 . 

® 



28. ®+2> 


1 

'»+ 2 ’, 


24. 5-J— 
2 »-l 


> 0 . 
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26. -^+-^2x. 

*— 1 X— 1 

^ 3x-2 x-2 _2 
x+2 2x+ll8* 

x+3~3x-l ’■ 

81. l-2+i=0. 

!X/ Cu 

83. ®_31 — i-7x. 
ox 

86 . 

•9 27 9x 


X— 1 X x+1 x+2' 


' X— 3 x+2 X— 4 x+6' 

^ 2(2x-l) 6x-5_10x-27 
2x-3 2x+3“’ 2x-5 ‘ 


28..^-?5rJUo. 

4x-3 x-3 

80. 5|L1+ 

2x X— 5 X 

82. 5-|=*8. 

2 5x 

84. (x-^)(x-f)-H(»-i)(»-4)- 

oQ (x+i) (x-|) _ 9 
(3x-2) (x-i) 4' 

88 . 

x+4 x+1 x+2 X— 1 

^ 3x-2 7-4x_7 
2x-3 4x-3 2' 


(6x-l)(16x!'-22x-5) (5x-2){24x^+60x-9) 
x-1 1 3 * 3x+6. 4- 


x+2 4-0? 6* 

•u 2x— 1 , X— 2 3x— 1 

46. r+ — s“= =■• 

x+1 x+2 x+3 

47. 3ox®— (2o®+3)x+2o»=0. 

48. 6o®&i?+(3ai*— 2o)x=5. 


* 3x— 2a X 3x+2a 3x+4a' 

Eo X , 6 2a*+6 

**• 6'^lOx "lOT* 

o 2o _1 

* 8x— a 6x+o 6* 


.. 3x+6 4-x_ll 
2x+3 4x»-9'“ 9* 

46. 2ox^+(a®6— 2)x— a6*«0. 

48. -x*+?=2x. 
a 0 

50 _£.+_3_L ^ 

, 0+1 (a-l)x o*-l’ 

62. 9xa-3(^)x=^. 

54. J_+_S 2_ 

x+a 4x+a 2x— a 


66 , 
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Exercise 21c 

Solve the following equations hj completing the square 

1. a?+2x=15. 

2} ®®+10®=39. 

3. ®®+6a^>=27. 

4. a®+3a=40. 

5. «®+6®=36. 

6. ®“+12®=28. 

7. a!*-4®=77. 

8. a?— 2®=35. 

9. a!^+7®=8. 

10. ®®— 3®==10. 

11. a^+8®=— 15. 

12. »^+16®— 63. 

18. a?— 9®=>70. 

14. ®?‘+13®=14. 

15. a?+13»=.-30. 

16. a*— 5®=— 6. 

17. a!*-14®=-48. 

18. ®?+9®=— 20. 

19. a?— ®=6. 

20. a® — 19®= — 88. 

21. a:^+®=12. 

22. a?— 44=7®. 

28. ®*-39=10». 

24. ai*+21=10®. 

25. 2®+35=®*. 

26. 45—4®=®*. 

27. a^+18=9®. 

28. 17®=®®+52. 

29. 12®=ll+aj». 

80. ®*=®+56. 

81. ®»+2ft®=36». 

82. ®®+6®=66®. 

88. a^— 4a®=5a*. 

84. a!®-7c»=-10c®. 

85. ®*-7oa=6a«. 

86. ®*+166® 106®. 

87. a?+f®=7. 

88. a*+J®=3. •* 

89. ®?— 1®=^. 

40. a?+f®=§. 

41. **-f®^ i. 

42. a?+J^x=-$. 

43. a*-?=li. 

44. 

7 7 

45. _a?+?=-?. 

4 8 

Exercise 21d 

Solve the following equationstby completing the square 

1. 2a^+6»=3. 

2. 3®®+10*=8. 

3. 7a^— 5®=2. 

4. 4®®= 16— 7®. 

5. 13®+3-.10®a. 

6. 3a?-13®=-12. 

7. 6ar*+8=14*. 

8. 9a?+18®=— 8. 

9. 4®»+16 16®. 

10. 6®®+5®— 6=0. 

11. 9(2®-l)=8®». 

12. 6at®=66+29®. 

18. 14*»+ll®^-2. 

14. 20+9®=20a^. 
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Solve the following equations, and give the value of inational 
loots correct to two decimal places ; 


16. !B»+2x-=1. 

17. a!»-10x=3. 

19. 

21. x*H-8=7®. 

28. ®®+4=— 6a:. 

25. a:*=14®+8. - 
27. 2a?+6*=3. 

29. 6a:*-10x=13. 
31. 4x+5=7a:^. 

83. 10a^*-20a:=-3. 

86. lla:®=30x+20. 

87. 4a:2+3=-9x. 
39. 6x+7— 8x*=0. 
41. 6x»+27x=-22. 


16. a:^+3a>=5. 

18. X*— 7x=6.< 

20. a?-4x — 2. 

22. x?=»6x+ll. 

24. x?»+llx-9=0. 
26. a^-2 — 8x. 

28. 3x*+2x-6. 

80. 3x*-7x=16. 

82. 4x?=l-6x. 

84. 6x*-13x — 6. 
86. 12a?+25x— 10. 
88. 9£t®-l-3X“*4“0. 
40. 35— 41x=s— 9x*. 
42. 3x*+17+16x»0. 


48. 


x+8_ 5 
x+1 x‘ 


44. (2x+16)(2x-l)=10(2x+l). 


3x"f“4 

1 «— 2 4x— 1* 


46. JL+??=?2. 
2a? t4x 


47. (5-2x)(3x+4)=.(7x+l)(2x-3). 

48. (4x-3)(3xSi-2)=(4x+9)(5x-l). 

49 2^— 3 _ 6a;— 1 2x+l 2— a; 

* 2x+l 2x+3 2x+^’ * X— 1 3x— 2 3x— 1* 


l“}“2x , 3x — 1 2 x'4'3 

* x*+a?— 12 X®— 2x— 3 x*+5xH-4’ 
go 7x+l 4x— 3 _ 6x— 5 

10x2+x-3 8x3.^ 18x+7‘"2(^-23x-21’ 

go 35 3 l*“3x 

^-x-15""6x3-19x+16~4i?=^’ 


Exercise 2le 

Use the fonnula to solve the following equations, giving your 
solutions correct to two decimal places : 

1. x3+5x+3‘=0. 2. 4x3+8x— 1«*0, 

8. 3x»-llx-5«0. 4. 10x3-13x+2»0. 

6. -7x?»+3x+7=0. 6. 22x«llx^+10. 
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7. l-**-.4ar. 

9* 

u. ®® ^ 


2-x 4-x»‘ 

Find the eolations of the following quadratic equations in x : 


8. a^+|x+J=0. 

“• T-S-*-"- 
18. .03-I1!+*S-0. 

. X or 
14. 7x+l-3=3-5x*. 


16. »*+6o*-7o*=0. 

17. 

box 

19. 3(»-6)*+2(6-*)-3=0. 
ot »»— 1_ , 1 2m+l 


16. 3j9a:+l=0. 

18. ®— o+— ^=2. 
x—a 

20. ®(cx— 2)=ca:— 1. 
22. **+2oa:+o*=a+6. 


28. ?3?+?=1-2*. 

q p 

In the examples which follow, use the discriminant to examine 

the roots of the equations. 

24. State in which equations the roots are real, and in which 
imaginaiy. n. 

(a) a?+6x+l=0. (b) 5x2=42:+2. 

(c) 2a?+7«6x. (d) a:®-i-3a;H-2*»0. 

26. Which of the following equations have irrational roots, and 
which rational roots ? 

(a) 7a?*+ac-6-0. (6) 3a:2+8x-3«0. 

(c) 6a?+7x-6=»0. (d) 4x2-13® =5. 

26. Which of the following equations have imaginary roots, and 
which rational roots ) 

(a) 2x*-6x+4 «0. (6) 6®2-12a;+7«0. 

(c) 2105*+ 22x— 8=0. (d) 9x^+6®H-2=0. 

27. Which of the following equations in x have real, which 
irrational, and which imaginary roots ? 

(a) (mx)2-h3wMC+l— 0. (6) --O. 

a 

(c) pa^+q->{p+q}x. 
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Exercise 21S 

Solve the following equations (1 to 5) by any suitable method : 
1. 2(a5-6)H7(»-^)+3=0. 2. 6(i-l)2=.7(*-l)+6. 


6. Find the values of - from the equation, 

a;2 

7. Find the values of > in terms of a and 6, given that 

y 

ax y a 


8C ^ind the values of given that 

y 


9. Find the values of x in terms of y, given that 
(2a;-y)2=2(»+2)~y. 

10, Find the values of x in terms of given 

3(»-3y)a=(3y-®+4). 

11, Solve the equation (a+6)a^— (6+a)x=6— a. 

12, Solve the equation in 


x4- 


o(a-»-2)— a? 6 


»+2a . aj+2a 


-1. 


18. Solve (ajH-a)*+(a5+6)*=(a— 6)*. 

14, Solve ac(a?+J)*— (2a— 3c)(a;-f-J)— 6=0. 

16, Solve4a;*-17«2H-4=0. 

16, Find the values of the product ay, given 15x^y*+ll3cy=14. 

17, Find the values of x wUch satisfy the equation, 

(^+2»)*-2(x^+2»)-3=0. 
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18. Solve the equation, 

4 

19. Solve the equation, 

20. Given that 2 =^ is a root of the equation 22?+52^+x-2»0, 
find the other roots. 

21. Given is a root of the equation 3z’=2z^+18a;+9, find 
the other roots correct to two decimal places. 

22. Find one of the roots of the equation 2x®-9as’+7a!+6*0 by 
use of the Factor Theorem ; then solve the equation com- 
pletely. 



CHAPTER XXn 

Problem! Leading to Quadratic Equations 

157. We shall now solve some problems which lead to a quad- 
ratic equation in the unknown. 

Example 1« Divide 20 into two parts such that the sum of 
their squares is 250. 

Denote one of the parts by x, then the other part is (20— x). 
The squares of the parts are thus and (20— x)®. 

Hence the conditions of the problem give 

x2-h(20-x)2=250, 
i.e. X® + 400— 40x4- 250. 

Transposing, 2x2-40x4- 1 50=0. 

Dividing throughout by 2, 

x2— 20x4- 75=0. 

(x-5)(x-15)=0. 

Hence, x=5, or x=15. 

If X, that is the first part, is 5, then the second part, which is 
20— X, is 15. 

If X, that is the first part, is 15, then the second part, which is 
20— X, is 5. 

It is seen that both roots of the quadratic equation give the 
same solution to the problem. The parts are thus 5 and 15. 

Note. — The pupil should make a point of verifying all solutions 
to problems. In the case of this problem 

524-152=254-225=250, 

which verifies the solution. 

Example S. A and B each walk 24 miles. The sum of their 
speeds is 7 m.p.h., and the sum of the times taken is 14 hours. 
Find their speeds. 

Denote the speed of by x m.p.h. ; then B’s speed is (7— x) 
m.p.h. 

AT/aEBBA--^21 
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The time A takes to walk 24 miles is ^ hours. 

X 

24 

The time B takes to walk 24 miles is = — hours. 

7-® 

Hence the condition of the problem gives 

.14. 


24^ 24 
— |-- — = 
X 7—* 


Clearing of fractions, 

24(7-®)+24®=14®(7-®), 
i.e. 168-24®+24x.=98x-14x2. 

Transposing, 14a^— 98®+ 168=0. 

Dividing throughout hj 14, 

*»-7®+12=0. 

.•. (®— 3)(®-4)=0. 

Hence, x=3, or 4. 

If A'b speed, that is ®, is 3 m.p.h., then B'i speed, that is 7—®, 
is4m.p.h. 

If A’b speed, that is ®^ is 4 m.p.Ii., then B'a speed, that is 7—®, 
is 3 m.p.h. 

Thus their speeds are 3 m.pJi. and 4 m.p.h. 

Note. — ^As the conditions of the question do not differentiate 
between A and B, we should expect an anWer in the dual fonn, 
as obtained from the solution of the quadratic equation. 


TbB qneetions in ExerciM 22a, page 820, ihonld now be 
attempted. 


, The Inadmissible Root 

158. In the previous ezsmple{i, each of the roots of the quad* 
ratio equation gives an adn^ible answer to the problem. It 
often happens, however, that one of the toots of the equation 
cannot be int^giblj applied to tiiie (xmditions the question. 
For example, we may be asked to find the digits of a number, 
and one of the roots maj be fractional, or negative. Such a root 
must of course be rejected, and the remaining root gives the 
sdution. 
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Exiunple 3. Two cubes differ in volume by 11 c. ft. 1305 c. ins. 
If their edges differ by 1 ft., find their dimensions. 

As has been pointed out in Part I (§ 48, Example 5), it is 
essential that the quantities involved in a problem be denoted 
in terms of the saAe unit. 

Working in inches : 

I c. ft.=(12)® c. ins.=1728 c» ins. 

II c. ft. 1305 c. in8.=(llx 1728+1305) c. ins. 

=20313 c. ins. 

Denote the edge of the smaller cube by x inches, then the edge 
of the larger cube is {x+ 12) inches. 

The volumes of the <^ubes are and (®+12)® c. ins. respectively. 
Hence the condition of the problem gives 

(x+12)®-a^=20313, 
i.e. - ir»+36a?+432x+1728-a^=20313. 
Transposing, 36a?+432ar— 18585=0. 

Dividing throughout by 9, 4a:^+48aj— 2066=0, 

.% (2x-35)(2»+59)A0. 

‘H&ice, x=17J, or — 29^. 

As X denoted the length of the edge of the first cube, the root 
x=— 29J has ilb intelligible meaning. 

Thus, x=17J gives the edge of the smaller cube. 

The edge of the larger cube is (x+12), that is 29 J inches. 
Hence the cubes have edges of 17 J and 29| inches respectively. 
The pupil should verify that (29|)®— (17^)®= 20313. 

Interpretation of the Negative Root 

159. Example 4« If the price of eggs is reduced 3d. a dozen, 
four more can be purchased for half a crown. Find the original 
price of a dozen eggs. 

Working in pence ; 

Denote the original price of a dozen eggs by x pence. 

Therefore one egg costs pence. 

12 

Hence the number of eggs purchased for half a crown is 

30-r^,thati8~. 

12 X 



316 


» ALGEBEA 


The new price of a dozen eggs is (x— 3) pence ; thus the new 

I £ . X--Z 

price of one egg is pence. 

12 

Hence the number of eggs bought for half ac'irown is 

30---^, that'ia -5^. 

12 x-3 


Hence the condition of the problem gives 

360 360,. 
a?— 3 X 

Clearing of fractions^ 360x=360(x— 3)+4x(a;— 3), 
i.e. 360a;==360a:— 1080-1-4x2— 12x. 
Transposing, 4x2— 12x— 1080=0. 

Dividing throughout by 4, 

x2-3x- 270=0, 

(x^-18)(x+15)=0. 

Hence, ^ x=18, or —16. 

Rejecting the root x==— 15, which is inadmissibleit 

x=18. 


Thus the original price of a dozen eggs is *18 pence, that is Is. 6d. 

Note. — ^Although the root x= -15 has been rejected, it should 
be possible to give it a theoretical explanation, as it has occurred 
as the result of the algebraical working. 

If the original price is —15 pence a dozen, then the new price 
is —15—3, that is —18 pence a dozen. The original number 
bought for 28. 6d. is 

30^(-U>—W=~24. 

The new number bought for 2s. 6d. is 

and —20 is equal to — 24-f4. 

Thus the condition of the problem is satisfied theoretically^ 
since . 30-(-n)-30^(-H)+4. 
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If the signs are changed throughout on both sides, we obtain 

30-r|f-30~if-^4. 

This shows that if the original price were 154>ence a dozen, and 
the price be increased by 3d., that is to 18 pence a dozen, four 
fewer would be purchasable for half a crown. Hence the negative 
root, namely — 15, obtained as a solution of the quadratic equation, 
is the correct answer to the problem obtained by changing the 
words * reduced * to ‘ increased,* and ‘ more * to ‘ fewer.* It will 
frequenily be found that a negative root ol a quadratio equation^ 
obtained in solving a proble^ can be interpreted as a solution 
of the problem by making siii^ar word changes. The student 
will find it instructive to refer back to Chapter III, on Directed 
Numbers, for the effect of such word changes. 

The questions in Exercise 22b, page 822, should now be 
attempted. 

160. The following examples are rather mpre difficult. 

^*Ejxample 5. A father is three times ^as old as his son. The 
product of the father’s age in three years’ time, and the son’s age 
three yt^ars a^, is twenty times the present age of the son. Find 
their ages. 

Denote the son’s jffeseiit age by x. 

Thus the father’s present age is 3®. 

In three years’ time the father’s age will be 3a;-f 3, while three 
years ago the son’s age was a;— 3. 

Hence the condition of the problem gives 
(3a;+3)(x-3)=20x, 
i.e. 3 x 2 — 62 ;— 9=20x. 

Transposing, 3 a; 2 _ 26a;— 8—0, 

(®-9)(3a;4-l)=0. 

Hence, a;=9, or — J. 

Rejecting the root which is inadmissible, 

x»9. 

Hence the son’s age is 9, and the father’s age ii^27. 
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Example 6. The expression has the values 9, 21, 43, 

when X has the values 1^2, 3 respectively. Find the values of a? 
which will make the expression equal to 15. 

If a;=l, the expression a^+bx+o becomes a\b+c. 

Hence a+6+c=9 . . . (1) 

If a==2, the expression o5c*H-6a5+c becomes 4a+26+c. 

Hence 4a4-26H-’c=21 (2) 

If aj=3, the expression ftx+c becomes 9a+36+c. 

Hence 9a+35+c=43 (3) 

Solving equations (1), (2) and (3), we obtain a=»5, 3, c=7. 

Thus the expression becomes 

Hence the condition of the problem gives 

5x^-^3x4-7=s15. 

Transposing, 5a?— 3x— 8=0, 

(x+l)(5x— 8)=0. 

Hence the solution is x=— 1, or f . 


Note. — In this example it will be noticed that both roots of the 
equation are admissible as satisfying the conditions of< the 
problem. 


Example 7. One pipe can fill a cistern in 10 minutes less than 
another pipe, but takes 10 minutes 25 seconds longer than the 
two together. Find the time each takes ^separately to fill the 
cistern. 

Working in minutes : 

Denote the time the first pipe takes by x minutes. Then the 
time the second pipe takes is (x+10) minutes. 

The first pipe fills - of the cistern in a minute. 

X 

1 

The second pipe fills — — of the cistern in a minute. 
x+10 c 


Hence the two together fill of the cistern in a 

\x x+10/ 

minute. 

But the question states that the two together take (^--lOj*^) 
minutes, so that the two together fill — of the cistern in a 


minute. 


x-lOA 
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Hence, 


i+_i 

X ay+lO 


. a;+10+a?__ 12 

a;(x+10ri2»~125‘ 
Clearing of fractions, 

(2a;+10)(12x-125)=12a<a;+10), 
i.e. 24a:2_i30a._i250==l2x2+120a;. 
Transposing, 12x2— 250x— 1250—0. 

Dividing throughout by 2, 

6x2-125x-625«0, 

^x— 25)(6 x4-25)=s0. 

Hence, x=25, or — 


Rejecting the negative root, we have x«25. 

Thus the first pipe takes 25 minutes, and the second pipe takes 
35 minutes to fill the cistern. 


Example 8. A number consists of three digits, the tens digit 
being one nftre than the hundreds digit and one less than the 
units digit* The number is equal to the product of the units 
digit and a two-dig'l^umber whose tens digit is twice the original 
hundreds digit and whose units digit is the sum of the original 
tens and units digits. Find the number. 

Denote the hundreds digit by x. 

Then the tens digit is (x+1), and the units digit is (x+2). 

Hence the value of the number is 

100x-fl0(x^-l)^-x+2=lllx+12. 

This number is the product of the units digit, that is (x+2), 
and of a number whose tens di{{it is 2x and whose units digit is 

(x+l)+(x+2), that is (2x+3). 

Hence, lllx+12=(x+2)[10(2x)+(2x+3)] 

<-(x+2)(22x+3), 
i.e. lllx+12— 22x*+47x+6. 

22a?-64x-6-0. 


Transposing, 
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Dividing throughout by^2, 

llx*— 32a5—3«0, 

/. . (»-3)(ll«+l)=0. 

Hence, x^3, or — 

Rejecting the root aj=— A , which is not a digits we have rc=3. 
Thus the number is 345. 

The questions in Exercise 22c, page 325, should now be 
attempted. 


Exercise 22a 

1. If the square of a certain number be subtracted from six 
times that number, the result is 9. Find the number. 

2. If four times the square of a certain quantity bo subtracted 
from 28 times that quantity, the result is 49. What is. the 
quantity ? 

8. Divide 60 into two parts such that their produpu is 429. 

4. A person walks to the pillar-box, half a mile away, and back 
in 25 minutes, his rate of walking each way being uniform. 
If the sum of these two rates is 5 miles per hour, find what 
each rate is. 

6. Two people each walk 21 miles. If the sum of their speeds 
is miles per hour, and the sum of their times is 11 hours 
36 minutes, find what these times are. 

6. A number added to 20 times its reciprocal is equal to 9. 
What is the number 1 

?• The sum of two numbers is ^18 and the sum of then: squares 
is 170. Find the numbers. 

8 . Divide 32 into two parts such that the sum of the squares 
of the parts is 514. 

9. The sum of two numbers is 58, while their product is 777. 
Find the numbers. 

10. A rectangdar field has an area of 1600 square yards and its 
perimeter 160 yds. Find the lengths of its sides. 



PROBLEMS LEADING TO QUADRAflC EQUATIONS 321 

11. Find a number wliose square added to 63 is equal to 16 times 
the number. 

12. Find a number which when increased by 20 is equal to 9 times 

the square rgot of the number. * 

13. A spends Is. 8d. on packets of chocolates. £, who buys 
packets costing |d. less, spends Is,, and receives two packets 
less than A. How much does A pay for one packet ? 

14. A boy walks for 9 miles. After a rest he walks for 5 miles at 
a rate \ m.p.h. slower than before, and takes 1 hour less than 
before he rested. What were his two rates of walking ? 

15. A wire 80 inches long is bent into the shape of a rectangle 
whose area is 36^ square inches. Find the dimensions of the 
rectangle. 

16. The hypotenuse of a right-angled triangle is 25 inches and 
its perimeter is 56 inches. Find the lengths of the other two 
sides. 

17. A stationer spends £6 on a stock of fountain pens. Later he 
spends another £3 in buying a stock of g different pen costing 

* * 6d. less, and receives 16 fewer pens^ IIow many pens did he 
obtain altogether ? 

18. AB is a straight line 17 cms. long. If is a point on the 
line such that AX . XB^d5 sq. cms., find the length of AX 
correct to the nearest tenth of a mm. 

19. A man drives to a town 21 miles away. He returns by a 
route which is 4 miles shorter, but as his speed is 2 m.p.h. 
less he saves only 5 minutes on the return journey. At what 
speed did he drive to the town ? 

20. A boy who has yet to receive his marks for three subjects, 
has a totol of 372. His marks for the remaining three subjects 
are 58, 82, 64, which raises his average^ by 2. Find the 
number of subjects he took in all. 

21. A number of people shared ^ coach, the charge for which was 
£3, 11s. 6d. One member of the party paid 8s. 6d. without 
waiting to find his correct share, with the result that the 
others paid 3d. less each than they should have done. How 
many people were there in the party ? 

22. A wire 20 cms. long is bent into a rectangle whose diagonal 
is 7| cms. in length. Find the length of the sides of the rect- 
angle correct to the nearest tenth of a mm. 
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Exercise 22b 

1. The difference of two numbers is 3, and ^;he sum of their 
squares is 185 ; find them. * 

2. The product of two consecutive even numbers is 168 ; what 
are they ? 

3. Find two consecutive numbers such that the sum of their 
squares is equal to 613. 

4. Two numbers which differ by 4 have a product of 221. Find 
the numbers. 

6. Find two consecutive odd numbers the sum of the squares 
of which is 290. 

6. Two numbers differ by 9, and the square of the larger added 
to four times thclsquare of the smaller is 452. Find the 
numbers. 

7. Find a number which is greater by unity than 20 times its 
reciprocal. 

8. Find two numbers which differ by 4, and are such that the 
sum of their reciprocftls is 

9. Find two numbers which ^ffer by 3, and are such that the 
difference of their reciprocals is 

10. One number is four times another. If each be increased by 
3, the sum of their reciprocals is Fod the numbers. 

11. A field is 11 yds. longer than it is broad, and has an area of 
6 acres. Find its length and breadth. 

12. A train travelling at x m.p.h. for (x+5) minutes travels 
12^ miles. Find x. 

13. Two trains both cover a distance of 260 miles, the average 
speed of one being 2 m.p.h. more than that of the other. It 
is found that the faster train takes 12 minutes less for the 
journey. What are the two speeds ? 

14. A rectangle whose area is 255 sq. ft. has its length and breadth 
diminished by 1 yard and 1 foot respectively, and thus 
becomes a square. Find the length of a side of the square. 

15. A man walks to his office and back in hours, his rate on 
the return journey being ^ m.p.h. slower &an on the outward 
journey. If he lives 5^ miles from his office, find the rates 
of walking. 

16. 99 bundles of wood are divided among a certain number of 
poor persoiH ; if each had received 2 bundles more, he would 
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have received as many bundles as there were persons. How 
many persons were tWe 1 

17. In a concert hall 600 persons are seated on benches of equal 
length. If tl^ero were 10 fewer benches, it*would be necessary 
that two persons more should sit on each bench. Find the 
number of benches. 

What problem is suggested by the negative root of the 
equation ? 

18. A sum of £17 is divided among a certain number of persons. 
If each had received 3 shillings more, he would have received 
as many shillings as there are persons. How many persons 
are there ? 

State a problem that can be obtained from the* negative 
root of the equation. 

19. Two motor-cars race over a 330 miles’ course. One car, 
running at a speed 5 m.p.h. greater than the other, wins by 
55 minutes. Find the two speeds. 

20. AB is a straight line 1 foot long. P i% a, point in AB such 
, .that AB • AP—PBK Find the length of AP correct to the 

nearest hundredth of an inch. 

21. AnswerdQuestion 20 if P is a point on AB produced. 

22. A fraction, whose numerator is 2 less than its denominator, 
is doubled if 21 be added to the numerator and 9 be added 
to the denominator. Find the fraction, 

23. A rectangle of sides 13 inches and 9 inches has a strip of 
uniform width cut off all round it. If this reduces the area 
by 57 sq. ins,, find the width of the strip. 

24. How many bars of chocolate can be bought for 28. 6d. if three 
more for the money would lower the price sixpence a dozen. 

Change the wording to form the problei^ which interprets 
the negative root of the equation. 

25. Two trains have each a distance of 200 miles to cover. Their 
speeds differ by 10 m.p.h., and their times by 1 hour. How 
long does the faster train take ? 

26. In estimating for a contract, an employer reckons that he 
will have to pay his labourers £42 a week altogether. Later 
he finds that he needs 5 more labourers, and if he does not 
wish to increase his expenses, he will have to pay each man 
4s. less. How much ddes he intend to pay man ? 
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27. A greengrocer buys a certain liumber of melons for £1, 28. 6d. 
He finds that three are bad, but by selling the rest at 3d. 
each more than they cost, he makes a profit of 3s. 6d. How 
many did he buy ? 

28. AB is a straight line 4*7 cms. long. P is a point in AB such 
that AP^=2PB^. Find the length of AP correct to the 
nearest ^ J^^th cm. 

29. Answer Question 28 if P is a point on AB produced. 

30. Find the speed of a motor-car if increasing the speed by 
6 miles an hour means a saving of 12 minutes on a journey 
of 36 miles. 

81. Two men walk towards one another starting from two towns 
34 miles apart, and meet in 4 hours. If one takes 1 min. 40 sec. 
longer to walk a mile than the other, find their speeds. 

32. I bought a number of pears for lOs. Later I passed a shop 
where the price of a pear was ^d. less than I had paid, and 
calculated that I would have obtained 8 more pears for my 
money. How many pears did I buy ? 

33. A man buys a number of water-jugs for £5, 10s. He breaks 
4 of these, but is able to make £1, 10s. profit by selling the 
rest at Is. each more than he paid. How much did he pay 
for each jug ? 

34. £5 is divided equally between a number of boys. If there 
had been 4 boys fewer, each would have received lOd. more. 
How many boys were there ? 

35. Two men walk from London to Barnet, a distance of 12 miles. 
The first walks at a uniform rate. The second, who starts 
half an hour later, rests for half an hour on the way, but 
while he is walking travels 1 mile an hour faster than the 
other. If the two arrive at Barnet together, how long did 
the first man^^take ? 

36. Two cyclists ride from London to Eastbourne, a distance of 
72 miles. One travels 35*2 inches further than the other 
every second, and takes 1 hour 12 minutes less for the journey. 
Find the speed of each. 

87. A man can row 10 miles an hour in still water. If it takes 
him 1^ hours to row 6 miles with the stream and then back 
again, find the speed of the stream. 

88. AB is a straight line 3*8 inches long. Find a point X in AB 
such that 4X^-~AX . XB^XB^. (Ana. to 2 decimal places.) 
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39. AB is a straight line 3*8 inches long. Find a point X on AB 
produced such that AX^—AX . BX==BX^, (Ans. to 2 decimal 
places.) 

40. From Loudon to St Albans is 20\ mil^. A starts from 
London, and R, walking | m.p.h. faster than A^ sets out 
from St Albans 20 minutes later. If the two meet 10 miles 
from London, find their speeds. 

41. A company at an inn had £12 to pay, but before the bill was 
settled three of them left, so that those that remained had 
4s. each more to pay. Of how many persons did the company 
consist 1 

42. A man bought a number of pictures for four guineas. He 
kept four pictures, and sold the rest at Is. each more than 
he paid, thus gaining Gs. on his outlay. How many pictures 
did he buy ? 

43. A man buys a certain number of pencils for 23. 6d. and sells 
them at 4 for 3d., thus gaining as much as he paid for 30 
pencils. How much did he pay for each pencil ? 

44. What is the price of a fountain pen, if the number that 
could be obtained for £1 would be reduced by 2 if the price 

• • were to be increased by 6d. ? 

45. I bought a certain number of ties for a guinea. Had 1 bought 
a cheaper kind of tie at 3d. each less, I should have obtained 
two mofe ties for the money. Find the price I paid for a tie. 

46. If 8 fewer handkerchiefs can be bought for 15s. when the 
jjrico is raised 9(f. a dozen, what is the price of a handkerchief ? 

47. A boy spends 7|d. on toifee apples. Another boy buys 
smaller toffee apples, costing Jd. each less, and gets an extra 
toffee apple for the same money. Find the price per apple 
in each case. 

48. The breadth of a room is 3 ft. more than its height, and 5 ft. 
less than its length. If it measured 2 ft. more each way it 
would contain 1260 cubic feet more. Fipd the dimensions 
of the room. 


Exercise 22c 

1. There are two cubes whose edges differ by 3 inches and whose 
volumes differ by 657 cubic inches. Find the length of the 
side of the smaller cube. 

2. A person pa 3 rs 2d. more a cwt. for his coal than his neighbour, 
and when spending two guineas receives 3^cwt. more than 
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does his neighbour when spending £1, 12s. 6d. Find the 
prices paid for a cwt. of coal. 

3. 'A number consists of two digits whose average is 5. If 13 
be subtracted from three times the number, the result will 
be twice the square of the units digit. rii>i the number. 

4 . A and B working together can do a piece of work in three 
days. If they were working separately, A would take eight 
days longer than J5. How long would A take alone ? 

6. Two men had 50 sheep between them. The first sold all his 
sheep for £16, ISs. 4d., and the second sold his for £37, lOs. 
If each had sold his sheep at a price per sheep charged by 
the other one, they would have received equal sums of 
money. How many sheep had each ? 

6. The length, breadth and height of a rectangular block are 
proportional to 9, 6 and 4. If the length were to be increased 
by 3 inches, the breadth reduced by 2 inches, and the height 
reduced by 1 inch, the volume would be reduced by 552 cubic 
inches. Find the original dimensions. 

7. What is the pricf^ of herrings per dozen when two less in a 

shillingsworth raises the price py a penny a dozen ? . . 

8. The tens digit of a number consisting of two digits is 
times the units digit. If 30 be subtracted from the number, 
the result is equal to the sum of the digits multi|)lied by half 
the tens digit. Find the number. 

9 . The cost in pence of a dozen pears in one shop is three more 
than the number that can be bought for 2s. 6d. in another 
shop. By buying 100 pears at the first shop and selling them 
at the second shop, a profit of 4s. 2d. is made. Find the price 
of a pear at the ^t shop. 

10. If a person whose stride is 2J feet were to take J second 
longer over each step, his speed would be reduced by 1 mile 
an hour. At what rate is he walking ? 

11 . The expression Jias the values — IJ, 15, 40^ 

when X has the values 2, 3, 4 respectively. Find the values 
of a, b and o. Find also the values of x which make the 
expression equal to zero. 

18. A man invests his money at conmound interest for two years 
at a certain rate per cent., and wds that he receives 58. per 
cent, more than if he had invested it at simple interest. 
Find the rate per cent. 



PROBLEMS LEADING TO QDADRATJC EQUATIONS 327 

13. A bathing pool can be filled by two pipes together in 2 hours 
24 minutes. The smaller alone takes 2 hours longer than 
the larger to fill the pool. How long does each pipe thke 
alone ? 

14. A man buys § bicycle and then sells it, ms^ng a profit which 
is five times as much per cent, as the number of pounds he 
paid. If he sells it for £1, 12s. 3d., how much did he pay 
for it ? 

16. A man invests some money in a per cent, stock. Had the 
price of the stock been increased by £3, his percentage 
annual return on his money would have been decreased by 
1 J. Find the price of the stock. 

16. A greengrocer finds that by selling a melon for Is. T^d. his 
percentage of profit on cost price is twice as mueb as the 
number of pence the melon cost him. What did he pay 
for it ? 

17. The hot pipe takes 3 minutes longer to fill a bath than the 
cold pipe. The two together take 6 minutes 40 seconds. 
How long does the cold pipe take ? 

18. A number of two digits is such that 4wice the tens digit 
.^together with three times the unks digit is equal to 20. 

If the square of the sum of the digits be decreased by the 
sum of tbe digits, the result is equal to the original number. 
Find the dumber. 

19. A man buys a billiard table, and in reselling it finds that 
the percentage iSss on the cost price is one quarter of the 
number of pounds he paid for it. If he sold the table for 
£51, what did he pay for it ? 

20. Two men are cycling along a road in opposite directions ; 
their speeds differ by 3 m.p.h., and they started from points 
54 miles apart. After the moment of crossing, the slower 
takes 2J Lours to reach the other one’s starting-point ; find 
the speed of each. 

81. How long will it take each^of two pipes separately to fill 
a tank if one of them alone takes 9*J minutes longer to fill 
the tank than the other, and 15 minutes longer than the 
two together ? 

88. A man invests some money in a 6 per cent, stock. His 
friend invests later, when the price of the stock has increased 
by £6, and thus receives | per cent, less on his investment. 
What was the original price of the stock ? 
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88. A dealer bought a certain number of eggs for two guineas, 
which he intended ten. sell at half a guinea profit. As he 
*'broke ten of them, he sold the remainder at a farthing each 
more than he had intended, thus making a proht of 108. 4d. 
How many eggs did he buy, and at what pjpee did he intend 
to sell each 1 

24 . A and B separately can do a piece of work in the same time ; 
C takes 4 days longer. If the three work together, the time 
taken is 9 days less than that of C. Find the time C takes. 

26. A number consists of three digits. It is equal to the sum 
of the cubes of its digits, decreased by three times the product 
of its digits, and increased by twice the product of its middle 
digit and the difference of the squares of its tens and units 
digits. If the hundreds digit is one more, and the tens digit 
is three more than the units digit, find the number. 



CHAPTER XXIII 

Simyltaneous Quadratic Equations 

161. In Chapter XI it was shown that a set of n linear simul- 
taneous equations containing n unknowns can, in general, be 
solved, and lead to a solution giving one value for each of the 
unknowns. We shall now deal with simultaneous equations 
which arc not all linear. 

Example 1. Solve 16r*-9^=319 .... (1) 

4ar-3t/=ll . . . . (2) 

Dividing corresponding sides of equations (1) and (2), 
16a?~9j^_319 
4x-3y 11’ 

(4®+3y)(4x-3y)_319 . 

/. 4cB-|-3y=29 , . . . . (3) 

(2)+(3) &r-40, 

* cc=5. 

Substituting in equation (3), y«3. 

Thus the solution jis y=3. 

Solving by Substitution 

162. The method used in the above example is not always 
applicable. We shall now employ a method which is applicable 
in every case where one equation is of the second degree and the 
other linear. The method is to find the value of one unknown 
in terms of the other unknown from the linear equation, and to 
substitute this value for that unknown in the equation of higher 
degree. 

Example 2. Solve ap-3y«l . . . . (1) 

2ry»4 .... (2) 

Using equation (1) to substitute for x in tenus of y, 

x^l+Sy . . • (3) 

829 


▲LQXBIU.—- 22 
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Sabatituting this value of a; in equation (2), -we have 
(l+3y)r-4. 
i,e, 3^-1-y— 4«=0, 

(3y+4)(y-l)=0. 

Hence, y=l, or— 

Substituting in equation (1), if 1, z<»2 ; 

if y=-i,a;=-3. 

Thus the solution is x=2, y=l ; 

X — 3, y — J, 

Ezam])le 3. Solve 3it®+2»y— 3y®— 3a;+l=0 . . • (1) 

2x+3y-l . . . (2) 

Using equation (2) to substitute for x in terms of y, 

2a;=l-3y, 

x==^S^ . . . . (3) 

f 2 

Substituting this value of a; in equation (1), we have 

Multiplying throughout by 4, 

3— 18y + 27^+ 4y — 12^— 1 — 6+ 18y + 4** 0, 
i.e. 3^+4y+l=0, 

(y+l)(3y+*i)=0. 

Hence, y- — 1, or —J, 

Substituting in equation (3), if 1, ; 

if «-*i. 

Thus the solution is a;— 1 , ; 

a;«2, y»-l. 
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Note (1). — In giving the solution^ the values of x and y must 
be arranged in ^eir corresponding *pairs. The student should 
notice that the values x=l, 1 and the values ^ 

satisfy neither of the equations. 

Note (2). — It will sometimes involve less work to use the linear 
equation to substitute for*y in terms of a;, for example when y 
has a smaller coefficient than x in the linear equation. 

The questions in Exercise 23a, page 336, should now be 
attempted. 


163. Example 4. Solve l+i^+-=5 .... (1) 

ar !/“ a; 

. . . . ( 2 ) 

X y 

Note. — We do not clear of fractious, but treat these equatians 
as a quadratic and a linear equation in t^e unknowns 1 and 

As the coefficient of - in equation (2) is unity, we shall substitute 

for i in terms of 
y X 



Substituting this value of - in equation (1), 

y 


i.c. 

i.e. 


U(3-3)%§=5. 

ar \ X/ » 

1 ,Q 18. 9 ,5 K 

“-'i+4.0, 

X 


(3) 



Hence, 
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Substituting in equation (3), if 

1113. 

X 2’y '2’ 

if 

1^4 1__^3 

X 6’y”°8’, 

Hence the solution is 

»=2, y=J ; 


6 6 

4’ ^~3' 

164. It is sometimes possible, by division, to reduce an example 
containing an equation of higher degree than the second to one 
of the preceding types. 

Exampfe 5. Solve a’- 

-6»=162 . . . (1) 


a-b=S . . . (2) 

Dividing corresponding sides of the equations (1) and (2), 


o»-6»_152 
0-6 8 ’ 

. ^ (o— J>)(a*+o64-6*)_152 
8 "’ 

/. a2+a6+62=19 . . (3) 

Using equation (2) to substitute for b in terms of a, 

b-a—8f . . • (4:) 

Substituting this value of b in equation (3), we have 
a2+a(a~8)+(a-8)2=19, 

Le. 8a+a2— 16a+64=19, 

i.e. 24a+4:5=0. 

Dividing throughout by 3, 

a*-8aH-15=0, 

/. (a-3)(a-5)=0. 

Hence, c a—3, or 5. 

Substituting these values of a in equation (4), 

6=— 5, or —3, 

Hence the solution is a»3, ; 

a=s5, 6»— 3. 

The questions in Exercise 23b, page 837, should now be 
attempted. 
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Homogeneous Equations 

165. An expression is said to be homogeneeiu when every term 
in it is of the safne degree. 

Thus, 3a:®— is a* homogeneous expression of the third 
degree in x and y. 

When the terms involving the unknowns are homogeneous in 
the second degree, none of the previous methods are applicable. 
The solution can be obtained, however, as in the following 
example : 

Example 6. Solve 

12a:®-28a:y+27^=64 . . . . (1) 

lGar'-41a^+36t/®=78 .... (2) 

Dividing corresponding sides of equations (1) and (2), 

12a;2-28»fy4-27f/2_64_32 • 

16a:2-41a:y+36y2 78 ^9’ 

.*. . 39(12x2- 28a;y4-27y®)=32(16x2-41ccy+36y*), 

i.e. 4W-1092zy+1053i^=512a;*-1312xy+1152y», 

whence, 44a!V220xy+ 99^=0. 

Dividing throughout by 11, 

4®*— 20xy + 9y®= 0, 

/, (2®-y)(2®-9y)=0. 

Hence, 2®=y, or 2®=9y, 

. „ 2z 

i.e. tf=2x, or 

When y‘=2x. Substituting tUis value of y in equation (1), 
12®*-28a!(2a;)+27(2®)*=64, 
i.e. 12»*-66»*4-108®a=64, 
i.e. 64 !e*=64, 

.-. !B*=1, /. ±1. 

But ^-2®, A y-±2. 
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When • Siibstitutiog- this ralae of y in equation (1), 


12**-28a:^?|)+27^^y=64, 


• 56ic®,4x2 ^ • 

l.e. 12x2 ;r-+- 3 r =64. 

9 3 


Multiplying throughout by 9, 

108x2-56x2+12x2=676, 
i.e. 64x2=576, 

/. x2=9, /. x=i3. 

But y=^, y^lg. 

The solution is : 

*=-1, y=2; !r=3, y=§; 

3!*=-], y — 2\ a;=-3, y-=-^ 

• 

The questions in Exercise 23o, page 388, should now be 
attempted. 


Problems 

166. We shall now consider some problems the solution of 
which depends on the methods given in this chapter. 

Example 7* Find the dimensions of a rectangle whose area is 
21 square inches and whose perimeter is 20 inches. 

Denote the length and breadth of the rectangle by x and y inches 
respectively. , 

The area is xy sq. inches. 

Hence, x^»21 • . • • (1) 

The perimeter is (2x+2y) inches. 

Hence, 2x+2y«20, 

• • X+y*slO a • • * (2) 

From equatiqn (2), y*10— » .... (3) 
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Substituting this value of y in equation (1), 
a;(10~a;)=2i; 

whence, a®— 10a;4-21*»0, 

/. (a;-3)(ic~7)=0. 

Hence, »=3, or 7. 

Substituting in equation (3), ^~7, or 3. 

Thus the dimensions of the rectangle are 3 inches and 7 inches. 


Example 8. The interest on a certain sum of money for one 
year is £28. If the rate is reduced by and the sum of money 
increased by £100, tKb year’s interest is still £28. Finc^the sum 
of money and the rate per cent. 

Denote the sum of money by £x, and the rate by y%. 


Then, 

^=28,. a:y=2800 . . (4) 

4^1so, 

(x+100)(y-i)_5o 

100 ' 


/. (ir+100)(y-i)=2800. 

. # 

i.e. 

®y+100y—ia:— 50=2800 . . . • (2) 

It will be seen th^ neither (1) nor (2) is a linear equation. 

A linear equation can be formed, however, by subtraction. 

Thus, 

lOOy— J*— 50=0, 

whence. 

®=200y-100 . . . (3) 

Substituting this value of x in equation (1), 


(200y-100)y=2800, 

i.e. 

20(y-100y-2800=0, 




(y-4)(2y+7)=0. 

Hence, 

y=4, or 

Rejecting the negative root, which is inadmissible, and sub- 
stitating the root in equation (3), 


x=700. 


Hence the sum of money is £700, and the rate ^ 4%. 
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Example 9. A yehicle coyera a distance of 30 miles in half an 
hoiyr less than a second vehicle. Had the speed of the first been 
increased by 3 m.p.h., it would have taken one hour less than the 
second vehicle. Find their speeds. 

Denote their speeds by x and y m.p.h. 


Then, 


30^ 

X 


30 

y 


( 1 ) 


If the speed of the first is increased to (a;+3) m.p.h., the differ- 
ence in the times is one hour. 


Hence, =??_! . . . . (2) 

x+3 y ' ' 

Eliminating y by subtraction, 




1 


, Mulfdpljing throughout by 2x(x+3), 

60(x+3)-60x=x(x+3), 
whence, * i*+3a:— 180=0, 


A (*-l£)(*+15)=0. 

Hence, x=12, or —15. 

Rejecting the negative root, which is inadmissibllo, and sub- 
stituting the root z=12 in equation (1), 

y=10. 

Thus their speeds are 12 and 10 in.p.h. respectively. 


The questions in Exercise 23d, page 889, should now be 
attempted. 


Exercise 23a 


Solve the simultaneous equations : 


1. 4iE»-y»=57, 

2a:— y=19. 

8. 3x—ly~—%, 

9a^-49i^=32. 

6. 6a^-(-7a[iy+2^-l-8=0, 

2a:-|-y— 4=0. 

7. a?-p*=7=^!-l-y. 


2. 25j^-ar'=99, 

6y-l-a:=9. 

4. a?-4i^=10, 
x4-2^=2. 

6 . »(3*— 8y)-f48+4p®=0, 
3(®-4)-2y. 

8. 4a:^— 9y*=3y— 2a>i— 5. 
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9. 2a;2—3xy-“9y®~— 19, 
X— 3i^=l. 

U. x2+2^=13, 
x-y=l. 

13. iC2/=l, 

X— 2y=l. 

15. xy+10— 0, 
3xfy=-l. 

17. x-l y— 7=0-xy— 6. 

19. 6x2+3xy^i/^=15, 
7x+2y=12^ 


10., 5x2+J=3xy, 

Dir— 3^4 1=0. 
12 . X— y= 3 , 
xy==28i 

14 . X— 3 ^= 12 , 

18 . 

16 . X®— 

y-. 3 x=- 7 . 

18 . 2 x 242 / 2 .^ 9 ^ 

x42?/-=4. 

20. X2— 

3x4l=-y44. 


Exercise 23b 

Solve the simultaneous equations : 


4. 


1 1 „ 

2 ^ ^ 3 

„ 9 1 3 

’ 


i’ 

1 - 1 = 1 . 

X y 

?+®-3 

3 1_3 

X y 

X y 2 ’ 

1 + 1 = 2 . 

X y 

»■ s+r‘- 

6 . -H 5 , 

X y 

d 

H 

1 

1 i_i 

^4 ^ —13 

® y 5 ' 


P+j?- ^ 

X^ 

• ^ — 13 
^- 13 . 

?-l=- 6 . 

® y 

3 

X 

- 1 = 5 . 

y 

2 , 7 , ® b= 22 " 

10. I- 

-l?-?=- 12 . 

tr 

1 +? — 6 f. 
X y 


?- 5 = 3 . 

X y 


11 - 

1+1=1. 

X V 


1+4+-='^* 

X* X 

2-1=3. 

» y 
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13. x»+y®=133, 
x4 y=7. 

14. x»+8yS=56'. 

• * x+2y=2. 

16. 27x»-8y»=35. 
3x-2y=5. 

S 

!l II 

1 1 

x»^p 8’ 

18. 

X 2y 2 

19. X"l“y — 5, 

1 1^5 

X y 4' 

l.L=l; 

® y 2‘ 

4 1 37 

X? 2y» 2‘ 

20. 

X y 3 
»+y=J3®- 

21. 

X y 

x-y— J. 

22. 2x+3y=13, 

-+-==3f. 
x y 


2y®— 8»®+3y=5(!r— 1 ), 
2x—y=l. 


26. 


27. 


=2i; 


81. 


2(x-l) (/+1_17 

y-\ 2x+6 15’ 

-2x+y=3. 

1— 2y 2a;+l _ 
x+1 2y— 3 
®-|-2y+l=0. 

8y+9_ 2// 

5x-l 2x-l’ 

3— x+2y=0. 

1 3 


-+5 


7x—3y 13x— 3y 3y— *’ 
6x— 3y=2. 


24. 33/-|-x+2=0, 

2x*+2y+3iy®_] 
5x(l-3x)-^7"3' 

26. 

X 5y-2 

x—l—^y. 

2g y-1 3(7-4x) _7 
2x-3 4y-5 2' 

Sx— y— 1=0. 

5x+4y 14y+ll^ _ 7 
* 5x+6y 7x+6y ''2’ 

x+2y=— 1. 

5x-y x+2y _ ^ 


32. 


y— 4x 7y— 12x 


-1— 2x=0. 


Solve : 

1. 6x®— 4xy+y®=27, 
3x^— 2xy+2y*=27. 
3. x*+3xy+y®=ll, 
x^+xy+y«=7. 

5. a^+6xy+4y®=44, 
a!*+ 2xy + 4y®= 28. 
7. 3x*-3xy+2y*=72, 
4a^— 6xy+2]^=99. 


Exercise 23c 


2. 4x®— 2xy— y®=44, 

4x®— 6xy+ 3y®= 28. 

4. x*+xy+2y®=x*+2xy+y®-<4. 

6. 12x*-62xy+67y®=64, 
16x*-73xy+93y*=78. 

8. 3x®— 9a^+8y*“18, 

16x?— 62xy+4^=99. 
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9. l7?—Zxy=—\, 

3y®— 6®y— 2;^— 1 J. 

11. 2st^— 3xy+^=6, 

13x*-22T^+iqj/®=36i. 

13. 2a^— 3xy+«/“=30, 

15. 7®*+3xy— y®=18, 

3a?— xi/+y^=10. 

17. 8a?-3xy+3y=*-42, 
5a?+xy=21. 


10. 4a?— 5xy+y®=2, 

’ • 5a?— a:y=|-. 

12. 5a?+6xy+2y®=38i, 

22a?+29xy+7!^ — 153. 

14. a?+a^+^=3, 
a?-a^+^=l, 

16. x*+2xy+3y-’=l, 

3x®— 4xy + 5y*— 3. 

18. 4a?+llxy— 2«/®=4, 
12a^— 9a^+3^=6. 


19. 


Ti2x-Zy)-\\—2y\ 

2(l-2xy+x‘‘)^x?-i/. 


21 . 




20. 2x—5y 


30 

x-3y 


x-by= 


7(3-y^) 


35a?-29a^+6/-24^ = (2y-5x)(l lx-7y). 


Solve the following equations for x and y :• 

22.'S?-2/’“=rt% 28. iy=7m^, 

X \-y=ab, 6y— x=19w. 

24. x*fy®-7a^=x+«-o=0. 28. a?+2xy4-2^=^, 

O'* 

f+xy=~. 


Exercise 23d 

1. A number consists of two digits such that the sum of the 
digits is 8, and the difference of the squares of the digits is 16. 
What is the number ? 

2. The product of two numbera^is 48. If the smaller number is 
subtracted from three-fourths of the greater, the result is 5. 
Find the numbers. 

8. Find two numbers such that their product multiplied by 
their sum is 126, while their product multiplied by their 
difference is 70. 

4. Two squares differ in area by 11 square feet. Find their sides 
if the perimeters differ by 4 ft. 
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5. Find two numbers such that their sum multiplied by the 
sum of their squares &*803» and their difference multiplied by 

* the difference of their squares is 275. 

6. A floor of a room has a carpet whose area is 99 sq. ft., and a 
border 18 inches wide, which has an areaiof G9 sq. ft., sur- 
rounds the carpet. What are the dimensions of the carpet ? 

7. The product of two numbers is 60, and the product of their 
sum and difference is 209 ; And them. 

8 . A and B buy apples, B paying a Jd. an apple more than A. 
A spends Is. 10|d., and B, who spends 2s. 4d., receives one 
apple more than A. How many apples did A buy ? 

9 . A tank, 4 feet deep, contains 220 cubic feet of water. Had 
it been 1 foot shorter but ^ ft. wider, its capacity would heive 
been unaltered. Find its length and breadth. 

10 . The sum of the volumes of two cubes is 152 c. fb., and the 
area of a' face of each added together is 19 sq. ft. more than 
the area of the rectangle formed by an edge of each cube. 

* What are the dimensions of these cubes ? 

11. Two boys each spend 8d. on marbles, one getting 8 marbles 
more than the ether. Had they bought 30 marbles each at 
the same prices, tho first boy would have spent a pennyJess 
than the other boy. How many marbles did he get for his 8d. ? 

12 . Two gardens each have an area of 260 sq. yards. One is 

4 feet narrower, but 12 feet longer, than the other. Find the 
width of the narrower garden. 

18. In a right-angled triangle the area of tUh square on the hypo- 
tenuse is 65 sq. inches, and the difference in area of the 
squares on the sides containing the right angle is 33 sq. inches. 
What are the lengths of the sides containing the right angle ? 

14 . Two tobacconists each spend ten guineas in buying boxes 
of cigarettes. One of them pays a penny less per box, and 
so obtains 12 boxes more for his money. How many boxes 
does he obtain ? 

15 . A boy spent all his money on oranges : if ho had obtained 

5 oranges more, each would have cost |^d. less, if he had 
obtained 3 fewer, each would have cost |d. more. How 
much did he spend ? 

16 . I spend a certain sum of money on oranges. If they had been 
Id. per dozen dearer, I would have received 6 fewer for the 
same outlay. If, however, they had been 2d. per dozen 
cheaper, I would have received 6 more for f of my outlay. 
What wasythe price per dozen, and what was my outlay ? 
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17. If increasing the speed by 10 m.p.h. means a saving of 
25 minutes on a journey, and 'decreasing the speed by 
10 m.p.h. means a loss of 37| minutes on the same journey, 
find the length of the journey and the speed. 

18. A field has an area of 2451 sq. yds. An adjacent field, 2 yds. 
longer and 5 yds. wider, Jiias an area of 2832 sq. yds. Find 
the dimensions of the latter field. 

19. In a two-mile race one cyclist beat another by 4 minutes. 
Had the slower cyclist ridden at 2 m.p.h. faster, he would 
still have lost by 2 minutes. Find the time taken by the 
winner. 

20. The interest on a sum of money ^or one year is £22, 10s. 
If the rate of interest were less by J per cent., it would be 

'necessary to invest £50 more to produce the same amount 
of interest. Find the sum invested at first. 

21. A man bought a certain number of pears for a certain number 
of pence. Had be obtained five more for the same money, 
each would have cost |d. less ; but had he obtained 5 fewer^ 
each would have cost 1 Jd. more. Find the number of pence. 

22. A number consists of two digits such that the sum of the 
/;ubes of the digits is equal to 49 times the sum of the digits. 
Further, the number exceeds twice the product of its digits 
by the digit in the units place. Find the number. 

23. A gardenias an area of 3000 sq. ft. Along the two sides 
and at one end there is a path 4 ft. wide, the total area 
of the path bein^728 sq. ft. Find the length of the garden. 

24. The interest on a sum of money for one year is £27, 12s. fid. 
If the sum were to be reduced by £25, but the rate of interest 
increased by ^ per cent., the year’s interest would be 
increased by 10s. Find the sum of money and the original 
rate. 

25. The sum of two numbers taken from their product is 19, 
while the sum of the numbers added to Qie sum of their 
squares is 144. Find the numbers. 

26. A train travels a certain distance at a uniform speed. Had 
the speed been 2 m.p.h. greater, the time taken would have 
been reduced by 5 minutes ; had the speed been 6 m.p.h. 
slower, the time taken would have been increased by 15 
minute. Find the distance and the speed at which the tram 
travelled. 

27. Two stations A and B are 210 miles apart. A fast train 
leaves A for B; at the same time a train leaves B for A, 
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travelling 15 m.p.h. slower. A passenger in the fast train 
finds that he reaches hours after passing the slow train. 
What are the speeds of the two trains ? 

28. A plank of ^od has 6 inches waste after being cut into a 
number of pieces of equal length. If each piece had been 
1 inch shorter, a waste of 2 incjics would have resulted, but 
the number of pieces would have increased by 1. If the 
original plank had been times as long, and the pieces had 
been 3 inches longer than at first, two more pieces could 
have been cut without waste. How many pieces were there 
at first, and how long was each ? 

29. The hot and cold pipes together fill a bath in 3| minutes. 
The sum of the times each takes separately to fill the ba^^h 
is 1^ minutes. How long does each take alone ? 

80. The hypotenuse of a right-angled triangle is less than the 
sum of the other two sides by 4 inches, while the area of the 
triangle is 30 sq. inches. Find the length of the sides. 

61. A train travels from -4 to JB at 3 m.p.h. below its usual rate, 
thus arriving 9 minutes late at B. From B to C, a distance 
14 miles less than AB^ the driver increases the speed to 
6 m.p.h. above the normal, and thus arrives at C one minute 
before schedule. Find the distance AC, and the normal 
speed. ( 

32. A motor-car takes one hour longer for a certain distance if 
its speed is reduced by 5 m.p.h. When the speed is increased 
by 6 m.p.h., and the distance doubled, the time is 50 minutes 
more than 1| times that for the original distance. Find the 
speed of the car and the distance. 

33. Find two quantities such that their sum, their product, and 
the difference of their squares are all equal. 

34. The front wheels of a carriage are 21 inches less in circum- 
ference than the back, and make 36 more revolutions than 
the back wheels in a certain distance. If the circumference 
of the front wheels were 2 inches more, and that of the back 
wheels 6 inches less, then*the front wheels would make 24 
revolutions more than the back if the distance were increased 
by 8 yards. Find the circumference of the wheels, and the 
distance. 



CHAPTER XXIV 
Hardier Graphs 

Solving Quadratic Equations 

167. In Cha])ter XIII it was shown how various statistical 
problems and also simultaneous linear equations may be solved 
graphically. We shall now deal with the graphs of quadratic 
fuBictions. 


Example 1. Draw the graph of the function 6, for the 

range x =—3 to x=-|-3, and thus solve the equation 2x^--x—6=0. 
Denote the function of x by y. 

Then a;— 6. 

The table of values is : 


-3 

-2 -1 

0 

1 

2 

3 

15 

4 -3 

-6 

-5 

0 

9 


Fig, 34 shows the^raph drawn to a scale of 1 inch~2 for x, 
and 1 inch==5 for y. 

The values of x and y for any point on the graph are connected 
by the relation y=2j:2— a— 6. Hence to find a value of x for 
which 2x^— X— 6 has any required magnitude, we have merely 
to find a point on the graph for which the value of y has that 
magnitude, and then read off the corresponding value of x. 
Thus to solve the equation of 2 j!^--x— 6=^0, wd have to find a 
point on the graph for which y has the magnitude 0, and then 
read off the corresponding value of x. 

Now y has the magnitude 0 for all points on the line X'OX. 
Hence a solution of the equation is obtained by the value of x for 
any point on the graph which lies on the line X'OX. It will be seen 
that there are two such points, namely P and Q, the values 
of X at which are —1^ and 2 respectively. Hence the solution 
of the equation is or 2. 


84S 
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Fig. 84 


Maximum Value of a Quadratic Function 
168, Example 2. Plot the graph of the function/(a;)=l+12a:— 4a^, 
for the range a5=— 1 to 4, and thus find the maximum value of 
the function l+12x— and the value of x which makes this 
function a maximum. 

Denote the function /(x) by y. Then y=*l+12x— 4x*, The 
table of values is : 

X— 

y«:l+12x— 4 j:®= 


-1 

0 

1 

2 

3 

4 

-15 

1 

9 

9 

1 

-15 
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Fig. 35 shows these points plotted to a scale of 1 inch =>2 for x, 
and 1 inch =10 for y, but no graph hais been drawn. 

It will bo notic^ that the curve will bend rapidly for the 
range to 3, particularly between the vajues and sc* 2. 
It is thus difficult to draw the graph with any accuracy unless 
further points in this range are plotted. We shall therefore plot 
for half values of x throughout the range x^O to 3, and for 
quarter values for the range a;=l to 2. We thus require the 
additional table of values : 


x= i 

li 

H 

li 

2 t 

y=l+ 12 x— 4x2= 0 

9-76 

10 

9-75 

6 


Such additional values should always be plotted for any range 
where rapid bending oceprs. Fig. 36 shows all the points plotted 
and the graph drawn. * 

The values of x and y at any point on the graph are connected 
by the relation y = 1 + 12 a:— Ilence to find the value of x which 
makes the function 1+12 j 5— 4x^ assume its maximum value, we 
must find the value of x at the point on the graph for which y has 
its maximum value, that is to say, at the highest point of the graph. 
It is seen that the point P, where is the highest 

point on the graph. Hence the maximum value of the function 

l-hl2a:— 4x2 jg iq ^nd it has this maximum value when x— 14 . 

* ® 

■» 

Minimum Value of a Quadratic Function 

169. Example 3. Plot the graph of y=3x2-4-6x— 11, for the 
range x==— 4 to 2 , and from the graph read off the minimum value 
of the function and also the range of values of x 

for which the function is negative. 

If a table for integral values of x be drawn up and plotted, 
it will be seen that the graph will bend rapidly for the range 
x*=— 3 to 1 . Hence the table of values will be calculated for 
half values of x for the range x=»— 3 to 1 , a^d quarter values 
of X for the range x— — 2 to 0. The values of y, where not integral, 
are given to two places of decimals for convenience in plotting. 


®= 

-4 

-3 1 

-n 1 

1 -2 

-If 

y=3a^+6a;-ll= 

1 13 

-2 1 

-7-25 1 

1 -11 

-12-31 

X=* 1 

-H 

-U 1 

1 -1 1 

1 -i 1 

1 

y«3x^+6x — 11 = 1 

-13-26 

-13-81 1 

1 -14 1 

1 -13-81 1 

1 -13-25 

x=» 

-i 1 

1 0 


1 1 

2 

y=3x2+6x— lias 

-12-31 1 

1 -11 

1 -7-26 

1 t 2 

13 
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IBBBK^BBBBB BBBBBI 
IBBn^BBBBBBB BBBBBL 
larStflBBBBBBB HBBBBB1 


BBOBiCBBBiflB BBBflBBBBBBBBBBBBflBBB 




BHI 

BBI 


nBBBBBBBB 

BBBBBBBB 


I BMBBBBBBBai SBBBBBBBBK-IBBBI 
BBBBBBBBBBB ESS'^SBBBBBBBBBBI 
BBBBBBBBBBB BBBUiS^SPIBBBBBil 

BBBBBBBBBBB BBBflBliiC9:it«S9BaBl 

~~IBBBBBBBBB PBBBBflBBBUE;»J^5S9BI 
IBBBBBBBn^ UBBBBBBBBBB JBBBBi 


BBBflSflflBBBBBBBBBBBBflSBBB 
BBBB BBBBBBBBBBBBBBBBBBBB 
BBBB BBBBBBBBBBBBBBBBBBBB 
IBBBB BBBBBBBBBBBBBBBBBBBB 
IBBBBPBBBBBBBBBBBBBBBBBBB 
■BBBBBBBBBBBBBBBBBBBBBBB 

ibbbEbbbbbbbbbbbbbbbbbbbb 

BBBB BBBBBBBBBBBBBBBBBBBB 
BBBB BBBBBBBBBBBBBBBBBBBB 
aBBBMBBBBBBBBBBBBBBBBBB 
BBBBBBBBBBBBBBBBBBBBBBBB 
BBBB BBBBBBBBBBBBBBBBBBBB 
BBBB BBBBBBBBBBBBBBBBBBB- 
l!BBB BBBBBBBBBBBBBBBBBBB 
BBBBBBBBBBBBBBBBBBBBBBB 

BBaaS USSSSSSSaSa ai 

BBBBBBBBBBBaBBBBBaBBBBBB 

IBBBB CrBaBBaaBBaaBBaflaaBB-:: 

BBBBBBfl BBBBBBBBBt SBBBBBBBBh'- 

BBBBBBBBBBBBBBBBBBBBBBBBU 

BBBBBBBBBBBBBBBBBBBBBBBBB 
BBBBB BBBBBBBBBBBBBBBBBBBB 
BBBPB BBBBBBBBBBBBBBBBBBBB 
iBBBBT^ aBBBBBBBBBBBBBBBBBBB 
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Pig. 37 shows all these points plotted, to a scale of 1 inch'=2 for 
Xy and 1 iuch^lO for y, and the graph drawn. 

The minimum value of the faction 11 is the 4cast 

value of y for any point on the graph, that js, the value of y at 




■IVaBBBBBBBHBBBBBnFIKaHiiBaaBilMB 

BBaBBBBBBBBBBBBBBBBBiiBBBBBBBBL^aB 

a ailBBBBaBBBBBBBBBBBBB BBBiBBaa^^BB 
BlLlBBBiBBBBBBBBBBBBBBBBBiBBBB7iBB 
BBB'BBBBBBBBBBBBBBBBBBBBBBBBBe/^lBB 

I BBBBBBBBBBBBBBBBBBBaBBBBBBa<flBB 
BB[ 

I BB' 

BB 

BBB^ 

r^BBBBe^BBBBBBBBBBBBBBBBBBBBL.<BBBB^:<i 
EnBBB£eOBBBEJMBBBBBBBB^:BBBBriBBBr.B 
BBBBBrBBBBBBflBBBBBBBBBBBBBrJBBBBB 
BBBBBBBBBBBBBBiBBBBBBBBBBBBBBBBi 
BBBBBBhlBBBBBBBBBBBBBBBBBBriBBBBBB 
BBBBBBBBBBBBBBBBBBBBRBBBB’JBBBBBB 
B|Bfl||B^BBBBBBBBBBBB;;JBdiBriiBH!|B 

JBBBBBBBBBBBBBBSi 

■ISSSSSSSIi[Sn55BSSn”S!iSnmHl| 

BHBBBBBBBB^BBBBBBBB^BBBBBBBBBBB 
BBBBflBBBBBBBi^BBBBBB^BBBBBBBBBBBB, 
BIBBBBBBBiBBBtf?iB»'^BBBBBBBBBBBBB 
ABBBBBBBBBBBBBBB aBBe'rik’tMBBBBBBBBB 




the lowest point on the graph. It is seen that the lowest point 
on the graph is the point P, the value of y at which is —14. 
Thus the minimum value of the given function is —14. 


Sign of a Quadratic Function 

170. The function 3a;2+6j;— 11 is negative for all points on the 
graph for which y is negative, that is, for all points on the graph 
which lie below the axis X'OX. It is seen that any value of x 
lying within tne range QR gives a negative value for y, where the 
values of a; at Q and R are —3*15 and 1*15 approximately. 
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Thus the function 3x^4- 6x— 11 is Negative for all values of x 
lying within the range — 3*l5 to 1*15. 

Note. — It follows from the above that the function 11 

is positive for values of x outside the range — 3-^^ to 1*15, that is, 
for any value of x less than — 3-15 or greater than 1-15, no matter 
how large numerically. These ranges are written — oo to — 3*15, 
and 1*15 to oo, where oo is read infinity. 

The questions in Exercise 24a, page 366, should now be 
attempted. 


Graph of to Solve any Quadratic Equation • 

171. Example 4. Wot the graph of for the range x=-3 
to 3. Use this graph to solve the equations (1) x-+a;-'2=0; 
(2) 2x2— 2x— 7=0. 

The table of values for the graph of y=x^ is ; 


x= 

-3 1 

•-2 

-HI 

-1 1 

-i 1 

1 


9 1 


2-25 1 

1 

•56 1 

•25 1 

X— 

1 ^ 

1 ^ 

1 ^ 

1 1 

1 

1 2 1 


1 -06 

1 -25 

1 -56 

1 1 

12-25 

1 4 I 


The curved line on Fig. 38 shows these^ points plotted to a 
scale of 1 inch=2 for x, and 1 inch=2 for y, and the graph drawn. 

(1) Now the equation x^-^ x— 2=0 may be put in the form 
The co-ordinates of any point on the curved line 
already drawn are connected by the relation y=^7?. We shall 
now draw the graph of y=—x+2 on the same axes and with the 
same scales. The graph of y=— x+2 is a straight line, so that we 
need plot two points only. The table of values is : 

x=| -3 I 2 
y=— x4-2=s=| 5 I 0 

These points are plotted and the straight line drawn on Fig. 38. 

At a point where these two graphs intersect, that is, at a 
point which lies on both graphs, the co-ordinates of that point 
satisfy both the relation y^x® and the relation y=»— x+2. Hence 
the co-ordinates of this point give a solution of the simultaneous 
equations and x-h2. Thus the value of x at such a 
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point of intersection satisfies the conation a;-|-2, that is, 
2=0. It is seen that the gra'|)hs cut at the two points 


IliMiiiHnuiiulTiiiiiiaiiniivl 

hlBBBBBBBBBBBBBBBBBBBBBBBBBBBBIII 
iMBBBBBBBBBBBBBBBBBBBBiBBBBBBBril 
i'BBBBBBBBBBBBBn BBflBflBSflBBBBflB . 
^BflBBBBflflBy BBBBBBBBBBBBBgr B I 

iBkiBBBBBBBBBBBBBBBiBBBBBBBBBHiiBi 

UllBSBSlBBBBflBBS flaBBSSSEnr B Wl~ 

iBisSBBSSBBSBSBBSKflBSBiBSsSs 

iBBiiBBBBBBBBBBBBBSBB8SBBBBSBffiBBi 

iBBHBB BBBB I^BBBBBBBBBBgBgBBBflKBl 
IK BBBBBBBBBBBW BBBBBBBBBBB V.^B 

l■BB■ili■■S■■i■■■■ iSSSSBSSS^ 

iBBBrBilBi^j^BBBiBBBBBBBBBBBriBBBBBl 

Ibbbbbbbbis^^jbbErbbbbbbbbbbibbbbbI 

iBBBBBBlBBi^BBRBnBBBBBBBBBiBBBBBl 

|BBBBBBk1BBBBi3RJBHBBBBBBBBriiBBBiB| 

|BBBBBBBBBBRi 5 BBBBBBBBBBBriBBBBBB| 

iBBBflBBBBRBBBBSBBflBBBBBriBBflBBBBl 
BBrBBBBBBl^^BBBBBBBriBBBBBB'~ 
BR;^lBBBBBUli!iBBBBBBflBBBBBI . 

S BRBBMBBBBBBB^BBBBriBBBBBBBBl 
jP!BBBABBBBBBBBl 3 BBBJBBBBBBBB| 

iBBRBBBBBBBBBflBnBBBfli^^rABBBBBBBBBl 
iBRBBBBBBBBMBBUBBBBRi^JB-IBBBflBBl 
iRBBBflBBBBBBBBBBBBBB^AB^BBflBBiBBl 
|BBBBBBBBBBBk:^BBBBBBP:iBBB^BBBBEBB| 

Ibbbbbbbbbbbb^babbrbbbbb^bbbbbbI 

b?BBBBBBBBBBBBSBB! 5 BBBBBBB^BBBB^:i 
|^BBBCBBBBErBBBBB>»BBBIBBBBr^BBBr| 

BBBBBBBBBBk^rfBBBBBBBBBIBBi^a 



P and Q, that is, at the points »— 2, y=»4; and y=»l 
lespectively. 
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For the purpose of emphagis, we restate the reasoning involved 
in obtaining a solution of equation (1). 

Tlic point P, (—2, 4), lies both on the graph and on the 
graph y=— 05+2. Hence the value a;=— 2 makes both and 
~x+2 assume the same value, namely 4. Thu^the value a;=— 2 
makes equal to —05+2. Therefore a5=— 2 is a root of the 
equation 05^+ a;— 2=0. Similarly, a second root is a;=l, corre- 
sponding to the X co-ordinate of the point Q. 

Note. — The equation as^+x— 2=0 could have been solved by 
plotting the graph of ,v=af2+x— 2, and obtaining the points of 
intersection of the graph with the x-axis. The pupil will usually 
find, however, that less work is involved in plotting the easier 
graph y=^x\ and the appropriate straight line, as in this example. 

(2) The equation 2x2— 2x— 7=0 form 

2x2= 2x4' 7, or x2=xH 3J. To obtain a solution of this equation 
from the graph of y=x2, we must now draw the graph of 2/=x+3J, 
OB the same axes and with the same scales, and obtain the x 
co-ordinates of the points of intersection of the two graphs. 
The table of values i^: 

x=| -3 I 3 
-5 I 6-5 

These points are plotted and the straight line drawn on 
Fig. 38. • 

It is seen that this graph cuts the graph of y=x^ at the points 
R and S, the x co-ordinates of which are —1-45 and 2*45 
respectively. Thus the solution of the equation x2=x+3J, that 
is of the equation 2x2— 2x— 7=0, jg a;=— 145 or 2*45. 

More Accurate Reading of the Roots 

172. We may be required to obtain the solution of an equation 
to a greater degree of accuracy than is possible with the scales 
necessary to show the complete graphs on one diagram. In such 
a case, Ihe parts of the graphs near each point of intersection are 
enlarged separately by using a larger scale. In the neighbourhood 
of the negative root — 145 above, for example, we have the 
following table of values for the two graphs, where x is made to 
change by 0*01 units : 


x= 

-1-46 

-1-45 

-1'44 

-1-43 

X2= 

2132 

2-103 

2 074 

2-045 


204 



2-07 
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Fig. 39 shows these points plotted, and the two graphs drawn, 
to a scale of 1 inch=0*01 for a, and l*inch=0-04: for y. 

It is seen that the two graphs intersect at the point Rf the 
X co-ordinate of which is -1-4:365. Thus »=— 1-4365 is a more 
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accurate approximation to the root. The pupil may similarly 
obtain a closer approximation to the root a;=2-45 above, and 
then verify each of these closer approximations by solving the 
equation 2a?— 2.'5— 7=0 algebraically to four places of decimals. 


Equal Roots and Imaginary Roots 

173. Example 6. Plot the graph of y=a? for the range a?=— 3 
to 3. Use this graph to solve the equations (1) 4a;2— 12a;+9=0; 
(2) a?+a;+l=0. (3) Find also from the graph for what range 
of values of x the function 2a?— x— 10 is negative. 

The table of values for the graph of is that given in 
Example 4. The curved lino in Fig. 40 shows th^e points plotted 
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and the graph drawn, to a scale of 1 inch»2 for x, and 1 inchB^ 
fory. 

(1^ The equation 4x2— 12x4*9— 0 
4x2=12x— 9, or x^=3a?— 2J. To obtain a solution of this equation 
from the graph of y=x2, we must now plot the grdph of y=»3x— 2J. 
.The table of values is : 

x= I 0 I 3 
y-3x-2i=| 2i I 6i 

The graph of this straight line is shown in Fig. 40. 



Fiq. 40 


It will be seen that the straight line is a tangent to the graph 
of y=x2 at the point P whose x co-ordinate is A tangent to 
a curve passes through two coincident points on the curve at 
the point of contact. Thus in our case the straight line meets 
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the curve at two coincident points at P. Hence the solution 
of the equation a?=3x— 2^, that is of the equation 4a:^— 12x+9=0, 
consists of two equal values of x, each being 1 

(2) The equation 1=0 may be put inithe form x®=— x— 1, 

We therefore^aw a graph of y=— x— 1, the table of values 

for which is : « 

x= I -3 I 1 
y — x-l=| 2 U 2 

The graph of this straight line is shown in Fig. 40. The student 
will observe that there are no points common to this straight line 
and the graph of y^x^. Hence there is no solution of the equation 
x;=— a;— 1, that is of the equation x2+x+l=-0. More correctly, 
wc ought to say that tne solution of the equation x^+x+l=0 is 
imaginary. (Compare § 155, Case 4.) 

(3) 2x2— X— 10 is negative for all values of x which make 2x2 
less than x+10, that is which make x® less than ix+5. In Fig. 40 
the graph of jy=x2 has been plotted. We now plot the graph* of 
y=ix4-5. The table of values is : 

—3 •! 3 
^=Jx+5= SJ I 6J 

The graph of this straight line is shown in Fig. 40. Now x® 
is less than Jx+5 for any value of x for which the ordinate to the 
curved graph is IcsS than the ordinate to the straight line, that is 
for which the curved graph lies below the straight line. It is seen 
that the curved graph lies below the straight line for all values 
of X between those corresponding to the points JU and N, that is 
between the values x=— 2 and x=2i. Hence x® is less than Jx+5, 
that is 2x®— X— 10 is negative, for the range x=— 2 to 2J. 


Graph of any Quadratic Function to Solve any 
Quadratit Equation 

174. Example 6. Plot the graph of y=5— 3x— x® for the range 
x=— 5 to 3, and by use of the graph, (1) find the maximum value 
of the function 5— 3x— x®,and (2) solve theequation 4x®— 4x— 23=0. 
The table of values for y=5— 3x— x® is : 
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The graph is shown in Fig.^ 41. 

(1^ The highest point on this graph is the point P, where y«7'25, 
Thai the maximum value of the function 6—3®—®* is 7*25. 

(2) The equation 4®*— 4®— 23=0 may be rewritten 4®^=4®+23, 
or ®*=®+52. 

• 5— 3®— ®*=5— (®+6|). 

i.e. 6— 3®— ®*=— 4®— 



Fig. 41 


Hence, as we already have the graph of y=5— 3®— ®*, we have 
only to iraw the graph of 4®— and obtain the co-ordinates 
of ® at their points of intersection. The table of values for the 
straight hne graph, y=— 4®— is : 

®= 1 -2 I 3 
y=-4®-|=J 7il -12i 

It is seen from Fig. 41 that this straight line ^aph cuts the 
graph of y=5— 3®— ®* at the points Q and R whose ® co-ordinates 
are —1-95 and 2*96 respectively. Thus the solution of the equa* 
tion 4®*— 4®— 23=0 is ®=— 1-95 or 2*95. 

The questions in Exercise 24b, page 357, should now be 
attempted. 
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Equations of the "f bird Degree 

175. Example 7. Plot the graph of for the range x=— 2 
to 2, and thus sglve the equatiors, * 

(1) 8«»-12x-21-0, (2) 3x3-9a;~4=0, (3) a;»-3a;+2«0. 

If the point (x, y) lies on the graph it is evident that the 
point (—x, —y) also lies on the graph. As it will be seen that the 
graph bends rapidly, values are calculated for intervals of ^ in 
the value of x. The table of values, calculated to 2 places of 
decimals, is : 

ar=-0|+-2 14-4 I ±-6 I ±8 I ±1 1 4 1*2 I il 4 I Jrl 6 | 4-1 8 I 4-2 
y-x»-0 I 4 01 I 4- 00 I 4:*‘J2 | 4 61 1 4-1 1 4 1 73 | ±2 74 | 4:4 10 ±6 83 | ±8 

The graph is shown in Fig. 42. 
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(1) The equation 8a;®— 12®— 21=0 may be put in the form 
a;®= l(12®+21). Hence as W have the graph of y=a;®, we need to 
pIotii!)he graph of y=J(12®+21), and obtain the x co-ordinates of 
their points of intersection. The table of values is : 

Xsa I —2 I 2 ^ 

y=4(12x+21)= I ---SSI 5-63 

It is seen that the graphs intersect only at the point P, whoso 
X co-ordinate is 1-74. Thus the equation 8®®— 12®— 21=0 has 
only one real root, namely, ®=l-74. 

(2) The equation 3®®— 9®— 4=0 maybe put in the form ®®=3®4- ^ - 

Hence we need to plot the graph of y=3®-|-^. 

The table of values is : 

®= -2 2 
y=3®+J= -4-67 7-33 

It is seen that the graphs intersect at the three points i, My Ny 
whose X co-ordinates arc —1-44, — 48, 1*92 respectively, which 
are thus the roots of the equation 3®®— 9®— 4=0. 

(3) To solve the equation ®®— 3®-f 2=0, we need to draw the 
graph of y=3®— 2. The table of values is : 

• ®= I -2 2 

y=3®— 2= I —8 4 

It is seen that this straight line graph cuts the graph of y=-®® 
at the point A, whose ® co-ordinate is —2, and that it is a tangent 
to the graph at the point B, whose x co-ordinate is 1. 

Thus the equation ®®— 3®-l-2=0 has one root ®=— 2, and two 
equal roots, each of which is ®=1, (See Example 5 (1).) 

The questionfl in Exercise 24c, page 359, should now be 
attempted. 

Exercise 24a 

1. Draw the graph of y=/(®) wh^n /(®)=®®— ®— 6, for the range 
®=— 4 to ®=-h4, and thus solve the equation ®®— ®— 6=0. 

2. Draw the graph of y^J(x) when /(®)= 2-1-®—®®, for the range 
®=— 3 to ®=-f3. Use the graph to solve the equation 

2-f®— ®®=0. 

What conclusion do you arrive at from the sign of ®® in 
examples (l)^and (2) and the way the two graphs lie 1 
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3. Draw tlie graph of y—f{x) when /(2‘)=4a:®-f8.'r— 5, for the 

range a:=— 4 to x=+2. *• 

Solve the equation 4ar*-i-8a?— 6=-'0 by using this giapl^ 

4. Solve the following equations graphicall}{ : 

(a) 2j?-7a;+4=0. (6) 2j?+9x^0. 

(c) -4+12x-9x2=a. {d) 

(e) 13-5x2=0. 

5. Plot the graph of y—f(x) when /(x)=9h-2x-x 2, for the range 
x==— 3 to x=4-5. 

From your graph read the maximum value of the function, 
and the value of x which makes the function a maximum. 

6. Plot the graph of y=f(x) when /(x)=5x2+6x— 12, for the 

range x=— 3 to x— 4-2. , 

From the graph ilnd the value of x which makes the function 
a minimum, and also the minimum value of the function. 

For what range of values of x is the value of the function 
negative ? » 

7. Plot the graphs of the following functions and find the value 
of X which makes the function a msiximum or minimum ; 
also state the maximum or minimdm value of the function. 

(a) /(x)-xJ-5x+4. (6)/(x)=2x2^5a.4.8, 

(c) jE(x)-5-8x-4x2. (d) /{x)-=-17+12x-3x2. 

(e) /(x) -4x2+4x-fl. 

8. From the graifiis (a) to (e) in Question 7 read off the ranges 
of values of x for which the corresponding functions are 
positive. 


Exercise 24b 

1. Plot the graph of y=/(x) when/(x)=x2, for the range x=*— 4 

to x=---+4. , 

By drawing the appropriate straight lines on this graph 
solve the equations : 

(a) x2— 2x*“3-0. (6) 2x2-|-x— 10=0. 

(c) x2-4=0. (d) 3x2-5x-3=0. 

(e) 4x2+ 15x =0. 

2. By drawing the appropriate portions of the graph of (d). 
Question i, to a larger scale, find two roots correct to three 
decimal places. 
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3. Draw the graph of y=f(x) when for the range 3 

to a;=+3. Use this gra^h to find, and explain the nature of, 

roots of the following equations : 

(a) (6) d7^-\-2ix+U=^0. 

(c) a?—2x+2=0. (d) — 4a;2+8x+S=0. 

4 . Use the graphs of (a) and {d) of Question 3 to find the range 
of values of X which make (1) 8 x^ 4 * 6x— 27 negative, and 
( 2 ) 6 -f 8 x— 4x2 positive. 

6 . Draw the graph of y^x^, and on the same axes and to the 
same scale the graph of the following relations : 

(a) y^x-\-2, (h) 2 /= 6 -x. 

(c) y^'^x. (d) y=\^x-l. 

At wJiat points do these lines cut the graph of y=x^ ? 

Write down in each case the equation that has the values 
of X at the points of intersection as roots. 

6 . Plot the graph of y=f(x) when/(x)^x2— 3x, for the range 

• 3 to x=-+ 6 . Use this graph to solve the equations : 

(a) x 2 — 3x=0, ( 6 ) x 2 — 3x+2=0. 

(c) X2-3X-10-0., (d) 4x2^12x+5=0. 

(e) 4x2— 12x+9=0. 

7. Draw the graph of y=f{x) when /(x)= 12 — x— 0 x 2 , for the 

range x=— 4 to x=+4. * 

What is the maximum value of this function ? 

Use the graph to solve the following equations : 

(a) 12-x-6x2-0. (b) 5-x-6x2=0. 

(c) -l+a;+6x2=0. (d) 10-3x- 18x2=0. 

8 . Plot the graph of y=x2+2x— 3 for the range x==— 4 to x= 2 . 

On the same axes and to the same scale plot the grajA 
of y=x+l. 

(a) What valuf s of x correspond to the points of intersection 
of these graphs ? 

(b) Of what equation are the^ values of x a solution ? 

9. By drawing the appropriate portions of the two graphs in 
Question 8 to a larger scale, find the two roots of the equation 
obtained from these graphs to three places of decimals. 

10 . Plot the graph of y=3x24-x— 3 for the range x=— 3 to x=-h 3. 
On the same axes and to the same scale plot the graph 
of y=l— 5x. 
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• What values of x correspond to the points of intersection 
of these graphs ? 

Of what equation are the values of x at the points of ^tcr- 
section a solution ? 

11 . By drawing the appropriate portions of the two graphs in 
Question 10 to a larger^cale, find the two roots of the equatioj^ 
obtained from these graphs to three places of decimals. 

12. Plot the graph of for the range a*=— 3 to a;=6. 

By drawing an appropriate straight line graph solve the 
equation 6a5-|-5=0. 

13. Draw the graph of for the range a;==--4 to 

x= 4-2. Use this graph to solve the equation 4x“+16^4-7=0. 

14. Plot the graph of for the range ;c=— 2 to 

a;-=+4. Use this graph to solve the following equations : 

(a) 3x^-x-2^0. (b) 4x2_20r+25-0. 

(c) 2x^-7 x+i^O. 


Exercise 24c 

1. Plot the graph of y^f(x) when y^j")=a;®4'2j5^— x— 2, for the 
range x — 3 to x --1 3. 

Front the graph solve the equation a^-\-2x^-‘X—2^0. 

2. Plot the graphs of the following functions : 

(a) f{x)^2:^+x^-x. (b) /(i)- (2x-ZY{x+2). 

(c) /(x)— 2x^ {d) /(x)=x^— 4x'^q 5x. 

le)f{x)=^(2x-i)(3^-\-l). 

Write down the values of x that make/(x)~0 in each case. 

3. Draw the graph of for the range x=4 5 to 5. 

With the same scale and on the same axes draw the graph 
of y=13x— 12. 

Verify by substitution that the values of x at the points 
of intersection of these graphs satisfy the equation 
x3-13x+12-0. 

4. Plot the graph of y=x^ for the range x^+4 to x=— 4, and 
by drawing the appropriate straight line on your graph, 
solve the equations : 

(a) x®— 7x--6=0. 

(c) x®— 3x—2«=0. 


(6) x®+x4-2=0. 
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5. Plot the graph of ^“ 2^31 range «==— 4 to ®=0* 

^ What is the value of x where the graph cuts the a>axis ? 

6. Use the graph if Question 5 together with |he graph of the 
appropriate straight line to solve the equation 

4 

7. Plot the graph of y=- for the range *=+4 to *=— 4. 


On the same axes and to the same scale draw the graph 
of y=3x—l. 

Show that the values of x at the points of intersection of 
your-graph satisfy the equation 3x*— *— 4=0. 

8. Use the graphs of the previous question to solve the simul- 
taneous equations : xy=4, 

, 3x-y=l. 

9 . Draw the graph of a!^-|-y*=9 for the range rs=+3 to x=—3. 
Use your graph toksolve the simultaneous equations : 

* i^+f=9, 

y=x+l. 

giving your answer correct to two places of decimals. 

(Before making a table of values put the equation a^+^=9 

in the form ^=±^9— aH.) * 

10 . Solve the following pairs of simultaneous equations graphic- 
ally : 

(o) ®y=6, (b) x^+f=50, 

®-y=l. 


(c) a?+y®=8, 
y— *=— 4. 










